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ABSTRACT

Let G={(v.£)be o connected simple graph of order p and size q.
f H, H,..., H, keN are edge-disjoint subgraphs of
G2£(G) = &( H)Ue(H,)u...UE(M,), then H|, H,, ..... H,is said fo be a
decomposition of G. Ascending Subgraph Decomposition (ASD) is a
decompasition of G into subgraph H, (not necessarily connected)
s€{H)liand is isomorphic fo a proper subgraph of H,,. A
decomposition, {HH, ....H ¥k eN}, is said to be o Continvous
Monofonic Decomposifion (CMD) if each H,is connected and
&[H) = ifor each iaN . Necessary and Sufficient Conditions for K, g
K,y gt Kysm 0nd K, to accept CMD.
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l. Introduction

An undirected graph with the property that there is a path between every pair of
vertices is known as a connected graph. A graph G, referred to here is an undirected
connected graph without loops or multiple edges. The degree of a vertex v of any
graph is the number of edges incident with u and is dencted by d{u) and the
distance between two vertices u and v of G is the length of the shorfest u-v path in
G and is denoted by d{u,v). A graph G is called n-regular graph if

deg (v] = nel,VYy eV(G).

Acomplete graph with vertices n €N, denofed by K , is a connected simple graph
with every vertex is connected with every other vertex by an edge. A graph with n
vertices v,, v,,...v,, where n2 3, and edges {v,, v,} {v,, v;}, ..., {v v }. {v,
v} is known as a cycle, C .

A path of length t is denoted by P. A complete m-partite graph G = Ko, 02,..om
vy, ng,...n, €N isagraph whose vertex set V can be partitioned into m subsets
V, V,...V_suchthat every edge of G joins every vertex of V, with every vertex of v,
where i jand |V, |=i. Whenm=2, G is a complete bipartite graph and m=3,
G is a complete tripartite graph. Terms not defined here are used in the sense of
Harary {1].

Il. Graph Decompositions

Let G =(V,&)be a connected simple graph of order p and size q. If H, H,..H,
vk eN are edge-disjoint subgrophs of G> E(G) = S( H])UE(HQ),
U.....US(Hk) , then H, H, ..... H,is said to be a decomposition of G. Different
types of decomposition of G have been studied in the literature by imposing suitable
conditions on the subgraphs H.

Alavi et ol [2], introduced Ascending Subgreph Decomposition {ASD) as a
decomposition of G into subgraph H, {not necessarily connected) 3| S(Hi) =i
and is isomorphic to a proper subgraph of H.,. Gnana Dhas and Paulraj Joseph
introduced a new concept known as continuous monotonic decomposition of graphs
[3]. A decomposition, {HLHgr ..... Hk}Vk €N, is said to be a Continuous
Monotonic Decomposition (CMD) if each H, is connected end



IE(HE) |=i Vi eN. I G admits a CMD, {Ha'l-u' Hk} vk €N, where each H. is
a cycle of length i in G, then we say that G admits Continuous Monotonic
Cycle Decomposition {(CMCD) [4]. A CMD in which each H, is o star is said to
be a Continuous Monotonic Star Decomposition (CMSD) and a CMD in

which each H, is a path is said to be a Continuous Monotonic Path
Decomposition {CMPD) [3].

Example 2.1

h U, u,

Fig. 2.1 Continuous Monotonic Decomposition of G info H,, H, Hy and H,

Il. Triangular Numbers

Triangular numberis a nafural number that is the sum consecutive natural numbers,
beginning with 1. Pythagoras found that number is triangular if and only if it is of

the form "2+ 1

onlyif 8n+ 1 is a perfect square. The square of any infeger is either of the form 3k
or3k+1forsome k eN.

Y for some n 2 1. Plutarch stated that n is a triangular number if and

Euler identified that if n is a triangular number, then so are 9n+1, 25n+3 and
49n+6. ift_denotes the n" triangular number, then , =r+UC,. All 1hese number
theory results are used in the sense of David M, Burton [6].

IV. Continuous Monotonic Decomposition of
Some Complete Tripartite Graphs

Continvous Monotonic Decomposition of a wide variety of graphs had been studied
by Gnana Dhas and Paulraj Joseph, and Navaneetha Krishnan and Nagardjon
[3]-(5]. fagraph G admitsa CMD [)H1 Hy ... HkJ:Vk €N itandonlyifq=r+1C, [3].

But we know that for any positive integer n, ™ C, is a triangular number. Hence,



if we are able fo find out the number of the edges of any connected graph, it is sasy
for usto conclude whether it admits CMD or not. In this paper, | am presenting the
necessary and sufficient condition for a collection of complete tripartite graphs and
tensor product of Graphs which admit CMD.

The following four results are about particular classes of complete tripartite graphs
which accept CMD.,

Theorem 4.1 A complete tripartite graph Kizm accepts CMD of H, H, ...,
H,.,, if and only if m=(4n2+3n-1)/2 when nis odd and CMD of H o H, ...,
H,,.p if and only if m= (4n?+5n)/2 when nis even vn e N.

