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Effect of Rotational Modulation on
Rayleigh-Bénard Convection
in a Couple Stress Liquid

S. Pranesh*and K. Sangeetha George'

Abstract

The Rayleigh-Bénard convection in a couple stress liquid
with rotational modulation is studied using the linear anal-
ysis based on normal mode technique. The stability of a
horizontal layer of fluid heated from below is examined
when, in addition to a steady rotation, a time-periodic sinu-
soidal perturbation is applied. The expression for Rayleigh
number and correction Rayleigh number are obtained us-
ing regular perturbation method. The expression for cor-
rection Rayleigh number is obtained as a function of fre-
quency of modulation, Taylor number, Couple Stress pa-
rameter and Prandtl number. It is observed that rotational
modulation leads to delay in onset of convection. Rotation
modulation is an example of external control of internal
convection.
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1. Introduction
The study of free convection induced by centrifugal force in a rotating

layer is of prime interest due to its importance from both theoretical
as well as practical point of views. The classical problem initiated
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by Bénard[1]] and Rayleigh[13] gives the condition for onset of con-
vection. Chandrashekar[5] extended the Rayleigh[[13] analysis to the
rotating case. He found that the rotation viscosity plays inverted role,
when compared with viscosity of the fluid, i. e., the fluid layer will be
stable when the viscosity decreases, which is due to Taylor-Proudman
effect. Two German researchers Kiippers and Lortz [9] studied the
convection pattern in an infinite horizontal fluid layer with rotation
and found that for large rotation rate, the instability of a pattern are
parallel but rotated through a certain angle with respect to original
one. They conjectured that for the above critical rotation rate, the on-
set of convection must be time-dependent. A detailed study of effect
of gravity and centrifugal acceleration on the stationary convection in
a rotating vertical porous layer placed far away from axis of rotation
is presented by Vadaz and Govender [20]. The effect of coriolis force
on the stability of free convection due to centrifugal acceleration has
been investigated by Govender [7].

In many practically important problems, the control of convection
is important and one of the ways to achieve this is by modulating one
of the parameter of the problem. The modulating centrifugal force
has applications in many fields of engineering like chemical, indus-
try, food industry, solidification of alloys and rotating turbo machin-
ery. Bhattacharjee [2, 3] was the first to study the effect of rotational
modulation in a Rayleigh-Bénard convection and found that it stabi-
lizes the system. Later Om et al. [[11}12] investigated the rotational
modulation in porous medium. The literature pertaining to rotational
modulation is scarce.

Onset of Rayleigh-Bénard convection in liquids with suspended
particles (like couple stress(Boussinesq-Stokes suspensions)/ microp-
olar liquids) is now well studied in the absence/presence of inter-
nal/external constraints like porous media, rotation, magnetic field,
modulations of temperature/ gravity/rotation/ heat source [4}, (8, (10,
14, (18] [19]. Of relevance to the present work the result that un-
modulated rotation delays the onset of convection culled out from
the linear stability analysis reported in the aforementioned works. To
the best of authors’ knowledge, there is no study available on the ro-
tational modulation in couple stress liquid. The theoretical study of
linear analysis of rotational modulation on Rayleigh-Bénard convec-
tion in couple stress liquid is the main objective of the paper. We
intend to provide a fundamental understanding of how modulation
of rotation would influence the thermal convection. With these ob-
jectives, we now move on to the formulation of the problem.
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2. Mathematical Formulations

Consider a layer of Boussinesq, couple stress liquid confined between
two parallel plates separated by a distance d apart and rotating with
time dependent angular velocity. Cartesian system is taken with ori-
gin in the lower boundary and z-axis vertically upward and the rota-
tion axis coincides with the vertical coordinate axis (Figure 1).
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Figure 1: Physical configuration

The basic equations governing the fluid motion are:

Continuity Equation:V.g = 0 @D)

Conservation of Linear Momentum:

oG 2 /
ol S+ (a7 )+ 268 q| = 9P, 4 9 - Vg @
Conservation of Energy: ‘;’9—{ +(@V)T = yV°T, 3
Equation of State: p = po(1 — a (T — Ty)), (@)

