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Open Support Strong Efficient Domination
Number of Some Standard Graphs Under
Addition and Multiplication
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Abstract

Let G = (V, E) be a graph with p points and q nodes. Let S
be a ¥z, - set of G. Let V£ S. An open support strong
efficient domination number of v under addition is
defined by X cyy)deg (1) and it is denoted by supp
Veo *(v). An open support strong efficient domination
number of G wunder addition is defined by
Zpes SUPP }’5.9+ (v) and it is denoted by supp Vee (G
An open support strong efficient domination number of v
under multiplication is defined by Huﬁ'\"{r:l deg(u) and
it is denoted by supp ¥.e ~(¥). An open support strong
efficient domination number of G under multiplication is
defined by [1,.csupp ¥.. “(v) and it is denoted by supp
¥.e “(G). In this paper, open support strong efficient
domination number of some standard graphs is studied.
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1. Introduction

Throughout this paper only finite, undirected graphs without loops
or multiple nodes are considered. Let G = (V, E) be a graph with p
points and q nodes. The degree of any point v of a graph G is the
number of nodes incident with v and is denoted by deg (v). A
subset S of V(G) is called a dominating set of G if every point in
V(G) - S is adjacent to a point in S [6]. The domination number of a
graph G, denoted by ¥(G), is the minimum cardinality of a
dominating set of G. Sampath Kumar et al introduced the concept
of strong (weak) domination in graphs [11]. A subset S of V(G) is
called a strong dominating set of G if for every v € V(G) — 5 there
exists a point u € 5 such that u and v are adjacent and deg(u)
= deg(v). A subset S of V(G) is called an efficient dominating set if
for every v € V(G), IN[v]n 5] =1 [3, 5]. The concept of strong
(weak) efficient domination in graphs was introduced by Meena et
al [10] and further studied in [7, 8, 9]. A subset S of V(G) is called a
strong (weak) efficient dominating set of G if for every point
v € V(G) we have I[N [v]nS| =1 (INy[v]n S|1), where N.(v)
={u € V(G);uv € E(G),deg(u) = deg(v)} and N,[v] = N (v)U
WiV, (v) = {u e V(G);uv € E(G),deg(u) < deg(v)}and N,,[v]
= N, (v)U {v}). The minimum cardinality of a strong (weak)
efficient dominating set of G is called the strong (weak) efficient
domination number of G and is denoted by ¥., (G)(¥..(G)). A
graph G is strong efficient if there exists a strong efficient
dominating set of G. Balamurugan et al introduced the concept of
open support of a graph under addition [2] and multiplication [1].
Open support of a point v under addition is defined by
X eniy) deg(u) and it is denoted by supp(v). An open support of
a graph G under addition is defined by Eva.:G} supp(v) and itis
denoted by supp(G). An open support of a point v under
multiplication is defined by Il ey deg(u) and is denoted by
mult(v). An open support of a graph ¢ under multiplication is
defined by [1,cy(g) mult(u) and it is denoted by mult(G). Inspired
by the above definitions, the concept of an open support strong
efficient domination number of a graph under addition and
multiplication is introduced in this paper. For all Graph-theoretic
terminologies and notations, Harary [4] is followed. Following
previous results are necessary for the present study.
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Previous results [9]:
nifm = 3nnneN
1) Forany pathP,, y.. (B,)in+1ifm = 3n+ 1,neEN

n+2ifm = 3n+2neEN
2) For any cycle Cyy,, ¥ss (C3,,) =n,nEN

3) £ [Klm) =1,neEN
4) Fae [Ku] =1,nEN
5) Fee [Dm,n) =m+1,m>n,mneN

2. Main results

Definition 2.1: Let G = (V, E) be a strong efficient graph. Let S be a
¥.e- set of G. Let Ve S. An open support strong efficient
domination number of v under addition is defined by
Y encwy deg (1) and it is denoted by supp ¥, * (v)

Example 2.2: Consider the following graph G.

t1 to

Fig. 1 V1 V2
S={v,,v,} isa¥.. - set of G.
supp e~ (1) = Eyen,) deg(u)=deg(v,) +deg(u,) + deg(us) + deg(us)=7
sSupp Fze : (vy) = Eusﬁ{ug deg(u) = deg(wu,) + deg(t;) + deg(t;)=8
Definition 2.3: Let G = (V, E) be a strong efficient graph. LetS be a
V.- set of G. Let Ve S. An open support strong efficient
domination number of v under multiplication is defined

byl L,cx () deg() and it is denoted by supp ¥, ().
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Example 2.4: In Fig. 1,

supp Ve (1) = [leny, deg(u)=deg(u,) X deg(u,) X deg(u;) xdeg(u,) =4
supp ¥ " (v2) = HuE;".I'I:y:}deg(u’):degtu’lj X deg(t,) x deg(t;)=16
Definition 2.5: Let G = (V, E) be a strong efficient graph. Let S be a
¥ze - set of G. An open support strong efficient domination number
of G under addition is defined by Zpes SUPP }-'SE"' (v) and it is
denoted by supp ¥:. (6.

