Mapana | Sci, 13, 3 (2014), 1-12
ISSN 0975-3303 | d0i:10.12723 / mjs.30.1

On Estimates for Growth Rates of Unstable
Azimuthal Disturbances in the Stability
Problem of Swirling Flows with Radius-
Dependent Density

Halle Dattu™ and Malai Subbiaht

Abstract

Estimates for the growth rate of unstable two-dimensional
disturbances to swirling flows with variable density are
obtained and as a consequence it is proved that the
growth rate tends to zero as the azimuthal wave number
tends to infinity for two classes of basic flows.

Keywords: = Hydrodynamic stability, Swirling flows, Inviscid
flows, Variable density, Growth Rate.

1. Introduction

The stability of swirling flows has been studied extensively and for
the vast literature on this problem one may be referred to the books
Chandrasekhar [2], Chossat & Iooss [3] and Drazin & Reid [8]. For
analytical studies on this problem one considers a basic flow with
azimuthal and axial velocity components and general three-
dimensional disturbances (see for example Howard and
Gupta[l12]). However the stability of basic flows with only an
azimuthal velocity component to infinitesimal azimuthal
disturbances has also been studied in many works (see for example
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[8]). In cylindrical polar coordinates (r, 8, z) the basic flow velocity
is given by (0,V(r),0) and the basic flow density is py(r) while the
basic flow pressure Py(r) is calculated from the Euler equations.
Vo)

The angular velocity Q(r) = . The flow domain is the annular

region between two infinite concentric cylinders with radii R; and
R, where 0 <R; <R; <. If the disturbed flow is given by
(u,V +v,0) and the disturbances are azimuthal disturbances, that
is, disturbances are of the form u = ﬁ(r)eim(g-Ct) where m is an
integer and it is called the azimuthal wave number and ¢ = ¢, + ic;
is called the (complex) phase velocity. The boundary conditions
satisfied by the disturbances is # =0 at r = R,R,. Fung and
Kurzweg[10] have found the linear stability equation for this
problem and studied the instability of some specific basic flows.
Then Fung[9] obtained some general analytical results for this
problem. In particular Fung[9] has obtained a semicircular and
semielliptical instability regions for basic flows satisfying the
condition ab(Dpy) = 0 where, a = minQ(r),b = maxQ(r), and the
differential operator D is defined by D = ;—r. Moreover, Fung[9] has
2*(Dpo)
por (DQ)?
a necessary condition for instability is that the minimum of the
Richardson number is less than one quarter. Recently this problem
has been studied in Dattu and Subbiah[5] where an improved
instability region given by a generalized semiellipse theorem has
been found for arbitrary angular velocity profiles. This improved
instability region has also been used to find an estimate for the
growth rate of unstable disturbances. Moreover, Dattu and
Subbiah[5] have found an estimate for the growth rate of an
arbitrary unstable disturbances given by

defined the Richardson number J by | = and has found that

1
m2c < (3= ) DAY, RS,

where, J,,is the minimum Richardson number and the subscript
max stands for maximum over [R; ,R;].

The two-dimensional instability of the Rankine vortex with
variable density has been studied recently in Dixit and
Ramagovindarajan[7]. Since DQ = 0 in this case they have studied
the instability with respect to the Atwood number rather than the
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Richardson number. Also the instability of inviscid incompressible
swirling flows with variable density with respect to two-
dimensional disturbances has been studied asymptotically and
numerically in Di Pierro and Abid[6]. For slowly varying velocity
profiles Di Pierro and Abid [6] has studied the growth rate of an
unstable disturbance in the limit |m|>» 1 and found that their
asymptotic result agrees with their numerical result. It may be
noted here that the instability of swirling flows of homogeneous
fluid has been studied in Le Dizes[13] with respect to azimuthal
disturbances where a nonlinear critical layer analysis has been
developed.

