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On SD-Harmonious Labeling
A. Lourdusamy; S. Jenifer Wency'and F. Patrick?

Abstract

A graph G is said to be SD-harmonious labeling if there
exists an injection f : V(G) — {0,1,2,---,¢q} such that the
induced function f* : E(G) — {0,2,---,2q — 2} defined by
f*(uv) = S+D (mod 2q) is bijective, where S = f(u)+f(v) and
D = |f(u) — f(v)|, for every edge uv in E(G). A graph which
admits SD-harmonious labeling is called SD-harmonious
graph. In this paper, we investigate SD-harmonious label-
ing of path related graphs, tree related graphs, star related
graphs and disjoint union of graphs.
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1. Introduction

Let G = (V(G), E(G)) be a simple, finite and undirected graph of order
|[V(G)| = p and size |E(G)| = ¢g. All notations not defined in this paper
can be found in [1]. An injective function f : V(G) — {1,2,---,q}
is called a graceful labeling of G if all the edge labels of G given by
fuv) = |f(u) — f(v)| for every uv € E are distinct. This concept was
first introduced by Rosa in 1967 [2]. For all detailed survey of graph
labeling we refer to Gallian [3].

G.C. Lau et al. introduced the concept of SD-prime labeling in
[5, 6]. Given a bijection f : V(G) — {1,2,---,|V(G)|}, we associate 2
integers S = f(u) + f(v) and D = |f(u) — f(v)| with every edge uv in E.
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Definition 1.1. [6] A bijection f : V(G) — {1,2,---,|V(G)|} induces
an edge labeling f : E(G) — {0, 1} such that for any edge uv in G,
f ) = 1if ged(S,D) = 1, and f (uv) = 0 otherwise. We say f is SD-
prime labeling if f (uv) = 1 for all uv € E(G). Moreover, G is SD-prime
if it admits SD-prime labeling.

In 1980, Graham and Sloane [4] introduced harmonious label-
ing in connection with error-correcting codes and channel assignment
problems.

Definition 1.2. [4] A graph G with q edges is said to be harmonious
if there exists an injection f from the vertices of G to the group of
integers modulo g such that when each edge xy is assigned the label
f(x) + f(y) (mod g), the resulting edge labels are distinct.

Motivated by the concept of SD-prime labeling and harmonious
labeling, we introduce the new concept SD-harmonious labeling.

Definition 1.3. A graph G is said to be SD-harmonious labeling if there
exists an injection f : V(G) — {0,1,2,---,q} such that the induced
function f* : E(G) — {0,2,--- ,2q—2} defined by f*(uv) = S +D (mod 2q)
is bijective, where S = f(u) + f(v) and D = |f(u) — f(v)|, for every edge
uv in E(G). A graph which admits SD-harmonious labeling is called
SD-harmonious graph.

In this paper, we investigate SD-harmonious labeling for path re-
lated graphs, tree related graphs, star related graphs and disjoint
union of graphs. We use the following definitions in the subsequent
sections.

Definition 1.4. P, @P, is a graph obtained by identifying the pendant
vertex of a copy of the path P, at each vertex of the path P,,.

Definition 1.5. The corona G,0G; of two graphs G(p1, q1) and G»(p», q2)
is defined as the graph obtained by taking one copy of G, and p; copies
of G, and then joining the i vertex of G, to all the vertices in the i

copy of G,.
Definition 1.6. [10] The tree obtained by joining a new vertex v to one
pendant vertex of each of the k disjoint stars K n,, Kiny> Kinys -+ » Kim,

is called a banana tree. The class of all such trees is denoted by
BT (ny,np,n3, - -+, ).

Definition 1.7. [7] A caterpillar graph is a tree in which all the vertices
are within distance 1 of a central path P, for n > 1. A caterpillar graph
of order greater than 1 is a star graph when n = 1, which is K(1,r) for
some r > 1. When n > 2, a caterpillar graph is obtained from a path
P, = wyuy - - - u, by attaching m; > 0 pendant vertices v; j (1 < j < m;) to
each u;. We shall denote this caterpillar graph by P,(my,my, -+ ,m,).
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Definition 1.8. [9] A sparkler, denoted as P, is a graph obtained from
the path P,, and appending n edges to an endpoint. This is a special case
of a caterpillar. We refer to the hub of P}, the sparkler, as the vertex of
degree n + 1.

