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Further Results on Sum Labelling of Split
Graphs

J Rozario Gerard” and Lawrence Rozario Raj P

Abstract

A sum labelling is a mapping A from the vertices of G into
the positive integers such that, for any two vertices u, v €
V(G) with labels A(u) and A(v), respectively, uv is an edge
iff A(u) + A(v) is the label of another vertex in V(G). Any
graph supporting such a labelling is called a sum graph. It
is necessary to add (as a disjoint union) a component to
sum label a graph. This disconnected component is a set
of isolated vertices known as isolates and the labelling
scheme that requires the fewest isolates is termed optimal.
The number of isolates required for a graph to support a
sum labelling is known as the sum number of the graph. In
this paper, we obtain optimal sum labelling scheme for path
union of split graph of star, K;,®Spl(P,)
andK; ,, ©Spl(K; ).

Keywords: Sum labelling, sum graph, sum number, split graph,
path union.
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1. Introduction

All the graphs considered here are simple, finite and undirected.
For all terminologies and notations we follow Harary [1] and graph
labelling as in [2]. Sum labelling of graphs was introduced by
Harary [3] in 1990. Following definitions are useful for the present
study.
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Definition 1.1

Sum Labelling is a mapping A from the vertices of G into the positive
integers such that, for any two vertices u, v € V(G) with labels A(u)
and A(v), respectively, uv is an edge iff A(u)+A(v) is the label of
another vertex in V(G). Any graph supporting such a labelling is
called a sum graph.

Definition 1.2

It is necessary to add (as a disjoint union) a component to sum label
a graph. This disconnected component is a set of isolated vertices
known as isolates and the labelling scheme that requires the fewest
isolates is termed optimal.

Definition 1.3

The number of isolates required for a graph G to support a sum
labelling is known as the sum number of the graph. It is denoted
as a(G).

Definition 1.4

(Shiama [4]) For a graph G the split graph is obtained by adding to
each vertex v, a new vertex v’ such that v’ is adjacent to every
vertex that is adjacent to v in G. The resultant graph is called the
split graph denoted by Spl(G).

Definition 1.5

(Shee and Ho [5]) Let Gy, G,,...... , Gn, n = 2 be n copies of a fixed
graph G. The graph obtained by adding an edge between G; and
Giv fori =1, 2,..., n-1is called path union of G.

2. Sum Labelling for Split Graphs

In [6], Gerard et al. has proved that split graph of path, star are sum
graph with sum number 1 and bi-star is sum graph with sum
number 2.

Theorem 2.1

Path union of split graph of star Kj,is a sum graph with sum
number 1.
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Proof

Consider a star K; , with (n+1) vertices. Let G be the split graph of
star, Spl(K; ,, ). Let G* be the path union of m copies of G. Let vy, vi1,
V12, cennnn , Vin, V2, V21, V22, ...... Von, ceeeenns. , Vi, Vi1, Vim2, ..... , Vmn be
the vertices of m copies of the star Kj,.. Let u1, w11, un, ...... U1n, U2,
uz1, U2, ...... 20, e , Um, Uml, Um2, ...... , Umn be the vertices
corresponding to vi, Vi1, Vio, ...... , Vin, V2, V21, V22, ...... V2, eeeeenen ,
Vi, Vinl, V2, «---.. , Vmn Of m copies of the star K; , which are added,
to obtain the split graph of m copies of star. G* has 3nm vertices
and 3nm + (m — 1) edges. Let x be the isolated vertex.

Define f: V (G*) > N
fvp=1 f(vy) =2
fw) = f(vi-n) + f(v—p) for3<i<m
fi1) = fn) + fF(Vim-1))
forl1<i<m
f(vy) = f(vig—) +f(W) for 2<j<n
f) = fwm) +fw)
flui) = fw) + f(wir)
fluy) = f(wg-n) +f(w) for 2<j<n
fasnt) = flum) + W) if i=m
f(X) = f(umn) + f(vm)
Thus, Path union of Split graph of star K ,, is a sum graph with sum
number 1.

