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Sum Labeling for Some Star and Cycle
Related Special Graphs
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Abstract

A sum labeling is a mapping A from the vertices of G into
the positive integers such that, for any two vertices u, v €
V (G) with labels A(u) and A(v), respectively, (uv) is an
edge iff A(u) + A(v) is the label of another vertex in V (G).
Any graph supporting such a labeling is called a sum
graph. It is necessary to add (as a disjoint union) a
component to sum label a graph. This disconnected
component is a set of isolated vertices known as isolates
and the labeling scheme that requires the fewest isolates
is termed optimal. The number of isolates required for a
graph to support a sum labeling is known as the sum
number of the graph. In this paper, we will obtain optimal
sum labeling scheme for some star and cycle related special
graphs.
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1. Introduction

All the graphs considered here are simple, finite and undirected.
For all terminologies and notations we follow Harary [1] and graph
labeling as in [2]. Sum labeling of graphs was introduced by Harary
[3] in 1990. Following definitions are useful for the present study.

Definition 1.1 A Sum Labeling is a mapping A from the vertices of G
into the positive integers such that, for any two vertices u, v e V (G)
with labels A(u) and A(v), respectively, (uv) is an edge iff A(u) + A(v)
is the label of another vertex in V (G). Any graph supporting such a
labeling is called a Sum Graph.

Definition 1.2 It is necessary to add (as a disjoint union) a
component to sum label a graph. This disconnected component is a
set of isolated vertices known as Isolates and the labeling scheme
that requires the fewest isolates is termed Optimal.

Definition 1.3 The number of isolates required for a graph G to
support a sum labeling is known as the Sum Number of the graph. It

is denoted as a(G).

Definition 1.4 Let G be a graph with q edges. A graph H is called a
Super subdivision of G if H is obtained from G by replacing every
edge e; of G by a complete bipartite graph K,, for some m;, 1 <i <gq

in such a way that the end vertices of each e; are identified with the
two vertices of 2-vertices part of K,,, after removing the edge e;

from graph G. If m; is varying arbitrarily for each edge e; then super
subdivision is called arbitrary super subdivision of G.

Definition 1.5 A caterpillar is a graph which has the property that if
we remove all the vertices of degree 1 then what remains is a path.
Such a path is called the spine of the caterpillar. The two end points
of a spine are the head and tail respectively. Other vertices of the
spine are called the internal vertices. The vertices of degree 1 of a
caterpillar, other than head and tail, will be called the feet. These
vertices are attached to the internal vertices of spine with edge
called the legs of the caterpillar.

Definition 1.6 A shrub is a tree which has at most one inner vertex.
This special vertex is called the root of the shrub. All neighbours of
this vertex are leaves or near leaves.
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Definition 1.7 (Chung et. al [4]) A tree is called a spider if it has a
center vertex c of degree k > 1 and each other vertex either is a leaf
(pendent vertex) or has degree 2. Thus a spider is an amalgamation
of k paths with various lengths. If it has x1 paths of length ai, x2
paths of length ay, ..., x» paths of length an, we denote the spider by

SP(a;',a5’,...,a") whereaj <ax<..<amand x1 +x2+..+xa =k

Definition 1.8 (Shee and Ho. et al [5]) Let Gy, G»,...... ,Gu,n=2ben
copies of a fixed graph G. The graph obtained by adding an edge
between G; and G for i =1, 2,..., n-1 is called path union of G.

2. Optimal Sum Labeling Scheme for Arbitrary Super
Subdivision of Star Related Graphs

Sethuraman et. al. [6], introduced a new method of construction
called Supersubdivision of graph and proved that arbitrary
supersubdivision of any path and cycle C, are graceful. Kathiresan
etal [7], proved that arbitrary supersubdivision of any star is
graceful. In [8], Gerard Rozario et.al proved that arbitrary super
subdivision of path, cycle and star are sum graph with sum number
2.

In this section, we prove that graphs obtained by arbitrary super
subdivision of comb, caterpillar, shrubs and path union of spider
are sum graph with sum number 2.

Theorem 2.1 Arbitrary supersubdivision of comb P,®K; is sum
graph with sum number 2.

Proof: Let G be a comb B,®K;. Let v; (1 <i <n) be the vertices of
path and w; be the pendent vertex adjacent to v (1 <i <n ). Let H be
the arbitrary supersubdivision of G which is obtained by replacing
every edge of G with K, ,, . Let m = YT 1m;. Let u; be the vertices
which are wused for arbitrary supersubdivision of G
where 1<j< m. Let x and y be two isolated vertices. Therefore, the
vertex set of His V(H) = { vy, vo,...,Va, W1, Wo,...Wp, U, Ua,...... ,Um}.

