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Abstract

The exact eigenvalues and eigenfunctions of a spinless
relativistic charged particle are obtained here. The results
are compared with those from classical mechanics.
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1. Introduction

The motion of relativistic charged particles in mutually
perpendicular uniform electric and magnetic fields is well-known.
Two distinct cases are recognised. In the case of a strong electric
field (E = BC), The motion of a charged particle will be unbounded,
essentially accelerated motion along the electric field direction. On
the other hand, for strong magnetic fields
(BC = E), the motion turns out be a drifting motion along a
direction perpendicular to both electric and magnetic fields with a
looping motion around the magnetic field direction, hence semi
bounded. In this article we discuss the motion of the charged
particle quantum mechanically-arriving at semi-quantised states.
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2. The Relativistic Wave Equation and its Solution

Let us assume that the uniform electric field
Epis along the ¥ axis. Then the corresponding electrostatic potential
may be expressed as

® = - Ey. )

Let the magnetic field 5o be along the Z —axis. Then the
corresponding vector potential can be written as

A= —yE,L 2)

If Pand € are the relativistic momentum and Energy of a charged

particle having charge 7 in the above mentioned electric and
magnetic fields, we have the equation

(py — g4 c* +pjc® + pie® + mge® = (€ +qEy) 3)

Since the two potentials do not depend on Z, the motion along
Z direction corresponds to that of a free particle. Hence, for
convenience, we may take Fz = 0 and consider the motion in the
* — ¥ plane only.

The quantum states of a charged particle can be obtained by
solving the wave equation corresponding to equation (3). It can be
written as

d ° , .4 .
(—:‘ﬁa + qEDj‘J e*W_(x,y) — FL'E'ELFE':I._}‘] + ms W, (x, v)

= (g +qEy) "W, (x, y). 4)
Noticing that there is no * variable in the equation we can put
W lx.yl =2t ¥.(y) (5)

where #is a constant. Then we get the following equation for
Y. (y)

dy? Yely) + mie® Yo (y) = (e +qE;y)* Y (y).

(e + gByy)=c® Voly) — Rc®
(6)

Simplifying, we get
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(py ). Yo + c*(a® + 2aqBoy + q°B3y) Y. (y)
="+ q7Ejy” + 2qE;y €) Y(y) ©)

d
(), = ~ih s

Where

Rearranging the terms, we get

(5 )., ¥0)+q*(c*B — E)y* Y.(3) + y(2aqByc® — 2qE, €) V()
=(e’—a’c” - mac"] FE{_‘J-':I (8)

Let ) us put

And ¥2 = (€2 — a%c? — mic*)/ c?
Then equation (8) can be written as

z - £ -
(ry), Y=00+ 8% 7.0 + (Em?Bu - zc_:f?En-]J" V() = v* Y0

©)
. By = — .
For the strong magnetic case of ¢ which corresponds to
B~ =0, we see the possibility of bounded motion in the
¥ direction. Equation (9) can be rewritten as

2q (n‘BD - E-E'D:I ¥

£

B*

{pj}; Vo(y)+ 57 |v* + V.ly) =v* ¥oly)

(10)

or

v.(7) =€ V.7
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(11)

Where )
B,— —FE (aB, — =E )
J-,zj,ﬂw and§=}’:+q (= = o)

Equation (11) can be compared with that for a simple harmonic

oscillator moving around the point ¥ = 0. Therefore, the
eigenenergy values of the charge under consideration can be
obtained from the eigenvalue equation:

. - _ E_ E
2hp (n -|-%:I =E=y'4 q (ETED ~ - ED) "

where n =0.1.2..

Equation (12) is a quadratic equation that can be solved for the
relativistic energy € From physical considerations only the positive
root for £ is to be accepted.

The eigenfunctions for the ¥ part of the motion can be written as
142

18 pF
5 = 2T L
V.(¥) =N,e Hﬂ(ﬁ)

(13)
(E] _

Where "‘ / are Hermite polynomials of n" order in ¥ with

normalisation constant.

/B
N, = I( hi‘:‘ )
,J YITZ M.

The total wave function for the system can be written as

iox

Pelry) = b V(7).

The non-relativistic approximation to the energy eigenvalues can
be obtained from the equation (12) ignoring the second term on the
right hand side. That is
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1 L E— afe® —mic?)
s+l o €20

e

Hence,

! 1
ex |mic*+aic?+ 2hf (n -I—;] c?
v

) (14)
. 1eact 2hE (n+%)c:
E= Mg~ (1 + 3 m2ct + Em;c; )
(15)
Therefore, e mc,c: + iﬁ—: + E (n 1 EJ
2my, my 2 (16)

Here, the first term is the rest energy of the particle, the second
term is the kinetic energy of motion along the
* — direction and the third term corresponds to oscillatory motion

o
L i( B _E):
with frequency ™o "o Pl Interestingly the last term

Z
reproduces Landau levels if
Ey = 0. as it should.

3. Results and Discussion

We have deduced the exact eigenvalues and eigenfunctions of a
spinless relativistic charged particle in crossed electric and
magnetic fields. The eigenvalues have a quantized part and a
continuous part corresponding to linear uniform motion along the
* — direction that is perpendicular to both electric and magnetic
fields. The nonrelativistic eigenvalues correspond to the sum of a
free particle energies and quantized energy levels similar to those
of Landau levels. For £ = BC we do not get bounded motion and
hence no quantised levels. Our results agree with nonrelativistic
results under appropriate limits.
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