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Dispersion in a Non-Linear Non-Darcy Flow
of a Variable Viscosity Liquid
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Abstract

An infinite horizontally extended sparcely packed
chemically inert porous channel flow of a Newtonian
liquid is considered. The walls of the channels are
assumed to be at different temperatures so that the
viscosity of the fluid varies across the channel
A dimensionless variable viscosity coefficient is
introduced in the Darcy-Forchheimer- Brinkman model,
along with the Darcy number, Forchheimer number and
the Brinkman number. A series solution is obtained for
the Darcy-Forchheimer-Brinkman equation using the
differential transform method (DTM). Using this solution
for the fully developed flow velocity and the convective
diffusion equation, the influence of the variable viscosity
coefficient and the Darcy, Brinkman and Forchheimer
numbers on the all-time valid dispersion coefficient is
analyzed. An increase the variable viscosity parameter is
to increase the dispersion coefficient while an increase in
all the other parameters will decrease the dispersion
coefficient. The Light hill, Taylor-Aris and Taylor
dispersion coefficients are obtained as the limiting cases
of the generalized dispersion coefficient.
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1. Introduction

The first analytical description of dispersion of a soluble material in
a fluid flow was given by Taylor [1] and is applicable at
asymptotically long times. Aris [2] extended Taylor’s theory to
include longitudinal diffusion. Barton [3] resolved certain technical
difficulties in the Aris method of moments and obtained a
dispersion coefficient that is valid for all times. Gill and
Sankarasubramanian [4] proposed the generalized dispersion to
study dispersion of passive solutes in Newtonian fluid flows.

Dispersion in non-Darcy flows through a porous medium is of
practical importance ([5], [6]). Most of the studies on dispersion
([7], [8]) failed to achieve good correlation with the experimental
data ([9], [10]). The primary reason for the poor correlation was
because of not taking cognizance of non-Darcy effects, namely,
boundary and super-linear drag effects. Using the generalized
dispersion model of Gill and Sankarasubramanian [4], Shiva
Kumar et al. [11] and Rudraiah et al. [12] studied dispersion using
these non-Darcy effects. They have used a moving coordinate
system moving with the mean speed of the flow and hence they
needed to obtain only the dispersion coefficient. Jagadeesh et al.
[13] has studied the effect of the boundary layer viscous shear and
the porous parameters on the dispersion of a solute in a porous
channel flow, wusing the all-time approach of Gill and
Sankarasubramanian [4]. The bounding walls of the channel are
assumed to be of the same temperature .But in most of the real
lifetime problems it is observed that the bounding walls of the flow
system remains in different temperature causes a temperature
gradient across the walls and this causes a variation in the viscosity
of the fluid [14]. Ling and Dybbs [15] observed that the viscosity of
the water decreases by about 240 percent when temperature
increases from 10°C t050°C . This viscosity variation of the fluid
plays an important role in the dispersion mechanism within the
system. In this paper such a flow is considered to analyze the
influence of the temperature dependent variable viscosity, the
inertia and the friction of porous matrix and the boundary layer
viscous shear on the all-time valid dispersion coefficient. We
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assume a moving coordinate system moving with the mean speed
of the flow [13]. We have used the Differential Transform Method
(DTM) [16], to obtain a series solution for the Darcy-Forchheimer-
Brinkman momentum equation. The convective-diffusion equation
is also solved to analyze the influence of Darcy, Brinkman and
Forchheimer numbers on the dispersion coefficients.
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Figure-1: Schematic of the flow diagram
2. Mathematical Formulation

We consider an infinite horizontally extended sparsely packed
chemically inert porous medium bounded by solvent-impermeable
walls of width h. The walls of the channel are kept at temperatures
T, and T, +AT as shown in figure (1). It is assumed that under fully

developed flow conditions with uniform pressure gradient, the
velocity of the solvent saturated medium is describable by the
Darcy-Forchheimer-Brinkman (DFB) model with temperature
dependent viscous coefficient. Hence we use the governing
equation

A oy @D PG 2 _dp
dy{u @) dy} K ! \/Eu dx @)
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where p is the density, u(y) is the axial filter velocity, p(x)is the

