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Fixed Point Theorem for B-type Contraction
in Partial Metric Spaces
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Abstract

The objective of this work is to study B-types of
contraction mappings in the settings of partial metric
space and establish fixed point results. As a result, a fixed
point theorem has been established for a pair of B-type
contraction mappings with a unique common fixed point.
The study's main findings, in particular, expand and
extend a fixed point theorem first proposed by Bijender
et. al. in 2021.
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1. Introduction

According to Browder, the study of fixed points is one of the most
significant advancements in the field of mathematics, which,
through the introduction of non-linear functional analysis, such as
dynamic and vital mathematics, has given a fresh push to classical
fixed point theory. This approach is used in a variety of
contemporary fields of analysis, with topological aspects playing
an important role, such as the link with degree theory. In metric
fixed point theory, we investigate conclusions involving mainly
isometric features. The difference between metric fixed point
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theory and seemingly broader topological theories is frequently
blurred. The cornerstone of the metric theory is that of iterative
estimations to demonstrate the existence and uniqueness of
solutions.

However, Banach, a Polish mathematician, is recognized for
integrating the fundamental concepts into an abbreviated structure
that can be applied to a wide range of problems, well beyond basic
differential and integral equations. Banach’s profound fixed point
hypothesis developed the metric fixed point theory for contraction
mappings on complete metric spaces. The fixed point theory of a
few essential single-valued maps is fascinating in itself, with
structural demonstrations and applicability in diverse disciplines
like image processing engineering, economics, physics,
telecommunications, and computer sciences. There are many
generalisations and extensions of the Banach contraction principle
in existing literature [1, 4, 5] etc.

During his study on the denotational semantics of data flow
networks, Matthews [2] established the concept of partial metric
space by substituting conventional metric with a partial metric,
which has the intriguing characteristic that the self-distance of any
point in space may not be zero. The Banach contraction principle
holds in partial metric space, as demonstrated by Matthews [2], and
may be utilized in programme verification.

This article is organized as; section 2 contains some basic
definitions of partial metric theory from existing literature. In
section 3, we proved some fixed point theorems for B-contraction
mapping and a pair of B-contraction mappings. And finally, in
section 4, we conclude our work and provide an idea that some
further improvement may be possible.

2. Preliminaries

Definition 2.1. Let £ be a non-empty set. A partial metric space is a

+
o g:EXE =R 5 called the

pair [Er”], where 9 is a function

partial metric space, such that for all (.§,w €E the following
axioms holds [2]:
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@) § =¢=0(88) =a(.9) =a(4:8);
P2)7(6,¢) = a(4, &)
P3)o(¢,8) = o(&,9);
@) (68) =a( @) +a(w,d) — g(ww),

From (P1) and (P2), it is true that if ©($:¢) = 0. then ¢ = ¢ but the

converse need not be true € if ¢ =¢ then (¢ ¢) may be not
equal to zero. For an example partial metric space from the
computation view of the point may be found in [2, 6].

Definition 2.2. Let £ # @ be a set and the pair[EfJ]be a partial
metric space [2]. Then

1. a sequence &} in (E9) 4 convergent to (EEs

a(¢,¢) = lim,_.0(¢.¢,),

2. a sequence &} in (B9) s a Cauchy sequence <
limy, e (S Sm) exists and is finite.

3. If every Cauchy sequence Coin E

converges with regard to
the topology Toto ¢ € Eqych that
o(¢.¢) = hmn,m—-mﬂ((rz’frnj, then partial metric space is
called complete.

Lemma 2.3. Let £ # @ be a set and the pair (E:9) be a partial

metric space [2]. The function o%:EXE — [0,00) given by

Uj((! 'f] = Erﬂ'[{, f] - J[(!(] - 'j['fr ':-]r Vt:r'f EE is a metric.

Lemma 24. Let £ # @ be a set and the pair (E:9) be a partial
metric space [2]. Then

1. asequence Cnisa cauchy sequence in (E:0)s itisa cauchy

=
sequence in the metric space (E,a%) ;

2. a partial metric space (E:2) js complete < the metric space

(E,0%) i complete.
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Mathews [2] proved the following fixed point result on complete
partial metric spaces.

Theorem 2.5. Let ! be a self map on complete partial metric space
(E,9) 1f there is a real number € with © = ¢ < 1 guch that

G(T':!T‘fj =co (r:r ‘fjr‘?’f,fEE,
then T has a unique fixed point.
3. Main Results

The notion of B-contraction was introduced by Bijender et al. [5] is
a generalization of Banach contraction. As a consequence, several
fixed point findings for B-contraction mappings, such as extension
and generalisation, have been discovered. Bijender et al. [5] defined
it as follows;

.o+
Definition 3.1. Let B be a set of mappings ¢:R" =R
[5]:

(M) for all @b ERT guch that @ < b, ¢(a) <@(b) i.e. strictly
increasing;

satisfying

(my)lim,_, a, =0 j lim,_ ¢(a,)= 0lim, _ ¢(a,)=0;

where {n}nen is a sequence of positive numbers; (Mz)® is

continuous on [D,m]_

T:E—FE

Let (E:9) be a partial metric space. A self-map is said to

be an B-contraction if there exists @ (0.1) and @ € B sych that B
Ve €E, d(T4TE) > 0= ¢(d(T¢,TS)) = ag(d(S.£))- 4

Remark 3.2. Let ? € F be an identity mapping i.ep(C) =< 15 a

(m

simple task to verify that ® satisfies (m1).(M3)and the contractive

condition (1) reduces to usual contraction [5]. - €~
g(T{,T¢) < aa({, &) for all{,f € E,T{ = T<¢.
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Remark 3.3. But the case when @ is not identity mapping, still
usual contraction is a particular case of B-contraction [5].