Proof. Assume that a complete tripartite graph K; 3 accepts CMD of H, H,
..... H,,,, when nis odd and CMD of H H, ....H, ,whenniseven, vneN,

We have, g(K =[m{143)+1{m+3)+3(m+1)}/2

1,3,m)
=4m+3 YmeRN...... (])
We know that G accepts CMD H,, H,, .....,H_iff {G)= n{n+1)/2, vneN.

Case 1: when n is odd

Ky amaccepts CMDH,, H,, .. H, |, #q(K , ) = (40+1)(4n+2)/2 where neN
and n odd.

i.e., = {4n+1){2n+1), for neN.....and n odd (2)

i.e., q(K, , .} must be a member of the sequence 1, 3, 6, 10,
15,..kik+1)/2v k eN. {3)

L.e., (4n+1){2n+1)=k(k+1)/2forsomek &N andn ¢N and n odd.
i.e.,k=4n+1 forn eN andnodd.... | (4)

Also, K, s 0ccepts CMD ff (K, , }is one among the members of the sequence (3).

i.e., 4m+3 should be one of these values. ... using (1) and (3}
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i-e., 4m+3 = k(k+1)/2forsome k e .
i.e., 4m+3 = (4n+1){2n+1)....using (4)
i.e., 4m = (4n;+-l)(2n+1)-3, forn ¢N and nodd.
i.e., m= {4n?+3n-1}/2forn &N and n odd.
The valvesof mare 3,22, 57,108, 175....... :

Example 4.1

Fig 4.1: Continuous Monotonic Decomposition of Kiss
Case 2: when n is even

Ky sm accepts CMD H, H, ... H, ., iff q(K,, ) = (4n+3){(4n+2)/2 where n
eN and neven, . ‘

ie., = (4n+3)2n+1), forn eN and n even..... (2)

ie., q(K, ) must be a member of the sequence 1, 3, 6,10, 15,.. kik+1)/
2 v k N. . (3)

ie., (4n+3}2n+1)= k(k+1)/2forsomek eNandn eN and neven.

e, k =4n+2 forn eN and n even.... {4)
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Also, K| 5. accepts CMD iff qfK; 5.} is one among the members of the sequence (3).
i.e., 4m+3 should be one of these values..... using (1) and (3)
i.e.,4m+3 =kk+1)/2forsomekeN.
i.e.,4m+3 = {(4n+3)(2n+1)....using (4)

e, 4m = (4n+3)(2n+1}-3,forn eN and n even.
i.e., m = (4nZ+5n)/2 forn e N and n even. |
The values of mare 13, 42, 87,148, 225.......

Example 4.2

Fig 4.2: Continuous Monotonic Decomposition of Kiss

Hence, a complete tripartite graph K| 3. accepts CMD of HoH, o H L i
m=(4n24+3n-1)/2 when n is odd and CMD of H H, ... H,., ifm=(4n?+5n)/

2whenniseven, yneN

Conversely,

Suppose that K, ; is a complete tripartite graph with m=(4n?+3n-1 )/2 whennis
odd and m={4n?+5n)/2 when niseven, vn N

We know that g(K, , ) = 4m+3

i2



Case 1: Whenm={4n2+3n-1)/2

alK, 5,) = 4m+3

4{4n?+3n-1)/2+3

{Bn*+6n-2)+3

(8n?+6n+1)

2n(4n+1}4+{4n+1)

il

@2n+1){@dn+1)........ 4}
(4) is of the form k(k+1)/2 vk eN .

This impliesthat K, ,  being a connected simple graph, can be decomposed into
H, Hy ... H vk eN.

i.e., K, 5,, can be decomposed into H,, H,, ..... H, ,, forn e N and n odd.
Case 2: Whenm=(4n?+5n)/2

alK, 5. = 4m+3

4{4n2+5n)/2+3

(BrnZ+10n)+3

2n(4n+3)+4n+3

fi

(2n+1){4n+3)........ {5)
(5)is of theform ktk+1)/2 vk eN .

This implies that K, , _ being a connected simple graph, can be decomposed into
H,H, ....H vk eN.

e, K, ., can be decomposed into H H, ... Heuvz forne N and n even.
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Table 4.1 First 25 K, , 's which admit CMD and their CMDs
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Proofs of the following three theorems follow the same arguments of Theorem 4.1.

Theorem 4.2 A complete tripartite graph K, 3. accepts CMD of H," H, ool
Hisnenyz if and only if m=(5n?+16n+3)/8 when n is odd and CMD of H, H,
“veveeiHign g if and only if m=(5n2+14n)/8 when nis even Wn eN.

