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Study of Thermal Convection in Micropolar
Fluids Occupying a Rectangular Box

S Manjunath “and N P Chandrashekarat

Abstract

This paper is a Fourier-series assisted numerical study of
two-dimensional = steady thermal convection in
micropolar fluid occupying a rectangular box. The
horizontal walls of the cavity are uniformly heated to
establish a linear temperature in the vertical direction.
The vertical walls are insulated. The critical Rayleigh
number is obtained numerically as a function of coupling
parameter, couple stress parameter and aspect ratio, and
the same is plotted graphically. The results of slender
vertical, rectangular and square box of finite aspect ratio
are obtained as limiting cases of the study.

Keywords: Benard convection, critical Rayleigh number, Fourier
series, micropolar fluid, aspect ratio.

1. Introduction

Convective flow in a thin layer of fluid, free at the upper surface
and heated from below, is of fundamental importance and a
prototype to a more complex configuration in experiments and
industrial processes. The convective flows in a liquid layer can be
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driven by buoyancy forces due to temperature gradients and / or
thermo capillary forces caused by surface tension gradients.
Thermal convective problems have long been studied extensively
since the pioneering experimental and theoretical works of Benard
[1], Rayleigh [2] and Pearson [3]. Most of the previous studies were
concerned with convection in Newtonian fluids. However, much
less work has been done on convection in non-Newtonian fluids
such as the micropolar fluids. The theory of micropolar fluids, as
developed by Eringen [4], has been a field of sprightly research for
the last few decades especially in many industrially important
fluids like paints, polymeric suspensions, colloidal fluids, and also
in physiological fluids such as normal human blood and snivel
fluids. Rama Rao [5] studied the effect of a magnetic field on
convection in a micropolar fluid. Sharma and Gupta [6] studied
convection in micropolar fluids in a porous medium. Siddheshwar
and Sri Krishna [7] presented both linear and nonlinear analyses of
convection in a micropolar fluid occupying porous medium.
Rudraiah and Siddheshwar [8] analysed the effects of non-uniform
temperature gradients of parabolic and stepwise types on the onset
of Marangoni convection in a micropolar fluid. This study was
later extended by Siddheshwar and Pranesh [9] to include the effect
of a magnetic field and buoyancy forces. The effect of non uniform
temperature gradient on Benard convection in micropolar fluids,
using single tem Galerkin expansion technique has been
investigated by Siddheshwar and Pranesh [10]. In this paper, we
have investigated the effect of couple stress parameter, coupling
parameter and aspect ratio on critical Rayleigh number in a
rectangular, square and slender vertical box numerically.

Nomenclature

A Aspect ratio

b Breadth of rectangular cavity
g Acceleration due to gravity

h Height of rectangular cavity
I Momentum of Inertia
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() Spin

Ni Coupling parameter

N, Inertia parameter

N; Couple stress parameter
p pressure
Pr Prandtl number

-

q Velocity

Ra Rayleigh number
Ra.  Critical Rayleigh number

u Horizontal velocity component
w Vertical velocity component

x Horizontal Cartesian coordinate
z Vertical Cartesian coordinate
Greek symbols

a Co-efficient of thermal expansion

AT  Temperature difference between the two horizontal plates

X Thermal diffusivity
n Co-efficient of shear kinematic viscosity
n Co-efficient of spin viscosity

A Co-efficient of bulk viscosity

Stream function
Actual density
2, Reference density
0 Deviation from static temperature
¢ Co-efficient of coupling viscosity or vortex viscosity
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\% Differential operator

Vi Modified Laplacian operator

Subscripts
c Critical quantity

Superscripts

* Dimensionless quantity

2. Mathematical Formulation

ISSN 0975-3303

We consider two-dimensional thermal convection in micropolar
fluids occupying a rectangular box with height & and width b. We
choose a cartesian coordinate system with the x-axis in the
horizontal direction and z-axis in the vertical direction. The
horizontal walls are at z = 0 and z = h and the vertical walls are at

X = —g and x = 2 as shown in Fig. 1. The fluid is heated from

2

below and cooled from above as in a typical Rayleigh-Benard
problem, the temperature difference between the bounding walls

being AT.
4
4
z=h 3
Micro polar
fluid
z=0 > X
b 0 b
X =—— X = —
2 2

Figure 1: Schematic diagram of the flow configuration.
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The governing equations are:

Continuity equation:
V.g =0 @

Conservation of linear momentum:
> = - ) -
pol| -V |q |=-Vp+pg+(26+n)V g +(| VX ® 2)

Conservation of angular momentum:
> \- - ) - -
pol|| ¢-Vie =(k'+n’)V V-o [+N'V 0+l Vxq |-2C® (3)

