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ABSTRACT

We study the geometry of Kenmoisu manifolds when the conformal,
con circular and con harmonic curvature tensors are conservative.
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1. Preliminaries

Definition 1.1: Let {M", g} {n = 2m + 1} be o contact Riemannian manifold with
contact form 1), the associated vectorform €, {1, 1) tensor field ¢ and the associated
Riemannian metric g such that (Blair 1976)

@X=-X+nE, =0, n&=1n19=0
(X, 9Y) = g(X.Y) - nX) n(Y) gX, & =n{X) (L)

where X &Y are any vector fields on M.

Definition 1.2: An almost contact metric manifold with structure tensors {j, x, h, g)
is called Kenmotsu manifold if

(VoY = 1Y) oX - giX, oY) & (1.2)
VE = X-nXE ' (1.3)

Further we have

S, &) = - (r- 1) (1.4
LEg = 2{g -n®n) {1.5)
(LES)Y, 2) = 2504, Y} + 2{n - TI@Xin(Y) (1.
REXE = X-n(XE (1.7)

For a symmetric endomorphism Q of the tangent space at a point of M, we express
the Ricci tensor S as

SK Y =gl@XY) 0.8
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2. Conformal curvature tensor satisfying div C= 0
The conformal curvature fensor is given by
CX, Y)Z = R, VIZ + {1/{n - 201 SIX, Z)Y - S{Y, Z)X + glX, ZIQY - g[Y, Z)QAX}

- {r/{n - T}{n - 2} H{glX, Z)Y - oY, Z)X} {2.7)
Differentiating (2.1) covariantly and contracting we obtain

{div O, Y)Z = {(n - 3)/{n - 2JH{(V,S)Y, 2) - {V,S)X, 2)}

/-, 2 - o, DY) (22)

Let us suppose that in a Kenmotsu Riemannian manifold

DivC = 0 | 2.3)
Using (2.2) & (2.3) we have

(V.9 2) - (V,5(%, 2

= {{n - 2)/(n - N - 3H{o(Y, Z)dr(X) - g{X, Z)dr{¥)} (2.4)
Using (1.1), {1.3), (1.4), (1.5) & (1.6) we have

VESIYZ) = (ESI2)-SVE 2 -5 VA =0 (25
and  (VS)E&.Z) = YS(8.2)-5{V.&, 2) - S, V\Z)

=-S(Y, Z} - {n - Ngl¥, 2) (2.6)
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Substitute (2.5) & {2.6) in {2.4) we have
S, 2) + (- 1)glY, 2)
= {{n - 2/(n - )ln - 3HalY, 21dr(E) - oix,De(¥)}2.7)
Replace Z by ¢Z in (2.7)
S(Y, 02) = [{(n-2/(n-1)(n-3)} - n-1)] glY, 9Z)r(®) 2.8
Again replace Z by ¢Z in (2.8) and simplifying we have
S(Y, 2) = [{(n - 2drfEl/(n - V)(n - 3)}- [n - NglY, 2
+ [0 - 200 - 1)in-3)Hn(Mn(@) 2.9
S(Y, 2) = Ag(Y, 2) + Bn{Y)n(2) | 2.10)
where A= [{{n - 2dr(8}/{n - Nin - 3)}- (0 - )] and
B = -{{n - 2dr{&)/n - 1)(n-3)}

Thus we have the following result.

Theorem 2.1 : On a Kenmotsu manifold M, if the conformal curvature tensor C
of type (1, 3) is conservative then M is h - Einstien, that is M satisfies equation

{2.10}), where the constants A and B satisfies the condition A + B = -{n - 1),

providedn=1, 3. .
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Also from (1.8} & (2.10) we have
S, Z) = g(QY, 2)
= Ag(Y, Z) + Bn(Yin(2)
= gAY, Z) + Bn(Y)g(S, Z)
= glAY + Bn{Y)g, 2)
sothat QY = AY + Bn(Y)E
QE =Ax+ Bnxx =Ax+ Bx = {A + B)x
QE = -[n-1)¢
By takingX = Z = & and Y = Xin (2.1) we have
ClE, X)E = RIE, XIE + 1/{n - 2){S(E, EIX - SIX, & )&

+ g€, YAX - glX, E)QE}
-{/(n - Vin - 2H{glE, €)X - ofX, EE}
ClE XE =X-nXE + {1/(n - 2H-(n - 1)X
+{n- IMXE + AX + Bn(X)E
+nX)in -1E} - {/{n - Nin - 2)1{X - nX)E}

CE XE = &X-niXE) Hin-1)- n-B) -/ (n - T)in - 2)}]

33

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)




“CEXE =0  wherer=-(n-T)in + B
We have the following result.

Theorem 2.2 : If in o Kenmotsu manifold M" {n >2) the relation Div C = 0
holds, then C{E, X)& = 0 holds for every X, if the scalar curvature

r=-{n-1){n-B).