Definition 1.9. [7] Given t > 3 paths of length n; > 1 with an end
vertex vji(1 < j < t). A spider graph SP(n;,ny,n3,--- ,n,) is the one-
point union of the t paths at vertex v;.

Definition 1.10. The subdivision graph S(G) is obtained from G by
subdividing each edge of G with a vertex.

Definition 1.11. Consider t copies of stars namely Kilz Kﬁz e KYL
Then G = <Kf1r)lKﬁz e KYL) is the graph obtained by joining apex
vertices of each KY’;]) and Kijfl to a new vertex x;_; where 2 < j < t.

Note that G has t(n + 2) — 1 vertices and t(n + 2) — 2 edges.

Definition 1.12. [8] The graph B(m,n,k) is a graph obtained from a
path of length k by attaching the star K;,, and K, with its pendent
vertices.

Definition 1.13. [9] Given two subgraphs G, and G, of G, the union
G U G, is the subgraph of G with vertex set consisting of all vertices
which are in either G, or G, (or both) and with edge set consisting of
all those edges which are in either G, or G, (or both).

2. Path and Tree Related Graphs

In this section, we prove that P,, P,,@P,, banana tree BT (n,n,n,--- ,n),
full binary tree, P,(m,my,--- ,m,), star, bistar, P, © K,,, P}" and
S P(ny,ny,--- ,n,) admit SD-harmonious labeling. Also we prove that

cycle C, is not SD-harmonious graph.
Theorem 2.1. The path P,, admits SD-harmonious labeling.

Proof. Let vi,vs,---,v, be the vertices of the path P,. The labeling
f:V(P,) —>1{0,1,2,--- ,n—1}is defined as f(v;) =i—1for1 <i<n.It
is easy to verify that f admits SD-harmonious labeling of P,. |

Theorem 2.2. The graph P,,@ P, admits SD-harmonious labeling.

Proof. Let V(P,,@P,) = {u;,v;j: 1 <i<m, 1< j<nwithu =v;}and
EP,@P,) ={uujy1 1 <i<m- l}U{vi,jvi,jH l<i<m1<j<n-1}.
Therefore, P,,@P, is of order mn and size mn — 1.
Define f : V(P,@P,) — {0,1,2,--- ,mn — 1} as follows:
fw)=n@-1), 1<i<m
f(v,-,j+1)=n(i—1)+j, 1<i<m, 1Sj§l’l—1.
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The induced edge labels are

f (uiiry) =2ni, 1<i<m-1;

F i) =2n(— 1) +2j, 1<i<m, 1<j<n-1.
Hence f admits SD-harmonious labeling for P,,@P,. O

Corollary 2.3. The comb P,, © K, admits SD-harmonious labeling.

Theorem 2.4. The banana tree BT (n,n, n, - - - ,n) admits SD-harmonious
labeling.

Proof. Let V(BT (n,n,n,---,n)) = (v} U{vj,v;, : 1 <j
where d(v;) = n and E(BT (n,n,n,--- ,n)) = {w;, : 1 < j<kfU{vjv;, :
1 < j<k, 1<r<n}. Therefore, BT (n,n,---,n)is of order (n + 1)k + 1
and size (n + 1)k.
Define f : V(BT (n,n,--- ,n)) — {0,1,2,---,(n + 1)k} as follows:
f(v)=0;
fop=m+DG-)+2, 1< j<k
foin=m+DG-D+r+2, 1< j<sk 1<r<n-1;
fOi=m+DG-1)+1,1<j<k
The induced edge labels are
frovin) =2+ DG -1D+2, 1<j<k
fovm=2m+ (- +4, 1<j<k
i) =2m+1)(j-D+2r+4, 1 < j<k-1,1 <r<n-1;
o) =2+ Dk - D) +2r+4, L <r<n-2;
S Vivin-1) = 0.
Hence f admits SD-harmonious labeling for BT (n,n,n,--- ,n). O

Example 2.5. A SD-harmonious labeling of banana tree BT (6,6,6) is
shown in Figure 1.

