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SASAKIAN HYPERSURFACES OF THE
GENERALIZED CONCIRCULAR
RECURRENT KAHLERIAN MANIFOLD

Y. B. Maralabhavi* & Hari Baskar R.**

ABSTRACT

In this paper we consider a recurrent sosakian hypersurface of the
generalized concircular recurrent Kahlerian manifold and determine
some conditions on the vector fields used in the sasakion structure.

Further we defermine such conditions for @ sasakian hypersurface also.

1. Preliminaries

Let M2o+2 bea 2n+ 2 dimensional almost Hermitian manifold, with structure
tensors (J,G) and the Riemannian connection ¥ such that J? =-] and
G(]X,}Y)zC(X,Y). An almost Hermitian manifold with %] =0 is known as

Kahlerian manifold. Suppose that p2eH iso ¢® hypersurface of M20+2 with
unit normal N and the induced metric g. Thus i di denotes the differential of
the imbedding 1 : p2 _y M20%2, X avectorfield on pg2n+ , then % is
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the extension on pf2n+2 of ¢ and is such that ¢ restricted fo pg27+! underthe

imbedding is diX . Alsolet ®@={e.}, i=12,.....2n+]1 be an orthonormal basis

of the tangent space at any point of the manifold pg20+ then 6 ={¢;,N}
i=1,2,....2n+1 is an orthonormal basis for the tangent space at any point on

the manifold pf27*2 . Hence

G ) =g(X.Y), GMN,N)=1, GXEN)=0 (1.1)

and its Riemannian connection ¥ is governed by Gauss-Weingarten equations

T ¥ (Ve RX YN, T N=—(HX) 12

where h denotes the second fundamental form and 1y’ the corresponding

Weingarten map. Also the submanifold pg2e inherits an almost contact metric

structure (@.&,1,) [1] [2] given by

JR=(@X}n(XON, JN=-F | (1.3)

Then (1.1), (1.2) and {1.3) lead to the following conditions in  pg2n#
o' =-1+n®E no9=0, ¢t=0, n(E)=1, 1.4

gEX.0Y) =X, V) =X m(Y),  M(X) =g(X.B). ()
An almost contdct metric structure (9,6,1,8) is Sasakian if and only if
(Vx@)Y =X, Y)E-n(Y)X . ' (1.6}

If K isthe curvature fensor of type (0,4)and § is the Ricci tensor of type (0, 2)

in the sasakian manifold pg2n+! , then the following conditions [1] hold in a sasakian

manifold
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$(X,8) =2nn(X) ‘ . ‘ {1.7)

sKEOV,0 =gX.)—neon(®) s
K(530E = -X + (X% , 1.9
§(K(X, )6 2) = X, Zn(Y) ~ (¥, Z)n%) - (.10
(V5 8)V)=RE XY B - 0

If ¢3 isthe 2-form on p2n+ defined by
QX Y) =X, 9Y) = ~g(@X, Y) =AY, X) E (112
then from (1.5), we get

(Vo (Y) =g, 0Y) T )

If K the curvature tensor in the Kahlerian manifold p28+2 , then we have the
following well known Gauss-Codazzi equations

ﬂﬂﬂﬂﬂ

KXY, ZW) = K(X,Y,Z, W)

+h(X, Wh(Y,Z) - h(X,Z)h(Y, W) (1'.1 4)

RR,ZN) =V h)(,2) - (Vyh)(X,2) o )

ﬂﬂﬂﬂﬂ

where K(X ¥, Z W) ond K(X,Y,Z W) are given by G(K(X Y)Z W) qnd
g(K(X, Y)Z, W) respectively. " : o AR

A Kahlerian manifold j2042 is said to be a generalized concircular recurrent’

manifold [6] if there exists a non-zero 1-forms ]1 and § such that -

ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ

EE T2 = MOWER T2 %)+ BOFRKLZW) - {1.76)
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for arbitrary vector fields X, ¥, Z, W and U on M20+2  where

d = o e oa s R 5% T 5

CX.Y,Z,W)=K(X,¥,Z, W)- m( ¥,2,%) (1.17)
and
%, T2 W) =G&, ¥)GE, 1) -a& 2)a(T, W) (1.18)

with A(0) =G(0,p") and B(0) = (T, p") forsome vectorfields &, p - (Note:
In (1.18), the bars above ¥ and W indicate that they are swapped to get the
first term from G(X, Y)G(Z, W) and the bars below ¥ and Z indicates that they