Definef: V(H) > N

fw)=1; f@)=f(veg-p)+2 ;2<i<n
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fwd=2; fw)=f(wep)+2 ;2<i<n
flu)=m+n f(uj)=f(uj_1)—1 ;2<j<m
Then f(x) = f(u) +1 and f(y) = f(uq) + 2

Thus, arbitrary supersubdivision of comb P,©K; is sum graph with sum
number 2.

Theorem 2.2 Arbitrary supersubdivision of caterpillar is sum graph
with sum number 2.

Proof: Let G be a caterpillar with n vertices. Let vi (1 < i < n) be the
vertices of G. First we need to identify the vertices of G in order to
super subdivide G. We present an algorithm to identify the vertices
of caterpillar. The algorithm starts from the head of the caterpillar
(Ist vertex of the spine). Whenever the algorithm finds a new
internal vertex of the spine having degree > 3, it first visits all
vertices of degree 1 adjacent to it before proceeding to the next
vertex of spine. The head of the caterpillar is named as v; and every
new vertex identified by the algorithm is named as v», vs,...... Vn
respectively.

Let H be the arbitrary supersubdivision of caterpillar G which is
obtained by replacing every edge of G with K.
Let m = Y7 'm;. Let u; be the vertices which are used for arbitrary
supersubdivision of G where 1<j< m. Let x and y be two isolated
vertices. Therefore, the vertex set of H is
VH) ={ vy, va,...... ,Vn, U, u,...... ,Um}.

Define f : V(H) - N

fw) =i ;1<i<n

flu) =m+n fw)=fly-1)-1:2<j<m
Then f(x) = f(uy) + 1 and f(¥) = f(w;) + 2

Hence, arbitrary supersubdivision of caterpillar is sum graph with
sum number 2.
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[lustration: Sum labeling for arbitrary supersubdivision of
caterpillar is given in figure 2.1

=11
L] L
31 32
Figure 2.1

Theorem 2.3 Arbitrary supersubdivision of shrub is optimal
summable with sum number 2.

Proof: Let G be a shrub with root r and by, by,...... , bx be the vertices
adjacent to r. Let d; = deg (b;)- 1;i=1,2,...,k.Let ¢; be the
vertices adjacent to b; other thanrfori=1,2,...,kandj=1,2,..., d.
In order to identify the vertices of shrub we follow the following
algorithm. The algorithm starts from the root of the shrub and then
it identifies an adjacent vertex (say bi) of r. Before it proceeds to the
next adjacent vertex of r, the algorithm first visits all neighbour
vertices c;jof b; with degree 1 (if any) and proceeds to branches of ¢;
of higher order (if any). The algorithm renames the root r as v; and
assigns vy, v3,..., U respectively to the new vertex it visits first.
Now, the vertices of shrubs are renamed as vs, v2, v3,..., U, where n
is the total number of vertices of the shrub.

Let H be the arbitrary supersubdivision of shrub G which is
obtained by replacing every edge of G with K;p,.
Let m = Y% 'm;. Let u; be the vertices which are used for arbitrary
supersubdivision of G where 1<j< m. Let x and y be two isolated
vertices. Therefore, the vertex set of H is
VH) ={ vy, va...... ,Vn,Ug,Uy,...... ,Um}.
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Define f: V(H) > N

fw)=i ;1<i<n;

fa)=m+n; f(w)=f(y)-1;2<j<m
Then f(x) = f(uy) +1 and f(y) = f(uy) + 2

Hence, arbitrary supersubdivision of shrub is optimal summable
with sum number 2.

[ustration: Sum labeling for arbitrary supersubdivision of shrub is
given in figure 2.2

Figure 2.2

Theorem 2.4 Arbitrary supersubdivision of path union of spider is
sum graph with sum number 2.

Proof: Let G be the path union of spiders obtained from n spiders
(not necessarily unique) by adding an edge between centre vertex
of i spider and (i+1)# spider fori =1, 2,..., (n-1). Let c, c,...... , Cn be
the center vertices of the spider. Let ki, ko,...... , kn be the number of
vertices in i spider excluding the center vertex where 1 <i < n.
Let p11,P12) ) P1kyy P21,P22s s P2k -+ ;' Dn1,Pn2s - Pnk,be  the
vertices of the i spider respectively. Therefore, V(G) = { ci, ...,
Cny P11, P12s 1 P1kyr P21:P225 =9 P2kys -+ -+ - , Pn1,Pn2s - Puk,}- Let t be
the total number of vertices of G.i.e.,,t =n+k; +k, + -+ k. Let