Example 4.3

Fig 4.3: Continuous Monotonic Decomposition of Ky as

Table 4.2 First 25 K, , 's which admit CMD and their CMDs

om q(K,_',"sim) | CMD m a(K, 4 ) CMD
21 |H H, ...H, 132 | 666 |H, H, .....Hy,
6 | 36 |HH,...H 147 | 741 |[H H, ...H,
12 | 66 (H H,..H, | [ 71| 81 [HH,...H,
7 | 91 A .H, || 188 ] 94 |HH..H,
2 | 136 | MR n | (2151081 [HH, .y
% T hn§ 234 | 1176 |H H, ... H,
_ L2718 f 1264 | 1326 |H, H, ...H,
4 | B A Hy | g5 | 1431 | W, B, R,
54 | 276 MMy .My | 13187 ] 1596 [H, H, ... H,
69 | 351 |H H,...H, 341 | 1711 | H H, ... H
80 | 406 |H H,...H, |[377 | 1891 [H H,...H,
98 | 496 |H H,..H, 402 1 2016 {H, H,...H,
1| 561 [H H, . H, | 1441 | 2211 [H H, . H




Theorem 4.3 Acomplefe tripartite graph K, ;  accepts CMDofH, H, .....H, ,,
ond H H, ... H,.., if and only if m=(7n2+5n-2)/2 and m= (7n2+9n)/2

respechvely, Vi eN

Example 4.4

Fig 4.4: Continuous Monotenic Decomposition of Koss

Table 4.3 First 25 K,s.n.'s Which admit CMD and their CMDs

m | s, CcMD m | oKy CMD
45 [H, H,...H, |[188 | 1326 [H,H,, ...H,,

8 | 66 |H,H, ..H |1203] 1431 |HH,...H,
18 136 | My, H, By | [243 | 1711 | H H,, o Hy

23 | 171 | H,H,...H, | [260] 1830 | H H, ... A,
38 | 276 | H.H, .. .H,| S99 | 2145 | H,H, . H,
45 | 325 | H,H, .H, | |54 ] 2278 | H,Hy . Hy
65 | 465 [Fm n | oAl 268 [HH .H,
L2l 011395 | 2775 | HyH,, ... H,,
74 | 528 | HHy oy | [220 T o760 T
99 | 708 | HuHy.oHy | 73] 3321 | HoH, LH,
10 | 780 | HyHy .My | [533 | 3741 | W o e
140 990 HoH, o H,, 558 39164 T A,
153 1081 H.H, ... Has 623 | 4371 H, H,, .. Hoo
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Theorem 4.4 A complete tripartite graph Kys. accepts CMD of H, H, .....,
Higo and H H, (. H . if and only if m=16n%-11n and m=16n%+11n
respectively, VneN .

Example 4.5

Let us consider the graph Ksss.

Fig 4.5: K,
Let the three sefs of vertices be V,={u,vw} V,= {a,b,c,d,e} and
Vi= {p.q,st}.

Continuous Monotonic Decomposition of K, ; . is as follows:

H = {(qe)}
H, = {(pa) (p.b)}

Hy, = {lp<) (pd) (pe)}

H, = {lq.a). (@b (a.c). (@d)}

H, = {lra), (tb), {ne), (nd), (re).}

He = {sal (sb), (s,c) (s.d) (se), (s}

H, = {(ta) (bl o), o), the), o), ()}

Hy = {(wa), (wb), twc), (wd), (we), (wp), (wa), (i}

Hy = {{va) (wb), (va), (ud), (we), (vp), (va (v (ws)}

Ho = {lwal (ub), (v (u.d), (ve) (we) (v.a) (v (us), Lh}

17



Table 4.4 First 25 K, , 's which admit CMD and their CMDs

m | alK,) CMD m | alK,,,) CMD

55 oo Hio | [707 | 5671 | H H, ... H,,
27 271 2 e H,, 861 6903 H, H, .. H .,
42 | 351 y e Hyg | [ 986 | 7503 | HiH, ... Hy,
% | 703 | [1112] 8911 [ HH, o Hyg
T 1 903 o, | [197] 991 [H K, o,
1 (1895 | 11175 | H, H, ...H,,

177 | 1431 y o Hay 2
: 1490 | 11935 | H, H, ... H,,,
212 | 1711 2P | 57757 75095 H, H, ... H,,,
300 | 2415 2 Mo | (7815 [ 74535 [H 1, ..H..
345 | 2775 2 H | 12057 | 16471 | H H, .. H,
455 | 3655 Hy oo Hos 12172117391 [ HL H, oo Hyg,
510 | 4095 o oo Hoo | [2436 ] 19503 | H, H, ... H,,
642 | 5151 oo Hiy | [2561] 20503 | H, H, .....H,,

V. Conclusion

The results described above are about four complete tripartite graphs that accept
CMBD. There are many other classes of complete tripartite graphs that accept CMD.
Study can be extended to find the algorithms for the above graphs fo accept
Continuous Monotonic Star Decomposition (CMSD) and Continuous Monotonic
Path Decomposition {CMPD),. Finding the size of the graph is the major task in the
process. The study can also be extended fo complete m-partite graphs for greater
values of m. .
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