Theorem 2.2
K1 m ©Spl(P,) is a sum graph with sum number 1.

Proof

Let ¢, v1, vo,...... , Vm be the vertices of K1, where c is the centre of
the star. Let vi1, vio, ...... , Vin, U11, U12, ...... Uin, V21, V22, ...... ,Von, U21,
u», ...... SUon,..nnn. , Vil V2, eee... , Vmn, Umi, Um2, -..... , Umn be the
vertices of the m copies of the split graph of path P.. The vertices
Vi1, V2i,...... , vm1 are attached to the vertices vy, vs,...... , Vm
respectively. Let G = K; ,, ©Spl(P,). Therefore the vertex set of G,
V(G) = {C, Vi1, V12, «..... , Vin, U11, U12, ...... Uin, V21, V22, ...... ,Von, U21,
u», ...... Aonyee.... , Vinl, Vm2, eeee.. , Vi, Umi, Um2, ...... , Umn}. G has
2nm + 1 vertices and 3n(n — 1) + m edges. Let x be the isolated
vertex.
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Define f: V (G) > N
flo)=1 fvi1) = 2

forl<i<m
( ) =fwy)+1
fy) = f(vig-n) + f(vig-») for3<j<n
fui) = f(Vi(n—l)) + f(Win)
fluz) = fu) +1
fluy) = flwg-n) + f(vig-2) for3<j<n
U (visnn) = fFun) + f(vi—ny)  if i#m

FGO) = fumn) + f(Vmm-1))

Hence, K ,, ©Spl(P,) is a sum graph with sum number 1.

Theorem 2.3

K1 m ©Spl(Ky ,) is a sum graph with sum number 1.

Proof

Let c, vq, Vo,...... , Vm be the vertices of K, where c is the centre of the
star. Let ¢q, Viq, V1o, ...... , Vin, Ug, Ugg, Ugp, ...... Ui, Co, V21, Voo, ...... ,Von, Uz,
Upt, Uzz, ... RIVSRR > Cmr Vi1, V2, <=5 Vmn Umy Uty Umzs - » Umn be
the vertices of the m copies of the split graph of star Ky . The vertices ¢y,
Coyunnnn. , Cm are attached to the vertices vy, Vo,...... , vm OF Ky, respectively.
Let G = K 1, ©OSpl(K; ,). Therefore the vertex set of G, V(G) = {c, ¢4, Vi1,
Vig, «o.nn. » Vin, Uz, Upg, Uip, ...... Uin, C2, Vo1, V22, ...... »Von, Uz, U21, U,
...... JUznevevves Cmy Vints Vim2s <voves Vi Umy Umty Um2, <veevey Umn . G has

2nm + 1 vertices and 3n(n — 1) + m edges. Let x be the isolated vertex.

Define f: V (G) > N
fle)=1 fler) = 2
flc) = flea-n)) +1 for 2<i<m
f(vi1) = flem) +1
for1<i<m
( fy)=fvig-n) +f@W) for2<j<n
fuw) = fwy) + f(c)
fluin) = fQw) + f(win)
l flu;) = fluwg-—n) +f(c) for 2<j<n
f(wasn) =fwn) +f(c) if i=m
fG) = fQumn) + flcm)
Thus, K 1, ©Spl(K, ,,) is a sum graph with sum number 1.
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Illustration: Sum labelling for path union of split graph of star Ki»
is given in figure 2.1
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Fig. 2.1
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K1 nOSpl(P;) K1, ©OSpl(P,) is obtained by attaching a copy of Spl(P,)
to each pendent vertex of Ky .

Hlustration Sum labelling for K, ,, ©Spl(P,) is given in figure 2.2
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K1 mOSpl(Ky,) K1 m ©Spl(K; ,) is obtained by attaching a copy
of Spl(K, ,,) to each pendent vertex of Ky .

Illustration Sum labelling for K; ., ®Spl(K, ;) is given in figure 2.3

m=3;n=2

U, =16 Viz 27
C1=2
u=9
Uy = 14 Vi = 5
Usz = 108? T”Zl =42

us; =56 u, =24

Fig 2.3
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