G* be the arbitrary supersubdivision of G which is obtained by
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replacing every edge of G withK,,,.. Let m = Y17 'm;. Let uj be
the vertices which are used for arbitrary supersubdivision of G
where 1<j< m. Let x and y be two isolated vertices. Therefore, the
vertex set of G* is

V(G*)={c1,¢2 ..., tn D11, P12 +» Pikyr -+ Prts Pzs -+or Py WL, U2, -y Ui}
Define f : V(G*) > N
fled =1 f(e) = flee) + kaoyy+1 for2<i<n
forl1<i<n

fin) =f() +1

for2<j<k;
{fwij) = f(pij-1) +1
flu)) =m+t flu)=f(u-1)—1;2<j<m

Then f(x) = f(uy) +1 and f(y) = f(uy) + 2

Hence, arbitrary supersubdivision of path union of spiders is
optimal summable with sum number 2.

[lustration: Sum labeling for arbitrary supersubdivision of path
union of spiders is given in figure 2.3
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3. Optimal Sum Labeling Scheme for Cycle Related Graphs

In [9], Ponraj et.al proved that the graph G with V(G) = V(C,) U {v}
and E(G) = E(C,) U {c1v, c3v} and the graph [C,, P,] are pair sum
graph. In this section we prove that the above said two graphs are
sum graphs.

Theorem 31 Let G be a graph with V(G) =V(C,) U {v}
and E(G) = E(Cp) U {c1v,c3v}. Then G is a sum graph with sum
number 2.

Proof: Letci, ¢, ¢35, .......... , cn be the vertices of the cycle. Let x and y
be two isolated vertices. The vertex set of G is given by
V(G)={c,c263.cnnen... , Cn, U, X, Y}

Define f: V(G) > N
Case (i) : nis odd number
Case (i) (a):n=3
For G, f(c1) = 1; f(c2) = 2; f(e3) = 3
f) = flc) + f(c3)
f) = fe) + f(w) and f(y) = f(c3) + f(v)
Thus, G is sum graph with sum number 2 when n = 3.
Case (i) (b):n=5,7
ForGs, C7 f(c1) = 25 f(cz) = 1; f(e3) = 3
flew) = fler) + f(c3)
fle) = flei-) + fle—2) ;4<i <= (n—-1)

C(fe) * fen)  if flen) < flen)
f@) ‘{f(cn_1)+ flens) if f(Cn)>f(Cn-1)}

fG)=fle)+fw) and f(y) = f(c3) + f(v)
Thus, G is sum graph with sum number 2 whenn=>5, 7.

Case (i) (c):n =9

For C,, f(C(nz;3)> =1; f(c(nz;g_ 1)) = 2; f(C(nT—3+1)> = 3;
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n-9
2

(o) =57 (o) =4

for1l

{f@@ﬂ~&=f@@3ﬁ+f@Tfﬂﬁ}
f(C(nzi_i_z)) = f(C(nziHH)) + f(C(nziH”))
flen-3) = fler) + f(c2); flen) = flenz) + flcn-s)
flen-2) = flcr) + flen); flen-1) = fen-3) + f(cn-2)
f@) = flew) + flen-1)
f) = fle) +f) and f(y) = f(c3) + f(v)

Thus, G is sum graph with sum number 2 whenn > 9

<

Case (ii): n is even number
Case (ii) (a): n=4
For Gy, f(c)) = 1 f(cx) = 2; flea) = 3; f(c3) = fle) +
f(ca)
f) = f(c2) + f(c3)
f) = fe) + f(w) and f(y) = f(c3) + f(v)
Thus, G is sum graph with sum number 2 when n = 4.
Case (ii) (b):n = 6
For G, fle) =15 flea) = 25 flen) = 3; flez) =
fle2) + fcn)
flen-1) = flcr) + flcn)
fora<i<™/,

Ifiis even { fle) = fleim) + flei2)— 1 }
! | f(CH(n_ZHZ)) - f(ci+(n_2i+2)+1) + f(ci+(n—2i+2)+2)
L Ifi is odd { fle) = flei-1) + f(ci-z) }
) f(Ci+(n—2i+2)) = f(Ci+(n—2i+2)+1) + f(ci+(n—2i+2)+2) -1
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Feany) = o)+ £ o)
o)+ £ (o) 7/ (o) < £ (o)

Feee) + £ (o) # 7 (o) > 7 (o)
f)=f(c) + f(w) and f(y) = f(c3) + f(v)

Thus, G is sum graph with sum number 2 whenn > 6

fw) =

Hence, G is sum graph with sum number 2 for alln > 3.

[ustration: Sum labeling of G with n = 5 and n = 8 is given in
figure 3.1

o o o =11

= =22
Figure 3.1 x =18 v

Notation: Two copies of the cycle C, connected by the path P, is
denoted by [C,, Py]

Theorem 3.2 The graph [C,, P,] is a sum graph with sum number 2.