Example 2.6: In Fig.1, supp Vs Jr(G)=supp]J's.El * (v,)+supplee *(v,)=7+8=15

Definition 2.7: Let G = (V, E) be a strong efficient graph. LetS be a
¥ee - set of G. An open support strong efficient domination number
of G under multiplication is defined by II,.¢supp ¥, (v) and it is
denoted by supp ¥, “(G).

Example 2.8: In Fig.1,supp Vis  (G)=supp Vs (V) )Xsupplss * (v;)=4X16=64.

Note 2.9: Open support strong efficient domination number under
addition of a graph G is not unique.

Example 2.10: Consider the following graph G.

V1 V2 V3
®
V5 \Z
Fig. 2

51={i'-31, Uy }, 5:={U: B UE-} and 53={U4, Uy }are three ¥zg - sets of G and ¥zg (G)=2.
For Sy, supp ¥ee ~ (¥1)=X, EN(v,) deg (1) = deg(v;) + deg(vs) + deg(v's)=8.
supp Yee  (V3)= Zycw(w,) deg (1) = deg(v,) = 3.
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SUpp Yo * (G)=Zes, SUPP Voo * (V)=supp ¥ae * ()4 supp ¥, T (v5)= 11,
supp ¥~ (G)=11.

For S, SUpp Vee * (Vo)=L e (v, d€8 (u)=deg(vy) +deg(v,)+deg(v;)=7.
SUPP ¥ss T (Vs) = Zyew(w,) deg (u) = deg(vi) + deg(va) = 6.

SUPP ¥se *(G)=Zyes, SUPP Voo (V)=SUPP ¥oe T (V2)+SUPP ¥ee ~ (V5)=13.

supp ¥~ (G)=13.
For S, SUpp ¥se * (Vo)=L en (v, d€8 (w)=deg(v,)+deg(vy)+ deg(vs)=8.

SUPP ¥ee T (V3) = Zyew(w,) deg (u) = deg(v,) = 3.

SUPP ¥se (G)=Zyes, SUPP Voo * (V)=SUPP Yo T (Va)FSUPP ¥ss *(¥3)=11.
supp ¥ (G)=11.

Here min supp .. *(G) = 8 and max supp ¥.. *(G)=11

Note 2.11: Open support strong efficient domination number under
multiplication of a graph G is not unique.

Example 2.12: Consider Fig.2,

Sy={v, V3}, So=(v3, V5 }& S3={Vs, V3 } are three ¥, - sets of G & Vze (G)=2.
For Sy, supp¥ee " (v1)=I L, e, deg (1) =deg(v2)X deg(vs)X deg(vs)=18.
SUPP Yee “(v3) =Il,cn(w, ) deg (u) = deg(v,) = 3.

supp ¥se " (6)=Ilyes, supp ¥.e ™ (v)=sUpp ¥ “(v1)X sUPP ¥, “(v3)=54.
Supp ¥ “(G) = 54.

For 54,5upp ¥.e “(v2)=I1, EN(v, ) deg (u)=deg(v,)Xdeg(vs)*deg(v3)=9.
supp ¥ “(vs) =11, en(v,) deg (u) = deg(vy) x deg(vy) = 9.

supp ¥se " (6)=Ilyes, supp ¥.. ™ (¥)=sUpp ¥ss “(v2)X SUPP Ve ™ (v5)=81.
supp ¥ (G) = 81.

ForSs,supp¥ss ~(Va)=Il,cn(w, y deg (u)=deg(v,)Xdeg(v, ) Xdeg(vs)=18.
SUpP Yee “(v3) = Iy cne, ) deg (w) = deg(v,) = 3.
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SUPP Fze X(G):HVESE SUPD Vee x(u):supp Vae X(U‘l)}(supp Vae x(uﬂ ):54
supp Yze X(G) = 54.

Here min supp ¥, “(G) = 54 and max supp ¥.. * (G) = 81

Remark 2.13: : Let G be a connected strong efficient graph with a
Yo« - set S. Since S = V(G), supp Fee +(G)<supp(G) and supp
Vae " [G ]<mult(G).