\

‘ s ‘ . ‘
3 4 5 6 T 0 11 12 13 14 17 18 19 20

Figure 1: SD-harmonious labeling of banana tree BT(6, 6, 6)

Theorem 2.6. Every full binary tree admits SD-harmonious labeling.
4
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Proof. We note that every full binary tree has odd number of vertices
and hence has even number of edges. Let T be a full binary tree and
let vy be a root of T which is called zero level vertex. Clearly, the
i level of T has 2 vertices. If T has m levels, then the number of
vertices of T is 2! — 1 and the number of edges is 2”*! — 2. Now,
assign the label 0 to the root vy and assign the labels 1 and 2 to the
first level vertices. Next, we assign the labels 2/ — 1,2/, ... ,2i*! to the
i level vertices for 2 < i < m. It can be easily verified that f admits
SD-harmonious labeling for full binary tree. i

Theorem 2.7. The graph P,(m,ms,--- ,m,) admits SD-harmonious la-
beling.

Proof. Let V(P,(my,my,--- ,m,)) ={u;: 1 <i<njU{y;j:1<i<n, 1<
J < miy and E(P,(mi,my,- -+ ,my)) = {ujuie : 1 <0 <n— 13U {uv;; e
1 <i<n 1< j< m} Therefore, P,(mi,my,---,m,) is of order
n+m +m+---+m,and sizen+m; +my +---+m, — 1.
Define f : V(P,(m{,my, -+ ,m,)) = {0,1,2,--- ,n+my+mp+---+m,—1}
as follows:

Sflu) =0;

fw) =S im+i-1,2<i<n;

SJip=j 1<j<m;

foip=Yiim+i+j-1,2<i<n 1<j<m.
The induced edge labels are

fuin) =2(Si m+i), 1<i<n-1;

fruvi) =2j, 1< j<my;

) =2(Sicim+i)+2j-2,2<i<n-1, 1< j<m;

Frvny) =2(Si m+n)+2j -2, 1< j<m, - 1;

f*(unvn,mn) =0.
Hence f admits SD-harmonious labeling for P,(m,m,,--- ,m,). O

Example 2.8. A SD-harmonious labeling of Ps(2,3,4,1,3) is shown in
Figure 2.

0

"
/Il “‘
1 2

Figure 2: SD-harmonious labeling of Ps(2,3,4,1,3)

8 9 10 11 15 16 17
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Remark 2.9. In the above Theorem 2.7, if n = 1 or 2, we see that both
the star graph and bistar graph admit SD-harmonious labeling.

Corollary 2.10. The corona P, ® mK, admits SD-harmonious labeling.
Theorem 2.11. The graph P} admits SD-harmonious labeling.

Proof. Let uy,uy,--- ,u, be the vertices of path P,. Then V(P/") =
V(P,)U{v; : 1 < j<n}and E(P}') = E(Py) Ufuyv; : 1 < j < nj.
Therefore, P} is of order m +n and size m+n— 1. Define f : V(P}") —
{0,1,2,--- ,m+n — 1} as follows:

fu)=i-1,1<i<m

fOp)=m+j-1,1<j<n.
The induced edge labels are

Fruuin) =2i, 1<i<m—1;

Fumv) =2m—1)+2j, 1< j<n—-1;

S Wwmvy) = 0.
Hence f admits SD-harmonious labeling for P} o

Example 2.12. A SD-harmonious labeling of P;S is shown in Figure 3.

Figure 3: SD-harmonious labeling of P;?

Theorem 2.13. The graph S P(ny,ns, - - - ,n;) admits SD-harmonious la-
beling.

Proof. Consider the graph S P(ny,n,,--- ,n,) which is the one-point
union of the 7 paths. Let the vertices of S P(ny,ny,--- ,n;) be v;; for
1 < j<t 1 <i< nj Therefore, SP(n,ny,---,n) is of order
np+n+---+n+1andsizen; +ny +--- +n,.
Define f : V(S P(ny,ny,--- ,n)) — {0,1,2,--- ,ny + ny + --- + n;} as fol-
lows:

fm=0;

f(Vl,l')Zl.—l, 2Siﬁl’l1 +1;

fo =Y m+i-1,2<i<n+1,2<j<t
The induced edge labels are

frvip)=2;

frovi)=2(S m+1), 2<j<x;
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Frvvii) =20, 2<i<n -1
FOvie) =2(S0 m+i), 2<isn=1,2< <0
f*(vt,n/ Vt,n,+1) =0.

Hence f admits SD-harmonious labeling for S P(n;,n,,--- ,n,). 0

Example 2.14. A SD-harmonious labeling of S P(4,3,3,2,5) is shown
in Figure 4.