" are swapped to get the second term from G(X,V)G(Z, W) . If the second

fundcmenial tensor h(X,Y) satisfies the condition [4]
h(X, Y)=g(X, Y)+pun(X)n(Y) ' (1.19)
then p2n+ is called a c-umbilical hypersurface. Seifichi Yamaguchi [4] Has proved

that an immersed hypersurface in Kahlerian manifold is sosaklan if and only if it is
cumblhcal with

=2+ DH-1) | (1.20)

in({1.19), where H isthe mean curvature. If H is o constant then Vi =0 and
the rmmersed hypersurface is called as the CMC hypersurface.

2. Recurrenf Sasakian Hypersurfaces:

Definition 2.1 A Sasakian manifold is said to be a Recurrent manifold [3] if

there exists @ non-zero 1-form A(U) such that
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Where X, Y. Z, W and U are the arbitrary vector fields and
AU =¢g(U,p) = G0, p= AD) , for some vector field p'. '

Theorem 2.2 Suppose p2°+ is a recurrent sasakian hypersurface of a generalized

concircular recurrent Kahlerian manifold M>™? | then & is orthogonal to the
vector field p'—Ap'if and only if ER]=A®E) R-4(n+1)&u] , where
A=1+2u/@n+1)) ond p’ and p" are the vecior fields associated with the

one forms gand B.

Proof By applying V; to {1.17) and using {1.1), {1.2), (1.4}, (1.5), (1.12},
{1.13), (1.14}, {1.15), (1.16), {1.17), (1.18) and {1.19) we get

(VyK)X, Y, 2, W) = A(UK(X, Y, Z, W)

+{B(U>_Aw)+ﬂfs]w}wx

YANY)

=<

(Zn+1)(2n+2)
+{U [u}- AU (XFE Y. 2, W)
+N(V)FX,EZ, W)}
+5(U, (W (1) n(2)~Z [ n(W)n(V)}
+g(U,Y){(zuu 1M(W) - W [l (Z))n(X)}
+5(U,D{Y (1 () = X [l n(¥)n(W)}
+5(U, WX [1I n(Y) - ¥ (pInCN@)}
1 g(U, X)20(W, Zin(Y) - F&, 9V, Z,
+pg(U, Y)(ZQ(Z,W)n(X)— FoX.5Z, )
11 ¢(U,2QY, Xn(W) - FX, Y, £.0W))
1 g(U, W)X, Y)n(Z) - K.Y, 0Z.B)
+HUO(U, XIFE Y, Z, W) + (U, V)F(X,E 2, W)
HUQUDEXLEW) +QUWERX LZE)  (2.2)

)

815[
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Since M2 is recurrent, we use (2.1} in (2.2). Then by replacing U by ¢ and
choosing X=W=e¢,, Y=Z=¢;, and taking summation over i, j

1<, j<2n+1, we get

ER]= A®R
+2(n+ D{(2(n + 1)+ DA(E) ~ (20 + DBE)]
4+ DEp o _ T {2.3)

and hence the thecrem.
By virfue of theorem 2.2'qnd (1.20}, we have

Corollary 2.3 Suppose )20 is a recurrent sasakian hypersurface of a generalized

concircular recurrent Kahlerian manifold pg2n+2 . Then pp20+tis CMC if and 6nly
if ER1=RA®E).

Coroﬂary 2.4 Suppose M2t is a recurrent sasakian CMC hypersurface of o

generalized concircular recurrent Kahlericin manifold pf2n+2 , then MZHTZ is flat
fandonlyif R =0. - -

3. ¢-recurrent quukioh Hypérsurfoces:

Definition 3.1 A Sasakian manifold is said to be ¢— recurrent mann‘old (5] if

there exists a non-zero 1 form A suchthat
PV UKIK,Y,2, W) = MUK, Y,2,W) - JRCRY

for-crbitrory'vedorfie[ds‘ XY, Z W qnd U where K isthe curvature tensor
in Sasakian manifold.