We consider a sinusoidal time-dependent rotational speed modula-
tion, so that

Q(t) = Qy(1 + ecosydk. (5)
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where, ¢ is the velocity, p Po, is the density at reference temperature,

t is the time, P,, = p — 2|Q>< Boor® P is the density of the fluid, g is the

gravitational force, u is the viscosity of the fluid, " is the couple stress
viscosity, T is the temperature, y is the thermal conductivity, «, is

the thermal expansion, T, is the reference temperature, ﬁ(t) is the
angular velocity of rotation, € is the amplitude of modulation and y
is the frequency of modulation. In quiescent basic state, system has a
solution in the form:

Gy = 0,0 = pu(2), Pro = Proy(2), T = Tp(2), @ = Qok. (6)

Substituting equation (6] into basic governing equations (1)-(@), we
obtain the quiescent state solutions as:

dP,,, d*T,

T4 P8 0, —~ a2 = 0,05 = po(1 — a(Ty — T9)). @)

Basic state is perturbed by introducing the following perturbations
q=Gp+d.p=po+p Pro=Proy+ P, T =T+ T (8

where the prime indicates the finite amplitude perturbations. Sub-
stituting equation (8)) into equations (1)) - (4), using the basic state
equations, neglecting non-linear terms, eliminating pressure, intro-

ducing the stream functions in the form «’ = Z—dl and w' = —(;—"b and
z x

non- dimensionalizing by taking characteristic length as d, character-
istic velocity as )—( characteristic time as < "> characteristic temperature

as AT and characteristic angular velocity as Q,, we get following lin-
ear dimensionless equations:

10 ov oT

— 2 v yovH vy = T2 Y _rZE

(Pr 5 +C ) 4 /(1 + ecos wr) 7 I )]
19 2 A\ _ 12 o

(Prat VZ+CV )v_ T, (1+ecoswt)az, (10)

where, Pr = [%)X (Prandtl number),C = ;‘T' (Couple stress parameter),
2
T, = (%ﬂ) (Taylor number), R = M (Rayleigh number) and
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_ v

" (Dimensionless frequency of modulation).

Equations (9)-(11) are solved for stress free isothermal, vanishing
couple stress boundaries and hence we have at z = 0,1

lig o
w:%=%=T:0 at z=0,1 (12)

Eliminating ¢ and v from equations (9) - we get,
(13)

1 2 2
where, L; = 3-8 - V2 +CV4, L, = 2 -V, D2 = 5 D2 = &,
In dimensionless form, the temperature boundary conditions for
solving equation (13)) are obtained from equations (9) - (1I) in the

form:

(14)

3. Perturbation Procedure

The eigen-function T and eigen-value R of the equation (13) are ex-
panded in powers of €. Thus, the eigenvalues of the present problem
differ from those of the ordinary Bénard convection by quantities of
order e. We seek the solution of equation (13) in the form:

T=Ty+€l+€Tr+..,R=Ry+ Ry + ... (15)

where Ry is the Rayleigh number in unmodulated case while R, ... Ry
are the corrections in critical Rayleigh number due to modulation.
In equation (15) the odd powers of R are not considered, because
changing the sign of e shifts the time origin only, which does not
affect the problem of stability and thus R is independent of sign of €
therefore all the odd powers of R must be zero [4]. The expansion
(15) is substituted into equation (13) and the coefficients of various
powers of € are equated on either side of the equation to obtain the
following system of equations

LTy =0, (16)

o f
Li1L,V? + 3T, fL,D2 — RyfL D2 + ;—fDﬁ To, (17)
' r

I
LTy = |fLiV* - &
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LT, = (3Ta f*LD2-Ry leDi)To+

, R

( FIAV? - £—L1L2V2 +3TafL,D? - RofL D* + ;—fDi T\, (18)
r ' r

where

L= RoLD% - L}[,V* - T,L,D? (19

3.1 Solution to the Zeroth Order Problem

The zeroth order problem is equivalent to the Rayleigh-Bénard prob-
lem of couple stress fluid with rotation in the absence of rotational
modulation is investigated by introducing vertical temperature per-
turbation T, corresponding to lowest mode (n=1) of convection as