Figure 4: SD-harmonious labeling of S P(4,3,3,2,5)

Theorem 2.15. The cycle C, is not SD-harmonious graph.

Proof. Let vi,v,, -+ ,v, be the vertices of the cycle C,. Let g = n.
Suppose f is SD-harmonious labeling of C,. To get the edge label 2,
there must be the two adjacent vertices v; and v, with labels 0 and
1 respectively. To get the edge label 0, we must have two adjacent
vertices v; and v, with labels 0 and n respectively. We observe that
the edges v,v, and v,v,_; both receive the same label 0. This is a
contradiction. Hence, the cycle C, is not SD-harmonious graph. O

3. Star Related Graphs

In this section, we prove that S(K;,), S(Bux), S(P, © K;), B(m,n,k)
and <K§12, K% ..., Ki’)n> admit SD-harmonious labeling.

1,n°

Theorem 3.1. The graph S(K,,) admits SD-harmonious labeling.

Proof. Let V(S(Ki,)) = v} U {vi,v. : 1 < i < n} and E(S(Ky,)) =
{wi,vv; : 1 <i < n}. Therefore, S(K;,) is of order 2n + 1 and size
2n.
Define f : V(S(K1,)) — {0,1,2,--- ,2n} as follows:

Jv) =2

f)=2i-1,1<i<m

fvp)=2i-2,1<i<n.
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The induced edge labels are
o) =2;
Fov) =4
Sffowv)=4i-2,2<i<m
ffvy)=4i,2<i<n-1;
F @) =0,
Hence f admits SD-harmonious labeling for S (K ). O

Theorem 3.2. The graph S (B,,,) admits SD-harmonious labeling.

quiMIV@G%M)=WMJMUhm%:ISiSmHJWﬁ%:lSjSM
and E(S (B,,)) = {vw, wu} U {vv;,v;v,- 1 <i<mju {uu/j,u'juj 1< j<n}
Therefore, S(B,,,) is of order 2m + 2n + 3 and size 2m + 2n + 2.
Define f : V(S (Byn) — {0,1,2,--- ,2(m + n + 1)} as follows:

Fv) =0;
fw)=2m+1;
f(w) =2m+2;

fov) =i, 1<i<m
f)=2m—-i+1, 1 <i<m
fW)=2m+j+2, 1<j<m
fwj)=2m+2n—-j+3, 1<j<n.
The induced edge labels are
frfoow) =4m + 2;
ffwu) =4m + 4;
f*(vv;) =2i, 1 <i<m;
fvv)=4m+2-2i, 1 <i<m;
[y =4m+4+2j, 1<j<n
f@up)=dm+4n—-2j+6,2< j<n
f*(uyuy) = 0.
Hence f admits SD-harmonious labeling for S (B,,,). o

Theorem 3.3. The graph S (P, ® K;) admits SD-harmonious labeling.

Proof. Let V(S(P, © K1) = {us,vi,v; : 1 <i<njfU{u;: 1 <i<n-1}
and E(S(P, 0 K))) = {u,-u;.,u;.u,-ﬂ 1<i<n-1}U {u,»v;.,v;.vi 1 <i<n}
Therefore, S (P, ® K;) is of order 4n — 1 and size 4n — 2.
Define f : V(S(P,®K;)) — {0,1,2,--- ,4n — 2} as follows:
fu)=4G-1), 1<i<n;
fu)=4i-1,1<i<n-1;
fv)=4i-2,1<i<n
fv)=4i-3,1<i<n.
The induced edge labels are
fuu)=8i-2,1<i<n-1;
f*(u;.u,-ﬂ) =8i,1<i<n-1;
f*(u,-v;) =8i—-6,1<i<n
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f*(v;v,-)=8i—4, 1<i<n-1;

v v.) = 0.
Hence f admits SD-harmonious labeling for S (P, © K}). O

Theorem 3.4. The graph G = <K ilrz, Kf;, - K Yzl > admits SD-harmonious
labeling.