Conservation of energy:
_)
q -V I|T=yV2T 4)

Equation of State:
p=po(l-a(T-T0)). ©)

In the Micropolar fluid, the particle spin matches with the vorticity

of the carrier fluid and this result in an additional biharmonic term

in equation (2). This is a drag term contributed to by the suspended

particles. The effect of suspended particles in equation (4) on
%

temperature T comes through the velocity ¢ . The upper and

lower boundaries are at isothermal temperatures 7(, and T + AT

respectively, where AT is positive temperature difference. All the
boundaries are assumed to be impermeable and perfectly heat
conducting. From the governing equations (1) - (5) it follows that a
motionless conduction state exists only if the static temperature
distribution is independent of x and depends linearly on z. The
present study is restricted to this case.
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It is convenient to express the temperature in the form
T=T0+AT(1—%)+8 (6)

where ¢ is the deviation from the static temperature.

The component forms of equations (1) - (5) for steady flow are:

ou oOw
_— =

0, 7
ox Oz ()

1op (26+m)[d%u &%u) ¢ 00y ou  ou
—_ - + + —tw—=
Po0x  po |ox*> 0z%) po 0z Ox 0Oz

Lop ( C+”)(a w0 W}i y+£g+u6_w+wﬁ_w:0 9)

Po @z po |ox? az%) po 0x po°  Ox Oz
o, o ou Ow 0w oo
n S |1 o [< 260, —pllu—=+w—= =0 (10)
02 022 0z ox 0x z

2 2
o°r o°r|_ or_ or_, (11)
ox2 022 ox oz

pzpo[l—aAT(l—%j—ae] (12)

Since the flow is two-dimensional, we introduce the stream
function y by

) (13)

U=—, w=

Oz ox

We also define non-dimensional variables denoted by asterisks

2
o2y =[2 2 ,T*:i,w . ,e*zi, v =Y (14)
b’ h AT Yy Y AT %

134



Study of Thermal Convection Mapana ] Sci, 11, 3(2012)

By eliminating the pressure from (8) and (9), introducing the
expressions (13) and (14) into the resulting equation and equation
(10) and (11) and dropping the asterisk, we get the governing

equations in the following form:

2
(1+N1)Vﬁw—A4Ra2—9_N1v§1w L AWVAY)
X

YU Pr d(x,z) ’
2 2 2 2 AN, a(\lfamy)
NaV3o, + AN Viy—24°Nj o, + =2 -V _¢ ,
3V AWy 1Vav 19y Pr o(x,2)
LY 20— 220
X o(x,z)
where
2 2
=2 V=2 T O = vy
b ox~ 0z €+n b
Ny _ Pov =poochTb3
(C+m)b? g+ 1(C+m)

3. Linear Stability

(16)

(17)

(18)

The onset of thermal convection is described by the linear versions
of equations (15), (16) and (17). To make this study we neglect the

Jacobians in equations (15), (16) and (17) leads to
2 4, 00 2
(1+N1)VA\V—A Raa—Nl VA(Dy =0,

AN vy + (zv3v§1 - 2A2N1)03y -0,

(19)

(20)
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v2o-42¥ 0. (21)
ox

By eliminating @, between (19) and (20) leads us to differential
equation of sixth order as

(14 N ) N3V — 42 (24 N )NV +2N1A6Ra2—0
X

(22)

3 3
— 4*N3Ra A2¥+ 0 92 =0.
0x” 0x0z

The solutions of (21) and (22) can be expanded in the half range
Fourier sine series:

y=Y Cy(x)sinnzz (23)
n=l1
0= Fy(x)sinnnz (24)

n=I1

Equations (21) and (22) are solved for stress free, isothermal
boundaries, hence we have the boundary conditions in terms of
Cu(x) and Fy(x) are:

C (x):ﬁ[C (x)]zﬁ[C (x)]:F (x)=0 atx:+l (25)
n P P n 2

Using (23) and (24) with the boundary condition (25) into the
linearized versions of the governing equations (21) and (22), and
equating coefficients of sinnnz, leads to set of ordinary differential
equations

2
[Azd——nznz]Fn—AdC” =0 (26)
di? dx
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6 d%c, ar. 22 2 d*c
AC[(1+ Ny N3} 4 [3;1 72(14+ Nj)N3 + 4 (2+N1)N1J 2y
dx dx
2[4 4 220 d*c
y [3;1 7 (14 N)N; + 20272 4 (2+N1)N1] 2
—[n6n6(1+N1)N3 +n4n4A2(2+N1)N1Jcn
4 2p.d 22 d 2, d?
+A7| 2N1A°"Ra—+n"n“N3Ra——-N3A“Ra— |F,, = 0.
dx dx a3