In the present paper we consider the stability problem of swirling
flows with variable density of inviscid incompressible fluids
confined between two infinite concentric cylinders at r = Rjand
r =R, where 0<R; <R, <o with respect to azimuthal
disturbances. From Dattu and Subbiah[5]’s estimate for growth rate
stated earlier it is found that the imaginary part of the complex
phase speed c; tends to zero as the wave number m — o« for flows
satisfying the condition of boundedness of |DQ|. In the present
paper we have found a different estimate for the growth rate and
from this estimate we prove that the growth rate mc; —» 0 as the
azimuthal wave number m — o for two classes of basic flows. The
first class of flows consists of basic flow variables satisfying the
condition of boundedness of A |D(pyZ)|*> where Z = rDQ + 2Q is

D(poZ)(Q—0Q5)

is the value of Q at the point where D(pyZ) becomes zero. An
example of a basic flow satisfying this condition is also given here.
For homogeneous flows this result has been proved in Subbiah[16]
and it may be remarked here that, in this case, a sharper result,
namely, the existence of a critical wave number m, such that
mc; =0 whenever m >m, has been proved in Dattu and
Subbiah[4] for a class of basic flows satisfying the condition of
(DZ)r

(Q_Qs).
consists of flows with weak stratification, that is, flows satisfying
the Conditiom|[)2 (Dp0)| « 1. It may be remarked that the
asymptotic results of Di Pierro and Abid[6] for the growth rate
does not give this result of the growth rate tending to zero as the

2 2
the vorticity of the basic flow, A2 = (M — 1) +1 and Q,

The second class of basic flows

boundedness of the quantity
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azimuthal wave number tending to infinity. But it should be noted
that the basic flows considered in Di Pierro and Abid[6] are
different from those considered in our analysis. In Di Pierro and
Abid[6] the basic angular velocity is slowly varying while such a
condition is not imposed in our analysis.

2. Eigenvalue Problem

The linear stability problem of inviscid incompressible but density
stratified swirling flows between two infinite concentric co-axial
cylinders at r = Ry,R, where 0 <R; <R, <o with respect to
azimuthal disturbances of the form (function of r)e™®~® is given
by an eigen value problem consisting of the second order ordinary
differential equation of Fung and Kurzweg[10]

2 Q*(Dpo) _ D(poz)
po (DD ="5) &+ (Do) (D) + {EL 20wl 0, (21)

Where the operator D, is defined to be D, = D + %, and boundary

conditions
¢ =0atT=R1,R2. (22)

iru(r)

Here the function ¢(r) is defined by ¢(r) = R where

u(r)e™=<t) is the axial disturbance velocity. In this equation the
azimuthal wave number ‘m' appears as m? and so we can take
m > 0 without loss of generality.

3. Estimate for Growth Rate of Unstable Disturbances

In this section we obtain an estimate for the growth rate of an
arbitrary unstable disturbance and we deduce from this estimate
that the growth rate of an unstable mode tends to zero as the
azimuthal wave number tends to infinity for two classes of basic
flows.

Theorem.3.1. If r = r; with Ry < r; < R;is the point at which D(pyZ)
vanishes and A2|D(pyZ)|? is bounded in [Ry,R;] then a necessary
condition for the existence of non-trivial solution (¢, c,m?) with
¢; > 0andc, = Q; = Q(ry) is that
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R,

2

mec; < max {1|D(pyZ

. [Rl,Rz]{ ID(poZ) I}
1

_[r_920e0) N TP
where A = [(D(poZ)(Q—Qs) 1) +1

Proof: The above equation (2.1) can be rewritten as

Pom 2¢ 0%(Dpy)  D(poZ) _
D ('DODd)) + {r(ﬂ—c)z - T(Q—C)}d) =0. (31)

Multiplying the above equation by r¢*(where * stands for complex
conjugate) and integrating over (R4, R,) we have

