Mapana Journal of Sciences
2018, Vol. 17, No. 3, 51-66
ISSN 0975-3303 | https://doi.org/10.12723/mjs.46.5

Some Numerical Examples on the Stability of
Fractional Linear Dynamical Systems
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Abstract

The concept of stability of a class of fractional-order linear
system is considered in this paper. Existing sufficient condi-
tions are assumed to guarantee the stability of linear mod-
els with the Caputo fractional derivatives. The results have
been developed by using the concept of Laplace transform,
and approximations of Mittag-Leffler. Furthermore, results
concerning asymptotical stability of linear fractional-order
models are also achieved. The proposed method is based
upon Eigen values and the characteristic polynomials. Nu-
merical illustrations are specified to exhibit effectiveness of
the proposed method.

Keywords: Fractional-order, Mittag-Leffler function, stability, linear sys-
tems

Mathematics Subject Classification (2010): 05C10

1. Introduction

Fractional Differential Equation (FDE) is responsible for a mathemati-
cal model for many systems in different fields such as control systems,
population dynamics, physical, biological, chemical kinetics, and so
forth. Specific depiction of the real life phenomena can be enriched
by FDE. Deficient in the application background and complexity of
fractional system fails to attract much consideration. In recent times,
it has been established to be valuable tools.

Stability of fractional linear autonomous dynamical systems has
been considered and analyzed by different methods such as stabil-
ity theorem [2] to guarantee stability of the systems through the lo-
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cation in the complex plane of the Eigen values and Linear Matrix
Inequality (LMI), Fractional Lyapunov direct method, finite time sta-
bility [6] and Mittag-Leffler Stability [5]. The stability problem for
fractional nonlinear systems has been studied in prior works but it
remains open.

Nonlinear Fractional system can be solved by numerical methods.
Several numerical methods are available to analyze the nonlinear sys-
tem such as Homotopy Perturbation Method [4], [12], variation Itera-
tion Methods [3] , Euler algorithm [7,[9] . In this work linear frac-
tional system has been solved by a numerical method proposed by
Momani and Odibat [9].

The organization of this paper is as follows. In the next section,
preliminary concepts and basic definitions have been specified. Sec-
tion 3 summarizes the prevailing concept of analyzing stability theory.
In Section 4, some examples were given and solutions plotted to il-
lustrate the considered theory. Also a conclusion is given in Section
6.

2. Preliminaries

Some basic definitions and some results are given in this section.

Definition 2.1. [8](Riemann - Liouville Fractional Integral). The
Riemann-Liouville fractional integral operator of order a > 0 of a func-
tion f € L'(R") is defined by

1

1°f(1) = @

f (1 - 1 f(s)ds, &)
0

where T'() is the Euler gamma function.

Definition 2.2. [8](Riemann - Liouville Fractional Derivative). The
Riemann-Liouville fractional derivative of order « > 0,n—1 < a <n,n €
N, is defined as

a 1 d " ' n—a—1
D) = s (E) [ a=srtps @
where D" is the ordinary differential operator and the function f(t) has
absolutely continuous derivative upto order (n — 1).

Definition 2.3. [8](Caputo Fractional Derivative). The Caputo frac-
tional derivative of order « > O,n — 1 < @ < n,n € N, is defined as

! f (1 = sy fi(s)ds, @)
-a) Jo

Df(1) = e
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where the function f(t) has absolutely continuous derivative upto order

(n-1).

Definition 2.4. [8]Gamma function. The Gamma function is defined
as

I'(n) = f e X" ldx,n >0 “4)
0

Definition 2.5. [8]Mittag-Leffler function The one-parameter Mittag-
Leffler function is defined as

i k
_ <
Eo(2) = kE—O ekt 1)’ (@>0,z€C). )

The two-parameter Mittag-Leffler function is defined as

s k

_ Z
Eop(@) = ; Fak B (@,8>0,z€C). (6)

Definition 2.6. The Laplace transform of Caputo fractional derivative
is dfined by

sULY)(s) — x5 L0o<a< 1

SULOG) = x5+ 05 Ll<a<2

L(Dx)()
LD x)(1)

Here x; = x(0), x, = x'(0).

Definition 2.7. The Laplace transform of Mittag-Leffler functions are
given by

a—1
LEQM) = S—. R > U, ()
a—f3 .
LI Eap)) = < (R > 1), ®)

wheret > 0,1 € R.