By eliminating F, between (26) and (27) leads us to an ordinary
differential equation of eighth order in C, as

a¥c, d°c,
g 6 T
dx

A1+ N3]

_ 46 [4n2n2(1+N1 N3 +A2(2+N1)N1J
dx

- 4
A4 30272422+ NN, + 6t (14 Ny N —N3A3Ra}% -
- dx

[, 6_6 4 4 2

A2 dn"'n (1+N1)N3 +3n'n A (2+N1)N1 dzCn

2
_—2N1A5Ra—n27c2N3A3Ra dx

[n8n8(1+N1)N3 +n67:6A2(2+N1)N1}Cn -0,

with boundary conditions

2 4
Cy (ilj = d&(ilj = G [ilJ = 4G (iljzo. (29)
2 dx 2 i 2 et 2

The general solution of differential equation (28) for n =1 1is

C1(x) = aje™™ +aze™ +aze™" +age™* +ase™"
(30)

+age™™* +aqe™* +age™*

where a;’s are arbitrary constants and s are roots of the auxiliary
equation of (28) with mp = - myq, My = - M3, Mg = - M5, Mg = - M7,
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Equations (29) and (30) give us eight homogenous equations in the
eight unknowns ai, a, a3, a4, as, as, a;, as. For a non-trivial solution
for the system we require

eO,Sm, e—O,Sm, eO,Sm; e—O.Sm‘ eO,Sm; e—O.Sm; eO.Sm, E—O.Sm,
6705»1, eOASm, e*O.Sm; eOASm; e70.5m; eOASmQ e*OASm7 e0A5m7
m]EOASm, 7mle—0A5m, m}gO,Sm‘ 7m3€—0.5m‘ mseO.SmS 7m5€_0'5m‘ m760.Sm, 7”176—0.5m7
mle—O.Sm‘ _mleO,Sm, msefoﬁm; _m3eO.5m; m5670.5m5 _m530A5m; m7e705m7 _m7eO.5m. o
leeOASIn, m]Zg*OASIn‘ m32€0.5m‘ m32€70A5m; mSZeO.Sm5 n152670'5m5 m7260A5m, m 2670A5m,
lee—O,Sm‘ m12e0,5m, m326_0‘5m‘ m}ZeO.Sm; mSZe—O.SmF m5260.5n15 m72e‘_0'5m7 m7280.5m.
ml460A5m, m]4670A5m‘ m3460.5m; m34€705m; m5460.5m5 "154670.5m5 m7460A5m7 m746705m7
m14e_0‘5m‘ ml4gO,5m, m34e—0,5m; m3460.5m‘ ,nséte—O.Sm5 m5460.5m§ m74e_0'5m‘ m7460.5m,

The left hand side of (31) may be viewed as a function Ra. , say
f(Ra.), with Ra. depending on A, N; and N3 hence equation (31) can
be written as f(Ra) = 0. Using Newton-Raphson method for
various values of A, N1 and N, Ra. can be calculated numerically,
using the iterative formula

~ f((Rap)p)
k= f'(Rag )y )

where prime denotes differential of f(Ra.) with respect to Ra. and
the paper calculation based on Newton-Raphson method were
done using Matlab.

(Rac)k+1 :(Rac) (32)

4. Results and Discussion

The thermal convection in micropolar fluids occupying a
rectangular box is investigated numerically using linear stability
theory assisted by Fourier series. Different aspect ratios are
considered to cover the results of slender, square and rectangular
cavity. In the present paper, the behavior of the system as a
function of the critical Rayleigh number, Ra., depends upon the
aspect ratio A, coupling parameter N; and couple stress parameter
N;. For fixed N, the variation of Ra. for steady thermal convection
with Nj for different values of A is shown in figure 2. From this we

observe that the Ra. increases with increases with N; and decreases
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with increase in the value of A. From the plot of
Ra. [Ra: = Rac - Ra. (at N3 = 1)] versus N; for different N; in a
rectangular, square and vertical slender box, we observe that Ra.’
increases with increase in N; and N3 and decreases with increase
in A as shown in figure 3. In the absence of coupling parameter, i.e.,
for N1 = 0, the value of Ra. = 657.51 (classical Rayleigh-Benard

result) is obtained for a square box (A = 1) and for N3 #0
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Figure 2: Plot of critical Ra, versus A, for different values of N1 and for N3 =
1.0, for A < I(shallow box), A = 1 (square box) and 4 > 1 (slender vertical box).
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a:A=0.6, N1 : 0.50
159b:A=1.0,N;:0.50

] _.-a
41c:A=1.6,N:050 P
314:A=0.6,N,:025 =7
12 1 -
11 ]e:A=1.0Ng 025 -
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Figure 3: Plot of Ra,” versus N;, for a various values of N; and A4.
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