Theorem 2.14: Let G =P3, n € N Then

Supp ¥ © (G) =4n-2and

supp ¥es  (G) =4n1

Proof: Let G =Py, n € N Let V(G) ={v;; 1= i < 3n}.
Then S = {v,, vz, Vg o) V3, —s0 V3, —q }is the unique ¥, - set of G.

deg(v,) = deg(v3,) =1and deg(v;)=2,2=i=3n-1.

SUpp ¥es - (¥2) = deg(vy) + deglv;) =3

Fori=5,8,...,3n - 4, supp ¥ ~ (v;) = deg(v;_,) +deg(v;s,) =4
SUPP ¥ee * (Van—-1) = deg(va,—2) + deglvs,) =3

Hence supp ¥ (G) = supp ¥ee © (v2) + Z{S7 supp ¥~ (Vie2) +
SUPP ¥ee © (Van—1) =3+ -2)4 +3 =4n - 2.

supp ¥es * (v2) = deg(v,) Xdeg(vs) =2

Fori=5,8,...,3n -4, supp ¥~ (v;) = deglv;_y) Xdeg(v,s,) =4
Supp Yee « (Van-1) = deglvg,—z) X deglvs,) =2

Hence supp ¥, * (G) = supp ¥ee * (v2) + ITEET supp v, ™ (vaisa) +
SUPP ¥ae * (Van_1) =2X 4777 x2=4""1

Theorem 2.15: Let G = Py, ., € N Then
supp ¥ee © (G) =4n+ 1 and
supp ¥es "~ (G) = +

56



Murugan & Meena  Open Support Strong Efficient Domination Number

Proof: Let G = P5,.,,m € N.Let V(G) ={v;; 1< i =< 3n+ 1}. Then
S.

t={vy v3, v, s V353, V3 } and
53={1J:, Vg, Vg, s Vgy— 10 Vay, 49 yare two distinct ¥z, - sets of
G.deg(v,) = deg(v3,+1) =1and deg(v;) =2,2< i< 3n.
Consider 5. (Proof is similar for 5)
SUpPP Fse * (vl) = degliv:]= 2
Fori=3,6,...,3n -3, supp Ve * (v;) = deg(ui_lj -I-deg[qu] =4
supp Vee ’ (UEJ!) = deg[uﬂn—lj + deg[u3n+1) =3

Hence supp ¥, * (G) = supp ¥se © (¥4) +Z7=y SUPP ¥,o* (Va:) + ¥
(Vs,) = 2+ (n-1)4 +3 = dn+ 1

supp Fee x (v1)= deg[v:]= 2
Fori=3,6,...,3n -3, supp ¥ss * (v;) = deg(v;_y) + deglv;s,) =4
supp Fee * (vau) = deg[vau—l] X deg[b’3”+1] =2X1=2

Hence supp ¥, ™ (G) = supp ¥z, ™ (v1) XI5 supp v, ™ (v3;) xsupp
Voo (v3n) =2x 47 2=

Hence supp ¥.. * (G) = 4n+ 1 and supp ¥, * (G) = 4".

Theorem 2.16: Let G = P5,,.-,1m € N Then

supp ¥ee © (G) = 4(n+ 1) and

nt+l
supp ¥~ (G) = S

Proof: Let G =Py, ., € N.Let V(G) ={v;; 1 =<1 < 3n+ 2},
Then S = {¥y, V3, Vg ; ey Vay, Vay, 20 } is the unique ¥, - set of G.
deg(v,) = deg(vap+2) =land deg(v;) =2,2=<i<3n+1.
Supp ¥ze * (v1) = deg(va)=2

Fori=3,6,...,3n, supp ¥ss = (v;)=deg(v;_,) +deg(v;s,) =4
SUPP Yee * (Van+2)= deg(vz,21) =2
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Hence supp ¥~ (G) = supp ¥ee = (v1) + Ziysupp ve. " (vy) +
SUPP Vee * (Vap+2)=2 +n(d) +2 = 4(n+ 1).

supp ¥es  (v1)= deg(v,) =2

Fori=3,6,...,3n, supp ¥:. * (v;) = degl(v;_,) Xdeg(v;s,) =4

SUPP Vee * (Van+2) = deg(vays1) =2

Hence supp ¥.. " (G) = supp ¥~ (vi)x[Iiysupp y.. " (vs;) X

supp Fae x (Uau +2)= 2% 4mn D = 4:'!+1.