R Q%D
Jx2 D.(poDpYr” dr — [12 2 |2 i+ [ {2 00)
D(pOZ)}|¢|2

Q—-c)

Using integration by parts formula and the boundary conditions (2.2) we

have
R, , m:
j po (IDI2 + 2 1612 ) rar
Ry r

R2 (D(poZ) Q2P | 412 4
+ [ {m_c) (Q_C)2}|q>| dr = 0. (3.2)

Real part of the above equation gives

R m? Rz {D(poZ)(Q—cy)
Jo2po (IDGI2 + 25 1917 ) rar + Z{fa—dz

02(Dpo)((Q—cr)?=c}
0|s(1—c|4 Ng2dr = 0. (33)

For ¢; > 0 the imaginary part of the equation (3.2) gives

Ry (D(poZ) _ 20°(Dpo)(Q=c,)
fR12 (IQ—OCI2 a |QEC|4 ) |¢’|2d7" = 0. (3.4)

and integrating over (Ry, R,) we

Multiplying equation (3.1) by r2D.(poD¢")
Po

have

-m* | r¢D.(poD¢p*)dr +
R1 pO R1

fRZT3ID*(poD<I5*)I2 dr —m? Rz

Ry (02 (Dpy)  D(poZ)\r3¢D.(poDe")
f {r(ﬂ—c)z r(Q— c)} 0o dr = 0. (3'5)

Taking complex conjugate of both sides of equation (3.1) gives
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. 2" D(poZ)  Q%(Dpo) , «
D*(,DOD(P )= pOY:Z + {r(ﬂp—oc*) - lr(ﬂ—f*(;z}qb ' (3.6)

Substituting (3.6) in (3.5), using integration by parts formula and the
boundary conditions (2.2), we get the following integral relation:

3 *

Ry Po r( Q- c)2
Do | 412004y _ (R2 |27 (DPO) _ D(po2)|? IgI*r?
r(Q—c)}l(‘bl rdr R Ir(@—c)2 r(Q—c) 0o dr = (37)
Real part of the above equation (3.7) gives
Rz .r.3 D* D *\ |2 Rz
f ID-(po D) dr +m? pol|Dp|rdr +
Ry Po Ry
m2 (F2 02 0po)(@—c,)?=c?)  D(poZ)Q=c)) | 412, 1. _ Rz |22 (Dpo) _
Rq { r|Q—c|* r|Q—c|? |¢| rdr r(Q—c)?
D(po2)|* 191%r3 ,
v B dr =0, (3.8)

while for ¢; > 0,the imaginary part of equation (3.7) gives

Ry (202(Dpo)(Q—c,)  D(poZ)
lez( |!ffc|4 : _miocp)mzlqblzdr:o- (39)

Multiplying equation (3.3) by m? and adding the resultant equation
to equation (3.8), we have the relation

_ (R2|2%(Dpo) _ D(poZ)

QLEp— (3.10)
1 Ir(@-c)2  r@-c) :

Po

This is rewritten as

R

_ Rz(D(pOZ))2 Q2 L Plelr
fR1 [Q—c|? [D(poZ)(Q—c) 1| dr =0.

Since |Q —c|? > ciz , the above equation gives,

Ry r3|D.(po D) 2 (R2 2 4 (R2polgl?
[, ——"—dr + 2m le po|DP|?rdr + m le = —dr

Rq Po

(D(pOZ)) 02(Dpy) . |*Iglr _
le |D(poZ)(Q—c) | dr < 0;



Halle Dattu etal On Estimates for Growth Rates of Unstable Azimuthal

. (Rar3ID.(poD9)I? 2 (R 2 4 (Rapolol?
ie, fR12—p§ dr + 2m lezpoqubl rdr +m lez—Or dr

2
Ry (D(po))” | (22(0p0)) 2.2
fl cf IQ —c|? { (D(poZ))Z + (Q Cr) + ¢

202(Dpg)(Q—c;) |¢>| T
<
D(po?) dr<0.

