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Effective Fluid Theories: A Conceptual Perspective

a

a 

Abstract

3 remain 
conceptual 

perspective 

if 

two domains.

Keywords: 

1 Introduction and Statement of Novelty

3

What this paper does and does not claim
No new mathematical result: 

conceptual perspective paper intended 
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Novelty: 
we attempt is a synthesis 

and

Disclaimer: not weaken the 

2 Mathematical Preliminaries: Known Regularity Theory

2.1 Weak and Strong Solutions

Let u
0
  2 3 Leray–Hopf 

weak solution 

A strong solution 1 2 2). 

2.2 Prodi–Serrin Regularity Criteria
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2.3 Scaling Criticality

1/2 3

2.4 Partial Regularity Theory

 3 1

where  = 

3 The Navier–Stokes Equations as an Effective Continuum Theory

mfp, 
time coll, velocity

3 

domain:
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Remark 1.  > 0 

Let 
= 0 

0
 in a function space . Suppose is derived from a more 

fundamental theory 
fund

 via a limit  is a dimensionless parameter 

analytic boundary of is the set of initial data 
0
   

max 0
, provided 

fund

remains smooth for all time.

Remark 2. 

fund

Relativistic hydrodynamics,

Or even molecular dynamics.

fund

 
fund

 one has in mind.

is self-undermining if, as , the solution 
 

loc
 

mfp vorticity
 

loc
 

3. Gradients u

Proposition 1. 

Heuristic sketch.  
y  

.  Kn
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. 

Remark 3. 
assumptions, exit the domain of validity 

not 

5.1 Kinetic Theory and the Continuum Limit

5.3 Numerical Closures

5.4 Relativistic and Quantum Regimes

if 

not merely provides an interpretation.
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6.1 Careful Statement of the Thesis

Thesis: 

7 Engagement with Mathematical Literature

7.1 Leray–HopfWeak Solutions

7.2 Partial Regularity: Caffarelli–Kohn–Nirenberg

7.3 Prodi–Serrin and Escauriaza–Seregin–Šverák

 = 3, 
3 3

3 norm.

7.4 Scaling and Critical Spaces
1/2 3
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7.6 Constantin–Fefferman–Majda and Vortex Stretching

8 Synthesis and Discussion

8.1 What a resolution would mean

If global regularity is proved: 

Newtonian.

would not 

8.2 Caveats and limitations

not provide 

fund and a proof 
that its solutions remain smooth when lifted from Navier–Stokes data—an open 

9 Outlook

Kinetic regularization: Can one prove that for any smooth Navier–Stokes initial 
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Renormalization group perspective: 
interpreted as a relevant deformation of a 

Rigorous scaling analysis: 
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