Lemma 2.8. [8] Let 0 < a < 2,8 be a an arbitrary complex number
and p be an arbitrary real number such that ZF < u < min{n, na}. Then,
for an arbitrary integer p > 1, we have the following expansions:

—k

——— + 0(z "), 9

1 Z
E _ (1-p)/«a l/a
op(2) = —2 exp(z') TG = ak)

P
k=1
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when |arg(z)| < u and |z] — oo;

=+ 0(z'7), (10)

Z
4 T(B - ak)

b —k
Ea,,B (2)=-
k=

when u < |arg(z)| < mand |z| — co.
In particular, if 8 = 1, then we have
O,

I'(1 — ak)

14 —k
Ey(2) = -
k=

1
when p < |arg(z)| < 7 and |z] — oo.
Definition 2.9. Consider the following fractional differential system
Dx(t) = Ax(?), (11)

with initial value x(0) = xo = (X10, X20, - - . » Xn0) , Where x = (x1, %2, ..., x,) @ €
(0,2) and A € R™". The autonomous system (12)) is said to be

(i) stable iff for any x, there exists € > 0 such that ||x(#)|| < e fort > 0,

(ii) asymptotically stable iff tlim llx(@)|| = 0.

3. Stability Analysis of Linear Differential System

In this section, we consider the following linear fractional differential
system with Caputo fractional derivative

DUx(t) = Ax(1),(0 < a < 1) (12)

with initial value x(0) = xo = (X109, X205 . - . » X0)!, Where x = (x1, %2, ..., x,)7,
and A € R™". We shall analyze the stability of (12) with non-zero ini-
tial conditions.

Theorem 3.1. [[I]] If all the eigenvalues of A satisfy

|arg(A(A))] > % (13)

then the zero solution of the system (12)) is asymptotically stable.
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Proof. Solution of the system (12) can be found by using Laplace
Transform technique. Taking Laplace transform on both sides we get,

X(5)s* = s% 'xg = AX(s), whereX(s) = Lx(?) (14)

By taking inverse Laplace transform of the abov equation , we obtain

X0

-1 |
LX) = L

}

It immediately follows from the definition 4, the solution of system is
x(1) = Eo(A1")xo

Case 1: First, suppose the matrix A is diagonalizable. Then there
exists an invertible matrix 7 such that D = T7'AT = diag(A,, ..., 4,).
Then, E(At%) = TEL(Dt)T™" = Tdiag[Eo(i1), ..., Eo(A,t%)]T". Ap-
plying the lemma and definition, we get

E (A1) = = X7 M0+ 0(el™'7), — zeroast — oo,
As a result, ||E,(A1Y)]| = |[Ey(A11Y), Eo(A21%), -+ , E,(1,t%)]| — 0. Hence

the conclusion holds.

Case 2 Next, suppose the matrix A is similar to a Jordan canonical
form, i.e., there exists an invertible matrix 7 such that J = T7'AT =

diag(Jy,...,J,), where J;, i < i < r has the following form
A 1
Ji= &
1
/1i niXn;

and }./_, n; = n. Obviously,

Eo(A1%) = Tdiag[E,(J11%), ..., Eo(Jt)]T ™!

-
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where for 1 <i <,

o (St R G A
E, (J;t%) = _— = —J
(it") kz_(;r(a/k+l) kZ_;F(ak+1) i
k 13k ni—1 yk—n;+1
/li Ck/li Ck /15 ’
_i (1) p
- Tak + 1 C;lflf'{
Ak
0 17 R (0 k o 1 il gken]
]EAO T(ak+1) Z r(ak+1)C/1 frt r(ak+1)cn ’1 o

(/ll(l)k
Z F(ak+1)
@) k
~ F(ak+1)C A;
/lita)k
Z (
& Tak+T)
C/,1 < j<mn;—1 are the binomial coefficients
J
n,-—l
E(it") o () Eait®) -+ o ()" Ealdit®)
— Eo(A;1%) :

1
a7 (a) Ea()
We shall now show that if |[arg(A(A))| > an/2, then we have |E,(1;6%) —
0 and | 1),(d)”"_115a(/1iﬂ)’—>0 1<i<ml<j<m-L
These can be seen from the following:

a\—k 1
Eo( A1) = =30, 1(_/(11[_()1,() + O(]1;1% ! Py, — zero ast — oo.

ot ()" Eatirn)| =

p (—l)f(k+j_1)...(k+1)k/llfk-./t—a1phak

k=2 (k) + 0P 71p)
(=D (k+j-1)! A7k palphak

- Zp— JIT(1— (;zk) + O(Mill_p_jltar]_p)
n,»—l
This leads to ‘m o ( d ) E,(A;t%)

|3 ()] {- Sh, s + o)