This can be rewritten as

ij 31D, (poD)|? q

Ry Po

dr

Ry R, 2
r+ Zmzf p0|D¢|2rdr+m4f Pol®|
R1 Rl r

R (0o2)’ {1y N2 [ 0%0p0)  1)? |¢|
~Jr, et { r) (D(pozxa—cr) 1) et S, dr <0,

Using the facts that (Q — ¢,)?> <|Q—c|?> and ¢? < |Q—c|? in the

above inequality we have,

Ry 3|D.(po D) 2 (R2 2 4 (R2polol®
le ” dr +2m le polDol*rdr + m le —dr

2

Ry (D(POZ)) { Q2(Dpo) }Iqblzr <
f c? (D(POZ)(Q—Cr) 1) +1 Po dr < 0.

0%(Dpy) . .
D(reZ)(0-00) is bounded in [Ry,R;] by

hypothesis of the theorem, we have from the above inequality

But, since ¢, = Q; and

Ry [ r2|D.(poD@)|?
fRf <% + 2m2po(|D¢|2)> rdr +

Ry (—z-poc 2_22(0(po2))’ 161%
le 7 ) rdr <0, (3.11)
2 _ (0000 1\
where A _(D(poZ)(ﬂ—ﬂs) 1) + 1. (3.12)

From inequality (3.11) it follows that

m* poc

< 2*(D(poZ ))
atleast once in the flow domain and as a consequence we have

4 2 2
m " Pomin Ci

2
< | max A|D(pyZ )
R% ([erRz] | (pO )l
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. R
ie, m?¢; < ﬁmax[Rl_Rz]{MD(poZ)D (3.13)

So the theorem is proved.
As a corollary to the above theorem we have the following result.

Theorem.3.2. For basic flows satisfying the condition of boundedness of
the quantity A?|D(pyZ)|?, we have

lim,, ., mc; = 0. (3.14)

Now we shall present an example of basic flow that satisfies the condition
of Theorem 3.1.

Example. The angular velocity profile considered here is a particular case
of the Shukhman[15] profile; namely, the one with

O(r) = tanh(<£5) (3.15)

where 0 < d < 1 is a constant and the density profile considered here is
given by

_ 3 dog (r-rg+1)
po(r) =e ™

where r; is the point where D(pyZ) is zero.

) (3.16)

We shall check that A2(D(p,2))” is bounded for this flow.

is trivi = L gech? (foer
It is trivial to see that DQ—Td sech (d )

h 2(log r
and that Z = rDQ + 2Q = seeh *(%57) + 2tanh (log r) .
d d
i log r . "
It is seen that D(pyZ) = 0 at r = r, where d — tanh (T) =0, iedx

I . *
Oirs, thatisr, = e*'4,

such that tanh(x*) = d where x* =

To check that A2(D(p,2))” is bounded, it is seen that

02(D 2
#0@D) - {<D(p02)((ff =l 1) * B0
=2+ Q*(Dpo)? __20%(Dpy) }(D(pOZ))2

(D(pe2))*(@=05)2  D(po2)(Q-0Qy)

_2(D(po2)) (0—05)2+0% (D) —202(Dp)D(pe Z)(Q—Q)
N (Q-04)?

i.e, 2*(D (pOZ))2
(3.17)
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The numerator is bounded in [Ry,R;] by continuity.
Unboundedness will come only if the denominator is zero. It is
seen that the denominator is zero of order 2 at r = r, and nowhere
else. But it is found that the numerator is also zero at r = r; of order

two or more. Therefore A2 (D (poZ ))2 is bounded for this example of
basic flow and so this example of basic flow satisfies the conditions
of Theorem 3.1.

In the above theorems the density stratification is arbitrary but the
angular velocity Q(r) and the density py(r) together satisfies the
conditions of Theorem 3.1. However, if we consider basic flows
with weak density stratification then we can prove the result of
theorem 3.2. for arbitrary angular velocity profiles.