Ty = cos(max) sin(nz) (20)

Substituting equation (20) into equation (16) we obtain the expres-
sion for Rayleigh number Ry as,

3
2
(K(z) Na T
Ry= ——— + —— 21
0= etV am 21

In the absence of rotation i. e., T, = 0 and setting n%a” as a*> we get
_ ) n
Ro =

where, K? = n* +a?, n = 1 + Ck?, which is the expression for
Ray1e1gh number d1scussed by S1ddheshwar and Pranesh [15].

3.2 Solution to the First Order Problem

Using equation (20) in equation (17), we get

LT, = Re{[(Kina + %)Pl - Pz]e_tw}Toy (22)

where, Py = Ryr’a? — (x2)*n, and P, = 3T,n%2.

To solve equation (22]), we expand the right-hand side using Fourier
series expansion and obtain 7 by inverting the operator L term by
term as:

1
LT = Re{L(w) [(Kﬁna + %)Pl - Pz]e‘”’ sin(ﬂz)}, (23)
6
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where L( ) = B| —wwB,,
B, =— (Z(K ) Na ( )) and B, (K ) 77a +(K2)3(na/)2 U;Jr; +T, ﬂ' Z]‘:gzr

We shall not solve equation (18), but will use this to determine
R,. The solvability condition requires that the time-independent part
of the right hand side of equation must be orthogonal to sin(nz),
and this results in the following equation,

R 1 1 /-1 37,
Rz_ 0 ( ! 12)+ 2( 3 4)+ 7T2( 215+16) (24)
na Pr Mo Pr anaa

where, I} = TP

BIP] +BZ( a/r]ozPI P2)] Sil’l(ﬂ'Z),Iz = M[BIPI((K§UG)+

(%)2) — b inaBle] sin(x2),

I; = z\uwnz [Bl (X1 X3 + X2 Xy) — w?Ba(X 1 Xy — Xng)] sin(nz),
Iy = 2\L(w)|2 |:Bl (X3 K(ZYX4) — Bz(w2X4 + K§X3):| sin(nz),
Is = 3, Is = 5750 [B Xs — 2}(6192] sin(nz),
X—(22 T 50Xy = |(k2na) Py — k21, P
1 = K ) Na Pr> A2 — Kana/ Pro (Kan(l/) + Pr2 1 Kool 2,

Xo= 2, Xs = [(2) 00 + £ |Py ~ k2P, Xo = [ 52— k2na [Py + Pa.

4. Minimum Rayleigh Number for Convection

The value of Rayleigh number R obtained by this procedure is the
eigenvalue corresponding to the eigen function T, which, though os-
cillating, remains bounded in time. Since R is a function of the hor-
izontal wave number ¢’ = n’e? and the amplitude of modulation &,

we have
R(a, €) = Ro(a) + €Ry(a) + - - - , (25)

It was shown by Venezian that the critical value of thermal Rayleigh
number is computed upto €2, by evaluating Ry and R, at a = ao [21]].
It is only when one wishes to evaluate R, that a, must be taken into
account where a = a, minimizes R,. To evaluate the critical value of
R, (denoted by R,.) one has to substitute a = ay in R,, where qy is the
value at which R, given by equation is minimum.
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5. Results and Discussions

The objective of this paper is to study the effects of the time peri-
odic rotational field in couple stress fluid using linear analysis. The
regular perturbation is used to compute the critical Rayleigh num-
ber Ry, critical wave number a? and correction Rayleigh number R,c.
The expression for correction Rayleigh number is obtained as a func-
tion of modulating frequency and Taylor number. The linear analysis
presented is based on the assumption that the amplitude of rotational
modulation is small. The validity of the results obtained here depends
on the value of the modulating frequency w. Moderate values of the
modulating frequency w is considered because when w is small, the
modulation is large. As w — oo, the modulation effect becomes zero.