. Ko . . . .
axial pressure, t)=———— is the dynamic viscosity,
p WO =1 7% y y
u'(t):u—o is the effective viscosity, & is the thermo-
1+8(T —Yb )

rheological constant, K is the permeability of the porous medium
and C, is the dimensionless quadratic drag coefficient and 1,and

u', are the initial values of u(T)and u'(T) respectively. In writing

equation (1), we have used the "Dupuit-Forchheimer" relation
u=¢u' , where ¢ is the porosity, u is the average of fluid velocity

over an elemental volume of solid matrix and fluid and the intrinsic
velocity u' is the average over the fluid volume only. A slug of
initial input concentration ¢, is introduced in the above non-
Darcy flow. The concentration c(z, x, y)of the solute in the flow
satisfies the convective-diffusion equation

2 2
oc,,0c_ploc, 0c 2)
ot ox axz ayz

where D is the diffusion coefficient. For solving the equations (1)
and (2), we use the boundary conditions

u=0aty==h, (3)
X
c(0,x,y)=cq for |x| < 7s R 4)
X
c(0,x,y)=0 for || >7S, Q)
c(t,o,y)=0, (6)
& bty = (15,1 =0 ™)
Oy oy

Equation (3) is the non slip condition; equation (4) and (5) are the
initial concentration of the input slug, equation (6) is due to the
zero wall concentration flux at the horizontal extents and the
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equation (7) is consistent with no mass transfer at the channel
walls. We use the following definitions to make equations (1)-(7)
dimensionless:

¢ LDt ._ x y_v
e_co’ t n2’ 5 hPe’ Y h
8)
Xe=25 y=_—* _ p= p
hPe _(jdi _ﬂdi
dg hodg

_ 1 Ul
where U = [U(n)dn is the mean velocity of the flow and Pe = %h is
0

the Peclet number. Using the one dimensional heat flow equation
2

Z 2T =0 and the boundary conditions 7=7, at y=0 and
'y

T=T,+AT at y=h, we will get an expression for the temperature

Ty

profile across the walls of the channel as 7=T, + ATY and use this

to simplify equation (1). The non dimensional form of this
simplified equation and equation (3) using the equations (8) are

2
AU __ VAU Ly Fa+rr)U2 =—AQ+VY), ©)
gy2 (+VY) dy

U=0 at Y=0 and Y =1, (10)

where

h .
Da = —— is the Darcy number ,

JK

A= i, is the Brinkman number,
u

hpU

Re =

is the Reynolds number,
F = AReCp Da is the Forchheimer number

and A = ADa” . In the formulation of equation (9) we absorbed the

constant pressure gradient into the dimensionless velocity U.
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A series solution of equations (9) and (10) using the DTM [16] is
given by Jagadeesh et al. [17] as follows:

Ug(Y)=ag +ayY +ar Y2 +a37> +a v +agy? (11)
where a =0 is the maximum velocity of the flow and
-1 1
a=a,a, =7[A—aV],a3 =E[Aa—2AV]

1 2 2. 1 1
a,=—|(Fa~+A4aV -AV-)+—A(-A+aV)—-=V(Aa-2AV) |,
A 12[( )+ AC )37 )}

as :%0[2Fa2V+Fa(—A+aV)+%AV(—A+0{V)+%A(A0£ —2AV)}+
1[ 2 5 s 1 1
—|—ZV(Fat+AaV —AV?)+—A(-A+aV)—=V(Ada —-2AV) |
200 3 2 2
The convergence criteria for arriving at an approximated six term
solution is |Uy, -Uy|<10. We now proceed with the mass

balance equation for the solute concentration as described by
equations (2), (4), (5), (6), (7). Introduce a new axial coordinate x'
moving with the average velocity U of the flow by defining

x'=x-Ut (12)

By defining X =hi and using equation (8), the dimensionless
e

form of equation (12) is

X=t—t (13)

Using equation (8) and equation (13), the non dimensional form of
equations (2), (4), (5), (6) and (7) are:

00 0 1 0% o%
—+U*(Y)—:—2—2+—2, (14)
ot ox  Pe* ox* oy
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X
0(0,X,Y) =1 for |x|< -5 (15)
X
0(0,.x,Y) =0 for |x|> TS (16)
G(T,OO’Y) = O’ (17)
00 00
od =22 - 18
FY (r,X,-1) FY (r,X.,)=0, (18)
where
vt =2=Y (19)
1
(j) U*(n)dn =0 (20)

We now proceed to the derivation of the dispersion model.
3. Dispersion Model

Based on an observation made by Taylor [1] Gill and
Sankarasubramanian [4] assumed the solution of equation (14)

kO,

subjected to equations (15)-(18) as a series expansion in i such
oX
that
0=6, X)+§f (r Y)% (21)
m ) k:1 k s aX k s
where
1
0 =|6dy. (22)

We now introduce the general dispersion model of Gill and
Sankarasubramanian with time dependent dispersion coefficient
as:

00, X
M S Ki(r
or El i@

oo
’l?’ : (23)
d
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Substituting (21) in (14) and using equation (23) and its derivatives
with respect to X in the equation obtained and equating the

oo

m

coefficient of (i =1,23.) to 0, we will get an infinite set of

i
oX
differential equation satisfied by fl (i=1,2,3...) of which the first two

follows:

2
8f1_6 fl_ vy
2
0 0
infzz—U*(Y)fl—Kz(’t)-i- 5 (25)
ot oY Pe

Now 6, will be chosen to satisfy the initial condition on 6 given

by equation (17) and hence the conditions on fk (r,Y)(( f() = l)are

)
fk(o,Y)zo,izo atY=0and Y=1, (26)
oY
1
[ frdY =0, k=1,2. 27)

0

Integrating (24) with respect to Y from 0 to 1 and using equations
(20), (26) and (27), we get K () = 0and hence equation (24)

becomes

——-—U*().
or 6Y2 )

To solve the above equation, we have substituted the value of U*
from equation (19) and assumed that
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[ = £ () + £ (2,7)

where S0 ™) corresponds to an infinitely wide slug which is

independent of7. The boundary conditions on foand £, will
follow from equations (26) and (27). Equating the respective terms,

we will have an ordinary differential equation satisfied by S0 ™

and a partial differential equation satisfied by @) The

solution of the former will get by successive integration and the
solution of the latter one will get by the method of separation of
variables.

To find the time dependent diffusion coefficient, we now proceed
to the solution of equation (25) by integrating the same with respect
to Y from -1 to 1 and using equations (26) and (27). The expression

obtained for K 5 (r) is

1

Ky(v)=— —[U (¥)fidY. (28)
0

1
Pe2
Having the expressions for A and U (and henceU *) as a series in

equation (28) a direct integration will lead to an expression for the
dispersion coefficient as a function of time as given in the
appendix.

4. Results and Discussion

In this paper we analyses the dispersion of solute in a non linear,
non-Darcy flow through sparsely packed chemically inert porous
medium with temperature dependent variable viscosity. A series
solution obtained for the Darcy-Forchheimer-Brinkman momentum
equation is used to analyze the dispersion. As we consider a non-
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reactive flow and used a moving coordinate moving with the
average velocity of the flow, the dispersion is described by «, (z).

Jagadeesh et al. [17] observed that the porous parameters namely
the Darcy number and the Forchheimer number inhibits the flow
while the Brinkman parameter and the variable viscosity parameter
will enhance the flow. In view of this observation we now proceed
to discuss the results on dispersion.

Figures (2) - (4) gives the plots of &, (1) Pt against dimensionless
time for various values of Da,A and F respectively and it is seen
that for small values of V and for small values of Da,A and F, &, (r)

is essentially a constant afterr=0.2. Beyond this value ofz, the
Taylor-Aris theory applies to the slugs which were originally
uniformly distributed across the stream atz =0. The dispersion
coefficient varies rapidly with ¢ in the region 0<r<I
(approximately) and then it changes more slowly until &,(r)

becomes constant afterz =0.2. For higher values of V and small
values of Da,A and F,k,(r) increases rapidly initially up to 0.2

(approximately) and there after increases slowly and become
constant afterr=0.5. It is evident from all these plots that the
dispersion coefficient as well as the interval of rapid variation
increase with increase in V.