Proof. Let v(li), v(zi), e ,vﬁ,i) be the pendant vertices of K% and let x; be
the apex vertex of Kﬁ’i fori=1,2,---,r. Now w; is adjacent to x; and
x; is adjacent to w;, for 1 <i < t—1. Therefore, G is of order 1(n+2)—1
and size #(n +2) - 2.
Define f : V(G) — {0,1,2,--- ,t(n + 2) — 2} as follows:
fow)=G-Dn+2), 1<i<t
fo)=in+2)—1, 1<i<t—1;
fONY =(-Dm+2)+j, 1<i<t 1<j<n
The induced edge labels are
Froaw) =2i(n+2) -2, 1<i<t—1;
Froawin) = 2i(n+2), 1<i<t—1;
Fov)y=20-Dn+2)+2j, 1<i<t, 1<j<n-1;
frovvy)) = 0.
Hence f admits SD-harmonious labeling for G. o

Example 3.5. A SD-harmonious labeling of <K§2,Kﬂ,

K§3i> is shown
in Figure 5.

1 2 3 4 T8 9 10 13 14 15 16

Figure 5: SD-harmonious labeling of <K§2, Kﬁ, K?j>

Theorem 3.6. The graph B(m, n, k) admits SD-harmonious labeling.

Proof. Letuy,uy,--- ,u, bethe vertices adjacent to vop and wy, wy, - -+ , w,
be another set of vertices adjacent to v;. Let vy and v, be the end ver-
tices of a path P;. Therefore, B(m,n, k) is of order m + n + k + 1 and
size m +n + k.

Define f : V(B(m,n,k)) —» {0,1,2,--- ,m + n + k} as follows:
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flu) =i, 1 <i<m
f(v) = 0;
fp)=m+j, 1<]
fw)=m+k+r 1
The induced edge labels are
frvou;)) =2i, 1 <i<m;
f*(vj_lvj) =2m+ 2], 1< Jj< k;
ffviw) =2m+2k+2r, 1 <r<mn-1;
S viw,) = 0.
Hence f admits SD-harmonious labeling for B(m, n, k). O

<k
<r<n

Example 3.7. A SD-harmonious labeling of B(6,5,4) is shown in Figure
6.

Figure 6: SD-harmonious labeling of B(6, 5, 4)

4. Disjoint Union of Graphs

In this section, we prove that K(1,n;) U K(1,n2) U --- U K(1,n,), Py, U
PnU---UP,,GUP,,GUPand GUK,,, UK;,, U-- UK, admit
SD-harmonious labeling.

Theorem 4.1. The graph K(1,n,) U K(1,n;) U --- U K(1, n,) admits SD-
harmonious labeling.

Proof. LetG = K(1,n))UK(1,n)U---UK(1,n) with V(G) = {u; : 1 i
l‘}U{V,’JZlSiSI, 1$j£n,'}andE(G)={u,~v,~,j:ISiSt, 1<j<n.
Therefore, G is of order t +ny +ny +---+n, and size n; + ny + - - + n;.
Define f : V(G) = {0,1,2,--- ,n| + no + - -- + n,} as follows:

fu)=i-1,1<i<

forp=j 1< j<n;

f(vi+1,j) = Z;zl n; +j, I1<i<t-1,1< ] < Njy1-
It can be verified that the induced edge labels of G are 0,2,4, - - -, 2(n;+
ny+---+n,)—2. Hence f admits SD-harmonious labeling for K(1,n,)U
K(1,m)U---UK(,n). O

10
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Theorem 4.2. The graph P,, U P,, U --- U P, admits SD-harmonious
labeling.

Proof. Let G = Py, UP,, U---UP, With V(G) ={u;j: 1 <i<t, 1<
Jj<m;}and E(G) = {u; ju; 1 : 1 <i<t, 1< j<m—1}. Therefore, G is
of order m; + my + --- + m, and size m; + mp + - -+ m, — t.
Define f : V(G) — {0,1,2,--- ,m; + my + - - - + m, — t} as follows:
furpy=j-1,1<j<m;
Fltinn) = Sy m =D+ (=1, 1<i<t—1, 1< j<m.
It can be verified that the induced edge labels of G are 0,2,4,--- ,2(m;+
my +---+m, —t) — 2. Hence f admits SD-harmonious labeling for
Py UP,, U---UP,. 0

Example 4.3. A SD-harmonious labeling of Ps U P4 U Pg is shown in
Figure 7.

L L L 2 L .

0 1 2 3 4

. . . .

q D ] T

. . . . - »
7 8 9 10 11 12

Figure 7: SD-harmonious labeling of Ps U P4 U Pg

Theorem 4.4. Let f be SD-harmonious labeling of graph G of order p
and size q. Then G U P, admits SD-harmonious labeling.