—0ast— oo. O

Consider the following linear system with Caputo fractional derivative
D¥x(t) = Ax(1),(1 < @ < 2) (15)

with initial value x(0) = xo = (X10, X20, - - - » X0)", X’ (0) = x1 = (X171, X214 - . .- Xu)' s
where x = (x1, Xa,...,x,)", and A € R™".
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We shall analyze the stability of with non-gero initial conditions.
Taking Laplace Transform on (15

X(5)s® — 5% xg — s972x; = AX(s), whereX(s) = Lx(f)

By taking inverse Laplace transform of the above equation , we obtain It
immediately follonws from the definition 4, the solution of system is

x(t) = Eo(At")xo + Eq2(A1")x;
Theorem 3.2. [I] If all the eigenvalues of A satisfy

|arg(A(A))] > % (16)

then the zero solution of the system is asymptotically stable.

Same as previous theorem, we may analyze the system (15).

4. Analysis of Region of Stability

From the above theorem we may conclude the following results and
it may be verified by the examples.

1. If @ < 1, region of instability is smaller than region of stable.
2. If @ > 1, unstable region is larger than stable region.

3. If @ = 2, all stability disappear except for negative real axis and
the system is oscillatory.

4. If @ > 2, the given system is unstable. The argument condition
is larg(d)| > %, we know that arg(d) = tan~'(y/x), here 1 = x+iy.
It may be noted that range of tan inverse lies between -7 to
fracn2 . Hence the argument condition |arg(1)| > % does not
hold for @ > 2.

5. Examples

Example 5.1. Consider the following linear system “Dx(t) = Ax(t),

-1 -1
0<as2,whereA:[ 3 9 }
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Stable Region

Unstable Region

Figure 1: Stability Region for 0 < @ < 1

‘Stable Region

Unstable Region

Figure 2: Stability Region for 1 < a <2

Characteristic equation is given by w?> — w + 1 = 0, whose roots

are given by w = 1“[3) . Stability of the given system can be found by
analyzing eigenvalues of the matrix A. Here, arg(w;) = -5, arg(wy) =

5. Hence |argw| = §. Stability of the given system is examined for

different values of «.

Case 1: When a = 1/4, then § > £. i. e., condition argw > < is
satisfied. Hence the given system is stable. Thls can be seen in Figure
Bl
Stable for a=1/4

15 T T T T

E —_—, 0

ol Loy

ol

0

,5k//f

10 20 30 40 50 60 70 80 90 100
t

Figure 3: Stable fora = 1/4

i. e., condition argw > % is

table. Thls can be seen in Figure

Case 2: When a = 1/3, then § >
satisfied. Hence the given system is
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4

Stable for a=1/3
15 T T T

101

y()

~10 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 4: Stable for « = 1/3

Case 3: When @ = 1/2, then § > 7 . i. e., condition argw > % is
satisfied. Hence the given system is stable. This can be seen in Figure
Gl
Stable for a=1/2
20 T T T T T T T T T
—_—, 0
15 REEACY
10’: b
g st ]
ny |
7100 1‘0 2‘0 3‘0 4‘0 5‘0 Gb 7‘0 8‘0 9‘0 100
t
Figure 5: Stable for a« = 1/2

Case 4: When o = 2/3, then § = 4. i. e., condition argw > F is

satisfied. Hence the given system is oscillatory. This can be seen in
Figure[6]

Oscillatory for a=2/3

y@

Figure 6: Oscillatory for a = 2/3

Case 5: When a = 3/4, then £ < . i. e, condition argw > % is

8 2
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not satisfied. Hence the given system is unstable. This can be seen in
Figure

x 10° Unstable for a=3/4

— 0
Al ¥,

0 16 26 36 4‘0 56 Gb 76 Eb Qb 100
Figure 7: Unstable for @ = 4/4

Case 6: When « = 1, then § < 7. i. e., condition argw > < is not

satisfied. Hence the given system is unstable. This can be seen in

Figure

« 107 Untable for a=1

¥

Figure 8: Unstable for a = 1

Case 7: When « = 4/3, then § < 4. i. e., condition argw > % is not

satisfied. Hence the given system is oscillatory. This can be seen in
Figure [9]

X 10% Unstable for a=4/3

15

101

0 10 20 30 40 50 60 70 80 90 100

Figure 9: Unstable for « = 4/3
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Case 8: When a = 3/2, then § < %7”. i. e., condition argw > 4 is
not satisfied. Hence the given system is unstable. This can be seen in
Figure

. x10% Unstable for a=3/2

—,0
3 Y, 4

: :