Figure (4) shows that k,(r) decreases as Da increases. This is due

to the decrease in the permeability of the porous medium due to
the increase inDa . Figure (5) shows that x,(r) decreases as A
increases. This can be interpreted as follows. An increase in A is
caused by the decrease in the effective viscosity which means that
the boundary effect is less in the case of large values of A. This
causes a decrease in the axial dispersion and hence in the
dispersion coefficient. Figure (6) shows that the dispersion
coefficient k,(:) decrease with the increase of Forchheimer
number. Thus the boundary layer friction, the friction and inertia of
the porous matrix has an adverse effect on dispersion coefficient. A

limiting case of this when V =0is discussed in Jagadeesh et al.
(2012).
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5. Conclusions

The results of the study can be concluded as follows. An increase
the variable viscosity parameter is to increase the dispersion
coefficient while an increase in all the other parameters viz., Da, A
and F will decrease the dispersion coefficient. For small values of V
and for small values of Da, A andF k,(s) is a constant beyond
t=0.2. The dispersion coefficient varies rapidly with rin the
region 0<r<1 (approximately) and then it changes more slowly
until &, () becomes constant after r =0.2. For higher values of V and
small values of Da,A and F, k,(r) increases rapidly initially up to

0.2 (approximately) and there after increases slowly and become
constant afterz =0.5.
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Figure 2: Plots of dimensionless dispersion coefficient X, (1) - Pe2 against

dimensionless time 7 for various values of Da, with Pe = 1000, V = 0(-),
V=1(--), A=1and F=3.

123



M S Jagadeesh Kumar , P G Siddheshwar and G Suresh Singh ISSN 0975-3303

55

U
4.5—g

in coefficient

K, (z-Pe~

B

dimensionless diffusi

©
2

3 . L .
0] 0.2 0.4 0.6 0.8 1
dimensionless tme ©

Figure 3: Plots of dimensionless dispersion coefficient K, (1) - pe 2

against dimensionless time 7 for various values of A with Pe = 1000,
V=0(),V=1(--),Da=3and F=3.
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Figure 4: Plots of dimensionless dispersion coefficient K, (1) - pe 2
against dimensionless time 7 for various values of F with Pe = 1000,
V=0(),V=1(--),Da=3and A =1.
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Appendix

6F0% — A(49+34+28V) +a(105+144+49V +6AV) .

N 21B

Y2 (-2Fa? + AQ0+A+10V) ~ (60 +54+20V +24V))
2B

207 %a. . sYHA-ap) . Y2 (Ao —2AV) . YOQFa? - AA +24aV) .

B B B 6B
® —A,T
Y. Aye T Cos(h,Y)]
n=1
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KZ(T)_L_

P2

> (—38F 20 —2Fa>(5445+ 2816V + 64143 +64V)) —
B
DA (48 4% +22 A(64+39V) +55(192 + 231 + 70V 2)) +
20A(3A%(143+64V) +165(252 + 278V + 77V %) +

11LA825+ 734V +156V %)) — a2 (42 (1925+ 1716V + 384V %) +

A(24750 - 384F A +23595V + 56321 %) —

e 0]
88(FA(64+39V)—15(63+ 637 +16V2))) + ¥ A By "

n
n=1
where

4, = 6 (~120 40+ 120, %+ 240AV +120 Aa. Cosh.,, +240F o Cosh.,, —
281.°

120,,>aCos,, — 607, > Ao Cosh.,, — 400, > FaCosh,, — 120 AACos.,, +
120%,,” ACosh,, +207\n2A/\C0S7\n +240A4aVCosh,, —120L,,“aVCosh,, —

— 401> AoV Cosh,, — 240AVCosh., )

B=2Fa"—A(A+102+V))+a(203+V)+ A(5+2V))
Coskn 2
B, = B ———L(AFa” =2A(5+ A+9)+a(302+V )+ A(9+4)V))
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