Figure 2 is the plot of R, versus w for different values of couple
stress parameter C. From the figure we observe that as C increases R,
also increases and remains positive for all values of w. The presence
of suspended particles increases the viscosity of the fluid and hence
makes the system stable even in the presence of modulation, but only
when w is greater than a certain value say, w. . The system becomes
unstable for large values of w. However, for w > w. the effect of
modulation vanishes as noted by Venezian [21]]. At this point we note
that the plot of R. reveals more on the stability or instability of the
system.

Figure 3 is the plot of R,. versus w for different values of Taylor
number 7,. In the figure we observe that as T, increases R, also in-
creases and remains positive for all values of w, indicating that the
effect of rotational modulation is to stabilize the flow. The stabiliz-
ing effect of rotation is due to the fact that rotation introduces an
additional velocity component in fluid motion. Thus the onset of con-
vection is delayed. It is observed that in the case when modulation is
present, the critical Rayleigh number for onset of convection is larger
than the one predicted by the onset of convection without modula-
tion, i. e., the critical Rayleigh number in the case of rotational mod-
ulation is greater than that in the case of uniform rotation. It is also
observed from the figure that the effect of modulation persists for
larger values of modulation frequency only, when the value of Taylor
number is large.

Figure 4 is the plot of R,. versus w for different values of Prandtl
number Pr. In the figure we observe that as Pr increases R,. also
increases indicating that Prandtl number has a stabilizing effect on
the system. It is appropriate to note that Pr does not affect R.

From the analysis and by taking R. = Ry. + €’R». the following
results are obtained:

(DR(C =0) <R(C #0),
(iDR.(Ta=0) < R.(Ta # 0),
(iiD)R.(Pr = 10) < R.(Pr = 15), (iv)R.(€ = 0) > R.(€ # 0).
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Ta- o, pe-s

Figure 2: Plot of Ry, versus w for different values of Couple Stress Parameter C

Figure 4: Plot of R, versus w for different values of Prandtl number Pr

6. Conclusion

The following conclusions are drawn from the present study:

1. By modulating the rotation it is possible to advance or delay
the onset of convection.

2. The couple stress parameter represents the presence of sus-
pended particle in the fluid and it stabilizes the system.

3. Rotational modulation leads to stabilizing the system.
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4. The couple stress parameter, Taylor number and amplitude of
modulation in the case of rotational modulation ensure that the sys-
tem is stable leading to a situation wherein rheometric measurements
are possible.

Acknowledgments

The authors would like to thank their respective managements for
their support in completing this work and also Prof. Pradeep G. Sid-
dheshwar Professor, Bangalore University, for suggesting the problem
and for many stimulating discussions.

References

[1] H. Bénard, “Les tourbillions cellulariesdansunenappeliquide-
transportant de la chaleut par convection en regime perma-
nent,” Annual Review of Physical Chemistry, vol. 23, pp. 62-144,
1900.

[2] J. K. Bhattacharjee, “Rotating Rayleigh-Bénard convection with
modulation,” Journal of Physics A: Mathematical and General,
vol. 22, no. 24, pp. L1135, 1989.

[3] J. K. Bhattacharjee, “Convective instability in a rotating fluid
layer under modulation of the rotating rate,” Physical Review A,
vol. 41, pp. 5491-5494, 1990.

[4] B. S.Bhadauria, P. G. Siddheshwar, A. K. Singh and V. K. Gupta,
“A local nonlinear stability analysis of modulated double diffu-
sive stationary convection in a couple stress fluid,” Journal of
Applied Fluid Mechanics, vol. 9, no. 3, pp. 1255-1264, 2016.

[5] S. Chandrasekhar, Hydrodynamic and hydromagnetic stability.
Oxford: Clarendon Press, 1961.

[6] P. Drazin and W. Reid, Hydrodynamic instability. Cambridge
University Press, UK, 1981.

[7]1 S. Govender, “Coriolis effect on the linear stability of convection
in a porous layer placed far away from the axis of rotation,”
Transport in Porous Media, vol. 51, no. 3, pp. 315-326, 2003.