If a Sasakian manifold M2 is ¢ @ — recurrent manifold, then the followmg
relation holds [5]
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(VuKUX, Y, Z, W) = {g(Y, U)g(9X, Z) - g(X, U)g(oY.Z)

- gloKX, VU, Z)lg(e, W)
Theorem 3.2 Suppose M4 is a @ —recurrent sasakian hypersueneralized
concircular recurrent Kahlerian monifold M2n+2' Then & is orthogonal to the
vector field p"—Ap' if and onfy if E[R]= A(E)R —4(n+1) Elu} , where

A= 1+ i:‘;ﬂ:l; and p', p" are the vector fields ossocioted with the one forms

A and B.

Proot By applying Vv fo(1.12) and using (1.1}, (1.2), (1.4}, (1.5), (1.7), {1.8),
(1.9), (1.10), (1.17), (1.12), (1.13) and (1.14) we get the expression, same as

(2.2). Since p2nttis @ -recurrent we use (3.2) in (2.2} to obtain

2AUK(X,Y,Z,W)
+A(UN[g(X, U)gloY, U) - g(Y, Ulg(¢X, 2)]
- K(X.Y,U,0Z)lg(&, W)

+{B(U)—A(U)+E—E{M} F(X.Y,Z, W)

Cn+1){2n+2)
HU ] - AU rCORE T2+ (DR E 2 W)

+g(U, XYW I M(Z) ~ Z (1] n(W))n(Y)}

+g(U, YY(Z (1) (W) ~ W [11] n(Z))n(X)}

+5(U2){(Y 11 n(X) ~ X [l n(0 (W)}
+5(U, WH{(X [ n(Y) - ¥ (W n(X))n(2)}

411 (U, 0020(W,Z)(Y) - &, 9Y, 2, W)
1 (U, Y)2UZ, Win(K) - FloX,E,Z, W)
411 g(U, 220, X)n(W) - KX, T.E,6W))
+11 g(U, W)X, V)n(2) - FX, X, 9Z.B)
+HHQU,XIHE Y, Z, W) + QU YIF(X.EZ, W |
HUQAU, Z)RX, Y, E, W)+ Q(U, WIFK, Y&, W g. =0 (3.3)
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ReplacingU by &, and choosingX = W =e¢;, Y=2Z=¢; and taking the

summation over i, j, 1<i, j£2n+1, we get

E[R]= A(®) R
| +z(n+1)[(z(n+u)~§)A(¢)—(zn+ns(¢)1
~4(n+ 1)E[u] | (3.4)

hence the theorem.

In {5} it has been proved that “A ¢ — recurrent sasakian manifold (M2™*,g),

n>1, isaspoce of constant curvature, provided that X" and 'y are orthogonalto & ”.

Using the condition in the above theorem that ¥ and Yy areorthogonalto & in
(3.3) and replacing U by &, and choosing X =W =¢;, Y =Z=¢; , and taking

summation over i, j, 1.<i, j<2n+1, we get

ER]= A(®)R
+2(n+1)[(2n +1 —i)A(&) —(2n +1)B(E)] (35}

Hence we have the theorem:

Theorem 3.4 Suppose p20H is a @— recurrent sasakian space of constant
curvature immersed in a generalized concircular recurrent Kahlerian manifold

M2, & is orthogonal fo p"—Ap' if and only if ER]=R A() , where

A= I_n(T;FS and p', p" are the vector fields associated with the one forms

A and B,

By virtue of the theorem 3.2, thearem 3.4 and using (1 .20j we have:
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Corollary 3.5 Suppose M2l isa ¢— recurrent sasokian space of constant
curvature immersed in a generalized concircular recurrent Kahlerian -manifold

M2%*2 . Then the méan curvature H=11in M+
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