Proof. Let f be SD-harmonious labeling of graph G of order p and
size g. Let the labeling of the vertices of G be 0,1,2,---,q9. Then
the induced edge labels are 0,2,4,---,2g — 2. Let uj,us,--- ,u, be
the vertices of path P,. Let us denote by H the graph obtained by
G U P,. The labeling g : V(H) — {0,1,2,--- ,q + n — 1} is defined by
gu)) =q+i—1for 1 <i<n. It can be verified that the induced edge
labels of H are 0,2,4,--- ,2q + 2n — 4. Hence g admits SD-harmonious
labeling for G U P,,. o

Theorem 4.5. Let f be SD-harmonious labeling of graph G of order p
and size q. Then G U P;! admits SD-harmonious labeling.

Proof. Let f be SD-harmonious labeling of graph G of order p and
size ¢. Let the labeling of the vertices of G be 0,1,2,---,4. Then the
induced edge labels are 0,2,4,--- ,2¢g —2. Let V(P})) = U{y; : 1 i <

11
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mjU{w;: 1 <j<tland E(P})) ={vvis1 : 1 <i<m—-1}U{y,w;: 1 <
J < t}. Let us denote by H the graph obtained by G U P}’. We define a
labeling ¢ : V(H) — {0,1,2,--- ,q+ m+ 1t — 1} as follows:

gw) = f(u), u€G;

gv)=q+i-1,1<i<m

gwj)=g+m-1+j 1<j<t.
It can be verified that the induced edge labels of H are 0,2,4,--- ,2g +
2m + 2t — 4. Hence g admits SD-harmonious labeling for GU P}/. O

Theorem 4.6. Let f be SD-harmonious labeling of graph G of order p
and size g. Then GU K, UK, ,, U --- U K}, admits SD-harmonious
labeling.

Proof. Let f be SD-harmonious labeling of graph G of order p and
size ¢. Let the labeling of the vertices of G be 0,1,2,---,¢. Then the
induced edge labels are 0, 2,4, - - - ,2g-2. Let V(K », UK} »,U- - UK} ) =
viovij: 1 <i<t, 1 <j<mn}and E(Kj,, UKj,, U---UKj,) =
{vivij: 1 <i<t 1< j<n} Letusdenote by H the graph obtained
by GUK,, UKy, U:--UK;,. We define a labeling g : V(H) —

{0,1,2,--- ,g+ny +---+n;} as follows:
gu) = f(u), ue€ G,
gv) =q;

gviz1) = Q+Zf=1 n, 1<i<tr-1;

gvij)=q+j 1<j<ng;

g(v,-+1,j):q+Z;:1n1+j, 1<i<t-1,1<j<ny.
It can be verified that the induced edge labels of H are 0,2,4,--- ,2(g+
ny+---+n,)—2. Hence g admits SD-harmonious labeling for GUK; ,,, U
Kl,nzu"'UKl,n,- O

Corollary 4.7. Let f be SD-harmonious labeling of graph G, of order
p1 and size q;. Let g be SD-harmonious labeling of graph G, of order p,
and size q,. Then G| U G, admits SD-harmonious labeling.

Proof. Let f be SD-harmonious labeling of graph G, of order p; and
size ¢g;. Let the labeling of the vertices of G; be 0,1,2,---,¢;. Then
the induced edge labels are 0,2,4,---,2q; — 2.

Let g be SD-harmonious labeling of graph G, of order p, and size
q>. Let the labeling of the vertices of G, be 0,1,2,---,¢,. Then the
induced edge labels are 0,2,4,--- ,2¢g, — 2.

We define a labeling 4 : V(G UG,) — {0,1,2,--- ,g1 + g2} by h(u) =
f(w), u € Gy and h(v) = q, + giv), v € G,. It can be verified that
the induced edge labels of G| U G, are 0,2,4,---,2q; — 2,2q1,2q1 +
2,--+,2q1 +2q> — 2. Hence h admits SD-harmonious labeling for G; U
G. O

12
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5. Identifying Vertex of Graphs

In this section, we prove that graphs obtained by identifying a vertex
in G, and a vertex in G, admit SD-harmonious labeling.

Theorem 5.1. Let f be a SD-harmonious labeling of a graph G of order
p and size q. Let w € V(G) be such that f(w) = 0. The graph obtained
by identifying a vertex w in G and a vertex of degree n in K, admits a
SD-harmonious labeling.