Theorem 2.17: Let G=C5,,n €N Then

supp ¥ * (G) = 4nand

supp ¥es ~ (G) = 4",

Proof: Let G=C5,,,n €N Let V(G) ={v;; 1< i < 3n}

Then Sy={vy, Vs,V a} S = (U2, Vs Vg osVanq}r S5 =
V3, Vg, Vg -, Vg, } are three distinct ¥, - sets of G.deg(v;) =2,1=

i= 3n.

Consider 5= {vy, ¥y, V7 , -, V3, —5. (Proof is similar for 5; and 53)
Fori=1,4,7,,....3n - 2, 5upp ¥se * (V)= deg(v;_1)+ deg(vsq)=2+2=4
Hence supp ¥z, * (G) =Z7=, supp ¥s (vs;_,) =4n

Fori=1,4,7,...3n - 2, supp Vs~ (v;)=deg(v;_1)xdeg(v;,,)=2% 2=4
Hence supp ¥:. " (G) =Iliz, supp ., ™ (vg;—5) = 4"

Hence supp ¥-. * (G) = 4n and supp ¥ss " (G) = 4"

Theorem 2.18: Let G=K,,,n €N Then

supp %, * (G) = 7 and

supp ¥es * (G) =1
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Proof: Let G=K,,.n €EN.Let V(G) ={v,v;; 1=i = n } where v is
the central point. Then S = {v} is the unique ¥.. - set of G.deg(v)=n

and deg[vi]= 1,1=i=n

supp Vee ’ (i'.J) = ;!:1dEg(vi]= 1‘1(1) =n
Hence supp ¥ * (G) = supp ¥ee ~ (¥) = 1.
supp ¥~ (v) =[Iiz, deg(v;)=1" =1
Hence supp ¥se ~ (G) =supp ¥ee ~ (¥) =1
Theorem 2.19: Let G=K,, n € N. Then
SUPP ¥ee * G)=(n— 1)* and

supp ¥ee - (G)=(n—1)"*

Proof: Let G=K,_,,n € N. Letv;; 1= { = n be the points of G. Then
5; ={v;}, 1=1i = n are n distinct ¥, - sets of G.deg (v;)=n -1,
1=i=n

Consider the set 5; (Proof is similar for the other sets)

supp ¥ * (v3) = Xi=1 deg (v;) = (n-1)(n-1) =(n—1)*1<i<n

J ®i
Hence supp ¥z, * (G) =supp ¥z * (v;) = (n — 1),
supp Fae x (vi) = _:;'!:1 dEg [U}-:] = []‘1 — 1:]”_1,1£ I<n

j=i
Hence supp ¥z ~ (G) =supp ¥.e * (v;) =(n —1)"*

Hence supp .. * (G) = (n —1)% and supp ¥.. * (G)=(n —1)"*
Remark 2.20: Let G be a nontrivial connected strong efficient graph
on n > 2 points. Then 1= supp ¥ (G) < (n—1)* and 1=supp
Veo T (G) = (m— 1)1

Theorem 2.21: Let G =D, ., m, n € N. Then
Supp ¥ze +(G) =m+ (R + 1]:; ifm>n

supp ¥se ~ (G)=(n + )™ ifm = n
59



Mapana-Journal of Sciences ISSN 0975-3303

Proof: Let G=D,, .. m = n. Let V(G) ={ u, u, v, v; 1= i = n}
Let E(G) = fuv, uu,vv;l=i = m, 1= i = n}.

Then 5 = {u,v;;1 = j = n }is the unique ¥;. - set of G.deg (u) =m

+1,deg (v)=n+1,deg (u;)=deg(v;) =1, 1=i=m,1=j =n

SUPP Fze i (u) =XM, deg (u;) + deg (v) = m +n+1

Forj=1,2,..., n,supp Ve * (v;) = deg(v) =n +1

Hence supp ¥z~ (G) = supp ¥z () +Xioysupp ¥, F(v;) = m +n
+1+n(n+1)=m + (n + 1]3

supp ¥ee () =12, deg (u;) xdeg (v) = 1(n+1) = n+1
Forj=1,2,...,n suppls * (v;) = deg(v) =n+1

x

Hence supp Ve (G) = supp Vee " (10)
x [TL, suppy..” (v;) =(n+1) X (n+1)"=(n+1)"*

3. Conclusion

In this paper, open support strong efficient domination number of
some standard graphs under addition and multiplication is
studied. Similar studies can be done for the other domination
parameters.
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