Proof: Let ¢, ¢a, €3 covevvnnn, cn be the vertices of the first copy of
cycle C, and vy, vy, vs, .........., v, be the vertices of the second copy
of cycle C,. Let p;, p2, ...... , Pm be the vertices of path connecting

the two copies of the cycle. Let x and y be two isolated vertices.
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Define f: V(G) > N

Case (i): n is odd number

Case (i) (a):n=3

f(om)

ForC;, f(c1) = 1; f(c2) = 2; f(c3) = 3

fp) = fle) + fes) f(p2) = f(p) + f(c1)
f) = flpi-1)+ f(pi-2)) for3<i<m
f(wy) = flpm) + f(p(m—l)) fw) = f(vy) +

fw) = f(vi-1) + f(vi-2)) for3<i<n
f&) = fop) + f(v1) and f(y) = f(v) + fF(Vn-1))

Thus, G is sum graph with sum number 2 when n = 3.

Case (i) (b):n=5,7

For C5, C7

flc) = 2; f(cz) = 1; f(c3) = 3

flen) = f(e1) + f(e3)
fle) = fleim)+ fleiz) ;4<i<n-—1

flew) + fen-1) if flen) < f(cn—l)}

flp) = {f(cn_1)+ flen—2) if  f(cn) > flen-1)

fp2) = f(p) + fc1)
f@) = f(pa-1y) + f(pi-2)) for3<i<m

f) = flom) + f(p(m—l))
fz) = f(v) + f(om)

fw) = f(vi-1) + f(vi-z)) for3<i<n
fG)=fwn) + f(v) and f(y) = f(vn) + f(V(n-1))

Thus, G is sum graph with sum number 2 whenn =5, 7.
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Case (i) (c):n =9
For C,, f(C(nT—3)> =1; f(c(nz;s_ 1)) = 2; f(c(nT-3+1)) =3;
(o) =57 (o) =4

forlSiSnT_9

{f@@ﬂ~&=f@@3ﬁ+f@Tfﬂﬂ}
Fleezeimg) = Fleean) * /(e
flen-3) = flcr) + f(c2); flcn) = flen-3) + flcn-a)
flen-2) = fle) + f(cn); flen-1) = fcn-3) + f(cn-2)
fp1) = flen) + flen-1)
f2) = f(p1) + f(c1)
f) = flpi-1y) + f(p-2)) for3<i<m
f@) = fom) + f(Pan-1)) f2) = fW1) + f(Pm)
fv) = f(v(i_l)) + f(v(i_z)) for3<i<n
fG) =f(vp) + f(w1) and f(y) = f(v) + f(V(n-1))
Thus, G is sum graph with sum number 2 whenn > 9
Case (ii): n is even number
Case (ii) (a): n=4
ForCy, f(c1) = 1; f(c2) = 2; f(ca) = 35 fc3) = f(c1) + flca)
fp1) = f(c2) + f(e3); f(p2) = f(p1) + flcn)
f) = flpi-1) + f(pi-2)) for3<i<m
f) = fom) + f(Pan-1)) s f2) = fW1) + f(Pm)
fv) = f(v(i_l)) + f(v(i_z)) for3<i<n
fG) = f(v) + f(w) and f(y) = f(v) + f(V(n-1))
Thus, G is sum graph with sum number 2 when n = 4.
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Case (ii) (b):n > 6

For C,,
fle) =1; flez) = 2; fcp) = 35 flez) = flea) + flep)
flen-1) = f(c1) + f(cn) ford<i<h/,

Ifiis even { flc) = flei—) + fle—z) — 1
' f(Ci+(n—zi+2)) = f(Ci+(n—2i+z)+1) + f(Ci+(n—2i+2)+2)

| Ifiisodd, { fle) = fleim) + flei-2)

o) = 1) * £ (c-n)
. { o)+ £ (en) 71 (o) < 7 (en) }
p1) =
Fe) * 7 (o) 17 () > 7 (eera)

fp2) = f(p1) + f(c1)

f) = flpa-1)) + f(Pi-2)) for3<i<m

f@) = flom) + f(Pan-1y) f(W2) = fw) + f(om)
fw) = f(vi-n) + f(vi-z) for3<i<n

fG) =f(vp) + f(wy) and f(y) = f(v) + f(V(n-1))

Thus, G is sum graph with sum number 2 whenn > 6

Hence, G is sum graph with sum number 2 for alln = 3.
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Illustration: Sum labeling for the graph [Cs, P»] is given in figure 3.2

Figure 3.2
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