0 10 20 30 40 50 60 70 80 90 100
t

Figure 10: Unstable for a = 3/2

Case 9: When « = 2, then § < 7. i. e., condition argw > % is not

satisfied. Hence the given system is unstable. This can be seen in

Figure

x 10% Unstable for a=2
4 T T T T T T T T T

—,®
3r JERRRRAC)

¥

L L L L L L L L L i
0 10 20 30 40 50 60 70 80 90 100
t

Figure 11: Unstable for @ = 2

By using the theorem, the following results have been concluded.
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Table 1: Stability Results when 0 < @ < 2

T T T 2 3
a 1 3 2 3 i
an T T T T 3
2 3 6 4 3 8
Argument arg(w) arg(w) arg(w) arg(w) arg(w)
Condition > > & > & =% <z
Stability Stable Stable Stable  Oscillatory Untable
a 1 3 2 2
an T 2 3
2 2 3 4 T
Argument arg(w) arg(w) arg(w) arg(w)
Condition <F <F <Z <F
Stability | Unstable Unstable Unstable Unstable

Example 5.2. Consider the following linear system “D%x(t) = Ax(t),

0<a<2, where A= _11 _32 }
Characteristic equation is given by w? + w + 1 = 0, whose roots are
given by w = _I’T‘m) Stability of the given system can be found by

analyzing eigenvalues of the matrix A. Here, arg(w;) = %’T,arg(wz) =

2. Hence |argw| = 3%. Stability of the given system is examined for
different values of a.
Case 1: When @ = 1/4, then 2 > % and Z > £. i. e., condition

argw > ¢ is satisfied. Hence the given system is stable. This can be

seen in Figure

Stable for a=1/4
T T T

1

0 10 20 30 40 50 60 70 80 90 100
t

Figure 12: Stable for a = 1/4

Case 2: When @ = 1/3, then 2 > Z and Z > Z. i. e., condition
argw > % is satisfied. Hence the given system is stable. This can be
seen is

Case 3: When @ = 1/2, then & > Z and Z > Z. i. e., condition
argw > % is satisfied. Hence the given system is stable. This can be

seen is
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Stable for a=1/3

—_—, ()
61 Y, 4

0 10 20 30 40 50 60 70 80 90 100

Figure 13: Stable for @ = 1/3

Stable for a=1/2
10 T T T T T T T T T

¥y

Figure 14: Stable for & = 1/2

Case 4: When @ = 2/3, then 2 > Z and Z > %. i. e., condition
argw > % is satisfied. Hence the given system is stable. This can be

seen is

Stable for a=2/3

0 10 20 30 40 50 60 70 80 90 100

Figure 15: Stable for a = 2/3

Case 5: When o = 3/4, then 2 > ¥ and Z > ¥, i. e., condition
argw > % is satisfied. Hence the given system is stable. This can be
seen is

Case 6: When o = 1, then 2 > Z and Z > Z. i. e., condition
argw > % is satisfied. Hence the given system is stable. This can be

seen is
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Stable for a=3/4

—,0
6 e y,0 4

0 10 20 30 40 50 60 70 80 90 100

Figure 16: Stable for a = 3/4

Stable for a=1
T T T T

—,®
ERRRACYE

¥y

Figure 17: Stable for o = 1

Case 7: When o = 4/3, then 2 = % and Z > 2. i. e., condition
argw = % is satisfied. Hence the given system is Oscillatory. This can

be seen is

Oscillatory for a=4/3
T T T

¥

-20
0

Figure 18: Oscillatory for a = 4/3

Case 8: When o = 3/2, then & < ¥ and Z < ¥. i. e., condition
argw > % is not satisfied. Hence the given system is unstable. This

can be seen is

Case 9: When @ = 2, then 2 < rand 2 < . i. e., condition argw > %
is not satisfied. Hence the given system is unstable. This can be seen
is
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x10° Unstable for a=3/2

0 10 20 30 40 50 60 70 80 90 100

Figure 19: Unstable for a = 3/2

x 102 Unstable for a=2

0 10 20 30 40 50 60 70 80 90 100
t

Figure 20: Unstable for @ = 2

By using the theorem, the following results have been concluded.

6. Conclusion

In this paper, some interesting linear fractional differential equations
arising in real life have been solved. It is observed that stability re-
gions not only depend on eigenvalues but also depend on the order
of the system. We derived an approximate stability condition for lin-
ear fractional system.The properties of the Mittag-Leffler functions
are used to deduce the result. Examples were given and its solutions
were obtained using the numerical method and Matlab, we can con-
clude that these solutions are in excellent agreement with the exact
solution and show that these approaches can solve the problem effec-
tively.
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