Proof. Let f be a SD-harmonious labeling of a graph G of order p and
size g. That is the vertices of G are labeled with numbers {0, 1,2, - , g}
and the induced edge labeling is bijective.

Let w € V(G) be such that f(w) = 0. Let us denote by H the graph
obtained by identifying a vertex w in G and a vertex of degree n in
Kin.

We define a vertex labeling g of H such that

gv) = f(v), veV(G);

gx)=q+i, i=12,---,n.
Thus for the induced edge labeling we get

g wv) = f*(vu), veV(G);

g'wx)=2qg+2i, 1<i<n-1;

g (wx,) = 0.
Then the induced edge labels of K, , are 2¢ + 2,2 +4,2g+6,--- ,2q +
2i — 2,0. Since the graph G admits a SD-harmonious labeling, the
corresponding induced edge labels of G are 2,4,6,- - ,2q. Therefore,
g is bijective and the induced edge set of H is {0,2,4,--- ,2q — 2i — 2}.
Hence H admits a SD-harmonious labeling. i

Theorem 5.2. Let f be a SD-harmonious labeling of a graph G of order
p and size q. Let w € V(G) be such that f(w) = 0. The graph obtained
by identifying a vertex w in G and a vertex of degree 1 in P, admits a
SD-harmonious labeling.

Proof. Let f be a SD-harmonious labeling of a graph G of order p and
size ¢. That is the vertices of G are labeled with numbers {0, 1,2, - - , ¢}
and the induced edge labeling is bijective.
Let w € V(G) be such that f(w) = 0. Let us denote by H the graph
obtained by identifying a vertex w in G and a vertex of degree 1 in P,.
We define a vertex labeling g of H such that
gw) = f(v), veV(G);
gxip)=q+i, i=1,2,--- ,n—1.
Thus for the induced edge labeling we get
g wv) = f*(vu), veV(G);
g (wxy) =2q + 2;
g (xixiv1) =2q+2i, 2<i<n-2;
& (xp-1x,) = 05
13
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Then the induced edge labels of P, are 2¢g +2,2g +4,2g +6,--- ,2q +
2i —2,0. Since the graph G is a SD-harmonious labeling, the corre-
sponding induced edge labels of G are 2,4,6,---,2q. Therefore, g is
bijective and the induced edge set of H is {0, 2,4, --- ,2g—2i—2}. Hence
H admits a SD-harmonious labeling. m|

Theorem 5.3. Let f be a SD-harmonious labeling of a graph G, of
order p; and size q1. Let g be a SD-harmonious labeling of a graph G,
of order p, and size q,. Let x € V(G), y € V(G>) be such that f(x) =0
and f(y) = 0. The graph obtained by identifying a vertex x in G; and a
vertex y in G, admits a SD-harmonious labeling.

Proof. Let f be a SD-harmonious labeling of a graph G; of order
p1 and size g;. That is the vertices of G, are labeled with numbers
{0,1,2,---,¢q;} and the induced edge labeling is bijective.

Let g be a SD-harmonious labeling of a graph G, of order p,
and size ¢,. That is the vertices of G, are labeled with numbers
{0,1,2,---, ¢} and the induced edge labeling is bijective.

Let x € V(G)), y € V(G,) be such that f(x) = 0 and f(y) = 0. Let us
denote by H the graph obtained by identifying a vertex x in G; and a
vertex y in G,.

We define a vertex labeling & of H such that

h(x) = 0;

h(u) = f(u), ueV(Gy);

h(w) = gw) + q1, w € V(Ga).
Thus for the induced edge labeling we get

h*(uv) = f*(uv), uv e V(Gy);

h*(xw) = 2q1 + 2;

h*(wz) = g"(wz2) + 2q1, wz € V(Ga);

h*(wz) = 0 (mod 2q);
Then the induced edge labels of G| are 2,4,6,--- ,2¢q; and G, are 2q, +
2,2q1 +4,2q1 +6,--- ,2q1 + 2g2 — 2,0. Therefore, h is bijective and the
induced edge set of H is {0,2,4,--- ,2q; + 2q, — 2}. Hence H admits a
SD-harmonious labeling. i

6. Conclusion

We investigated SD-harmonious labeling of path related graphs, tree
related graphs, star related graphs and disjoint union of graphs. We
conclude this paper with the following conjecture.

Conjecture 6.1. All trees admit SD-harmonious labeling.
14
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