[8] R. V. Kiran and A. Kalyani, “Gradient on Rayleigh-Bénard -
Marangoni — Magnetoconvection in a Micropolar Fluid with
Maxwell — Cattaneo Law,” Mapana Journal of Sciences, vol. 14,
no. 3, pp. 1-22, 2015.

10



Pranesh and Sangeetha Effect of Rotational Modulation

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

G. Kiippers and D. Lortz, “Transition from laminar convection
to thermal turbulence in a rotating fluid layer,” Journal of Fluid
Mechanics, vol. 35, pp. 609 — 620, 1969.

M. S. Malashetty and D. Basavaraja, “Effect of thermal/gravity
modulation on the onset of Rayleigh-Bénard convection in a
couple stress fluid,” International Journal of Transport Phenom-
ena, vol. 7, no. 1, pp. 45-53, 2005.

P. S. Om, B. S. Bhadauria and A. Khan, “Modulated centrifugal
convection in a vertical rotating porous layer distant from axis
of rotation,” Transport in Porous Media, vol. 79, pp. 255-264,
2009.

P. S. Om, B. S. Bhadauria and A. Khan, “Rotating Brinkman-
Lapwood convection with modulation,” Transport in Porous Me-
dia, vol. 88, pp. 369-383, 2011.

L. Rayleigh, “On convection currents in a horizontal layer of
fluid when the higher temperature is on the under side,” Philo-
sophical Magagzine, vol. 32, pp. 529, 1916.

I. S. Shivakumara, S. Sureshkumar and N. Devaraju, “Coriolis
effect on thermal convection in a couple-stress fluid-saturated
rotating rigid porous layer,” Archive of Applied Mechanics, vol.
81, no. 4, pp. 513-530, 2011.

P. G. Siddheshwar and S. Pranesh, “An analytical study of linear
and non-linear convection in Boussinesq-Stokes suspensions,”
International Journal of Non-Linear Mechanics, vol. 39, pp. 165-
172, 2004.

S. Pranesh and S. George, “ Effect of magnetic field on the on-
set of Rayleigh-Bénard convection in Boussinesq Stokes suspen-
sions with time periodic boundary temperatures,” International
Journal of Applied Mathematics and Mechanics, vol. 6, no. 16,
pp. 38-55, 2010.

S. Tarannum and S. Pranesh, “Effect of gravity modulation on
the onset of Rayleigh Bénard convection in a weak electrically
conducting couple stress fluid with saturated porous layer,” In-
ternational Journal of Engineering Research and Technology, vol.
5, no. 1, pp. 914 - 928, 2016.

S. Tarannum and S. Pranesh, “Effects of Suc-
tion-Injection—-Combination (SIC) on the onset of Rayleigh
Bénard convection Electroconvection in a Micropolar Fluid,”
Mapana Journal of Sciences, vol. 14, no. 3, pp. 24 — 32, 2015.

11



Mapana Journal of Sciences, Vol. 18, No. 3 ISSN 0975-3303

[19]

[20]

[21]

[22]

12

S. Tarannum and S. Pranesh, “Heat and mass transfer of triple
diffusive convection in a rotating couple stress liquid using
Ginzburg-Landau model,” International Journal of Mechanical,
Aerospace,Industrial, Mechatronic and Manufacturing Engineer-
ing, vol. 11, no. 3, pp. 545 - 550, 2017.

P. Vadasz and S. Govender, “Stability and stationary convection
induced by gravity and centrifugal forces in a rotating porous
layer distant from the axis of rotation,” International Journal of
Engineering Science, vol. 39, no. 6, pp. 715 — 732, 2001.

G. Venezian,“Effect of modulation on the onset of thermal con-
vection,” Journal of Fluid Mechanics, vol. 35, pp. 243, 1969.

G. Veronis, “ Cellular convection with finite amplitude in a rotat-
ing fluid,” Journal of Fluid Mechanics, vol. 5, no. 3, pp. 401-435,
1959.



	Introduction
	Mathematical Formulations
	Perturbation Procedure
	Solution to the Zeroth Order Problem
	Solution to the First Order Problem

	Minimum Rayleigh Number for Convection
	Results and Discussions
	Conclusion