Theorem.3.3. If (¢, c,m?) is a non-trivial solution of equation (2.1)
and (2.2) with ¢; > 0 and |Q?(Dpy)| < 1 then mc; > 0 as m — o,

Proof: Now consider,

| 0%(Dpy) |2:( 0%(Dpy) )( 20p) 4y
D(poZ)(Q—c) D(poZ)(Q—c) D(poZ)(Q—c*)
2
(QZ(Dpo)) 202(Dpo)(Q—c;)
= d - ) (3.18)
(Do) 10—c|? D(poZ)|Q—c|

Under the weak stratification condition the first term on the right
hand side is neglected and using the resultant relation in equation
(3.8) we have the following integral relation:

Ry 731D, (poD)|? 2 Rz 2 4 (R2pold|?
le — dr+2m le polDP|?rdr + m le -dr

202D (poZ)(Q—c,)(D Ry (D(poZ)
+ [ DO g2 g 1 OO 2y gy = 0. 319)

Since |Q —c|? > cl-2 the above equation becomes,

Ry r3|D.(po D) 2 (R2 2 4 (R2polgl?
le — dr + 2m le po|Do|*rdr + m le ——dr +

R; 202D (pZ)(Q—c,)c; (D R, (D( Z)
2 PGB0 2 12 CODN g2 gy < 0. (3.20)

Furthermore, since (Q—c,)?+c?>2(Q—c)c; and D(pyZ) =
—|D(poZ)| we derive from equation (3.20), that,
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2
fRZM dr +2m? [ py|Dg|Prdr +m* 222k ar

Ry Q2|D(poZ)|(D Ry (D(poZ)
~Jr, Loi?z—o_c):gcim"f"z -, f( S L \pl2rdr <. (3.21)

Using the fact that |Q — ¢|? > c? the above inequality can be rewritten as

fRz M dr + 2m? f:z polDo|*rdr +

Ry r2 Ci3 cl-

J'RZ {mzp(z) _ [Qle(pOZ)l(DPO)] (D(pOZ)) Cl} |¢| T'dT < 0 (322)
The first two terms are non negative and so the integrand of the third term
should be negative and since ¢; < (b;—a) by the semi circle theorem of

Fung[9] we have the following inequality:

m*pdnm (221D (poZ)I(Dpo)] [(D(poz)? =

R% C'3 max __ C3 S 0'
i o Pbunmel _ [02IDGDIDp0)] [(D(pOZ))] L
Oy R% = m — ;
Q2D (peZ)|(D D(poZ) LE)) I

Lemic? < [[2RCoDICe0l,, [( )| W 02
m m P omin

This implies that mc; - 0 as m — oo,and the theorem is proved.

Remark.3.4. In the context of the stability problem of density
stratified inviscid shear flows it was first conjectured by
Howard[11] that the growth rate of an unstable disturbance should
tend to zero as the wave number tends to infinity. This Howard's
conjecture has been proved for a class of basic flows called Garcia
type flows in Banerjee et al[l] and for shear flows with weak
density stratification in Shandil and Jagjit Singh[14]. So we may
regard our theorems 3.2 and 3.3 as statement and proof of
Howard’s conjecture for two classes of swirling flows with variable
density.

Concluding Remarks

In this paper we have considered the linear stability of inviscid
incompressible but density stratified swirling flows to two-
dimensional disturbances. We have found estimates for growth
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rate of unstable disturbances and as a consequence we have proved
that the growth rate tends to zero as the azimuthal wave number
tends infinity for two classes of basic flows. From the asymptotic
result of Di Pierro and Abid[6] for the growth rate one cannot
conclude that the growth rate tends to zero as the azimuthal wave
number tends to infinity, but it should be noted here that the basic
flow considered in their analysis should satisfy the condition of
slow variation of the angular velocity and this is not supposed in
our analysis.
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