3. Concircular curvature tensor C satisfying
divC=0

The concircular curvature tensor C is given by

C, 2 = RX, )Z - {r/n(n - )HglY, Z)X - glX, Z)Y} (3.1)
Differentiating {3.1) covariantly and contracting we get

(div OX.Y)Z = {{V,S)(Y, Z) - (V)i 2)}

- {1/n{n -1)Hgl(Y, Z)dr{(X) - giX, Z)dr(Y)}

Let us assume that divC =20 (3.2)
Using (3.1) & (3.2) we have

(VSIY, Z) - (V,9)X, 2)

= {1/n{n - NHgl¥, Z)drlX) - glX, Z)dr(Y}} (3.3)
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Take X = € in (3.3) & by virtue of (2.5) & (2.6) we have
S(Y, Z) + (n - Ygl¥, Z)

= {1/n(n - NH{gl¥, Z)dr(&) - gl&, Z)dr(¥)} (3.4)

Replace Z by ¢Z in (3.4)

S{Y, 92) = {dr&)/nln - 1)} - {n - NalY, 02) (3.5)

Again replace Z by ¢Z in (3.5} and simplify we have

S(Y, Z) = {drl®/nfn - 1)} - (n - N olY, Z) + Bn{¥n(Z}  (3.6)

o S(0Z) = AglY, Z) + Ba(Ym(Z) (3.7)
where A= {drl)/n{n-1)} - (1) and B = - {dr{&}/n{n-1)}

Thus we have the following result.

Theorem 3.1 : Ina Kenmotsu manifold M, if the con circular curvature tensor C
of type {1, 3) is conservative then M is 1) - Einstein, that is M safisfies equation
{3.7), where the constants A and B satisfying the condifion A + B = -(n - 1),
provided n 0, 1.

Again, taking X=Z =&, Y =X in (3.1} we have by virtue of
ClE, XE = RE, XE - {r/n{n - T)}olX, 8 - g€, EX] (3.8}
= X - - {t/nfn - 1)} X - X]

= X-nXE - /nln - 1)]
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s CEXE =0 where r=n{n-1)

Theorem 3.2 : If in a Kenmotsu manifold M {n>2) the relation Div C - 0 holds.
Then C(&, X)& = O holds for every X, if the scalar curvature r = n(n - 1}.

4, Conharmonic curvature L satisfying divL = 0
The conharmonic curvature fensor (L) is given by
X, Y)Z = R, Y)Z - {1/{n - 2}{ S{Y, Z)X
-S{, 2Y + glY, Z)QX - glX, 2)QY} @
Differentiating (4.1) covariantly and contracting we obtain
(Div X, Y)Z = {(n - 3)/(n - 2}{(V,S)Y, Z) - (V,S}X, )}
-{1/(n - 2)}{g{Y, Z)dr(X) - g{X, Z)dr(Y)}  (4.2)
Let us suppose that in a Kenmotsu Riemannian manifold |
vi=0 (4.3)
Using (4.2) & (4.3) we have
(V,9)Y, Z) - (V504 2)

= {1/ (n- 3)} {gl¥, Z}drX) - g(X, Z)dr(¥)} (4.4)
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Using (1.1}, {1.3), (1.4), (1.5) & (1.6} we have
(VxS)(Y, Z) = (LES)Y, Z) - S(V.&, 2) - S{Y, V,8) = 0
and
(V,S)IE 2 = YSE, 2) - S(V.E, Z) - S{&, V.2)
=-S(Y, 2} - (n- N)gl¥, Z)
Subsfitute (4. 5) & {4.6) in (4.4) we have
SY, Z) + (0 - T)glY, 2)
= {1/ {n - 3}HglY, 2)dr() - gf&, Z)drl¥)}
Replace 7 by 9Z in (4.7)
SY, 92) = [{dr(&) / (n - 3)} - {n - V)] glY, 92)
Again replace Z by ©Z in (4.8) and simplify we have
SIY, 2) = [{dr®) / (n - 3)}- (n - NiglY, 2)
+ [-{dr® / (n - 3)Hn(Y(2)

Y, 2) = AglY, Z} + Bn(Y)n(Z)

where A= [{dr&) /{n-3)}-(n-1)] and B = -{dr{f) / {n - 3)}

Thus we have the following result,
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Theorem 4.1 : On a Kenmotsu manifold M, if the conformal curvature tensor L
of type (1, 3) is conservative then M is h - Einstien, that is M satisfies equation
(4.10), where the constanis A and B satisfies the condition A + B = -(n - 1),
Providedn#1,3.

Again, bytakingX=Z =& and Y = Xin (4.1) we have
LEE, Y& = RE, X - 17(n - 2){S(X, &)E
- S(E, EX + gX, EIQE - gle, HQK) (@4.11)
LEE, XE =X - n0JE - {1/{n - 2}{- [n - In09E + fn- DX (n - XE
- AX- B(X)E} (4.12)
Using A+ B=-{n-1)
LE, XE = {X-nEH-(n + BY/(n - 21}
LE,XE =0

We have the following result.

Theorem 4.2 : If in a Kenmotsu manifold M" {n>>2) the relation Div L = O holds.
Then

L{E, X)€ = O holds for every x.
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