_ =
Example 3.4. Consider ?(¢) = V¢ > 0 then @ satisfies (m1).(m3)
and the contractive condition (1) takes the form [5]
o(T4,T¢) < a*o((, ) for all, & € E,T{ + TE.
Example 3.5. Let ¢(§) =770 =0 \where ® satisfy (my).(m3)and

the contractive condition (1) for the ®_contraction T, the following
condition holds [5]

o(T{,TE) < ana({, &) for all {,& € E,T{ + TE.

4
=X 7>0
Example 3.6. Let () {+1 ¢

the contractive condition (1) for the B-contraction

o(¢,8), ¥, § € E,\T¢ # TS,

"Then @ satisfy (m).(Mm3)and
T is reduces to [5]
(o (T{TE+1)
cIOT) = enm

Remark 3.7. We observe that in the above examples, the contraction

condition remains satisfied even if [5] T¢=T¢V{S€EE

Remark 3.8. From the condition ™1 and the definition of B-

T B

contraction *, one can easily conclude that, that every <-
T

contraction ° is a contraction mapping [5], i.e.

o(T,TE) < Aa((,§) for all {,& € E,T{ + T, 4 € (0,1).

T

Thus every B-contraction ¢ is continuous mapping.

Remark 3.9. Let #1 and #2 be two mappings satisfyingtmll[mﬂ].
121 ($) = @2(Ofor all = Oand mapping G=¢;—® is non-

decreasing then every P1 -contraction T is P2- contraction [5]. Form,
remark (3.8), we have

G(o(T{,T)) < aG(o(d,$)) for all{,{ €E,T{ + T¢.
Thus
qb: (J(T'ﬁr Tf]j = ¢1 [J[TCV:T{]] + G(J(TQT{])

< a{p,(o({,€)) + G(a({,€)))
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< agp,(a({,8), for all{, € E, T # TE.

Theorem 3.10. Let (£:9) be a complete partial metric space and let

T:E—=FE pe 2 B

self-map -contraction. Then T has unique fixed

poin’cgé € E guch that 9(¢¢") =0
Proof: Let S0 be an arbitrary point in E Define a sequence {Cnlnen
such that

€J!+1 = an_,]‘l = 0,1,2, ven (2)

If there exist " €N such that 7(6wT%) =00 then proof is
complete. So suppose that

0< ﬂ["furT{uj = H(Tf,,_l, T(,:] for all n € H. (3)

neEM

For any , we have

qb (r_',r (an—lf an)) = a‘ﬁ[a[{n—l! 57::)]'

After repeating the same process, we have

‘i’(J(T{n—lJT(J:]j E fx”qﬁ(ﬂ'({w ':J_]] =0 asn— CD'

@
Which together with (m, ], provide
liI]'l ¢EGET€:2—1’ Tfujj =0
li . T =0
ie. nl—I*]ﬂ‘-lﬂJ({” &) . ®)

Now, claim that {Calnen is a Cauchy sequence. Contrary, suppose

that there exist € = 0 and the sequences {nli=1 and $5adn=1 of
natural numbers such that

n,>s,>mn 0, .0, )ze o(l, ,{ )<e VnEN 6)
thus
e<o(( )< .4 J+a@, . )—a(, .3 )

= U((;hr "7;".‘1—'_) + Cr[:(?'n—'_’ "75-‘1)
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= ﬂ(’:rn_-_’ Tr”?‘n—;) Te

By using (4) and the above inequality, we get

lima({, ,{, ) =€

Therefore, from (5), there exists ™ € N such that
a[{,.m,T(,.m) < g and ‘T@fm’wﬂm) < E’ Ym = n.

Further, we shall prove that

(T4, 70, ) = oS,

Tm+1’ j"r1+

) =0, ‘v'm}n(g)

For this, suppose that there exists P = P = Tsych that

Ty Sopus) =0 (10)
using (6), (8), and (10), we have
<00 <000, )+ 0, )~ 0l 8 )

<08, )+ 0@, 0 ) F 0,0

~0(ry G )~ 0y )

< a(f,,p,z"c,.p) +0(3,, 00, )T 0, TE)
= 3 +0+ 3 _?

It is a contradiction, so (9) is true. Therefore

@b (a[Tx,,m,szm )) =< ag (J[x,,m,xsm))- (11)

By [mﬂ), (7) and (11), we get
¢(€) < ag(e).

It is a contraction, shows that the sequence {Calnew is a Cauchy

sequence and by the completeness of (E:9), the sequence {Cnlnen

*
is convergent to some point ("EE , and
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ﬂ'[T{%,{sj = li_]f']'lﬂ(T{u’{nj
J}l_rl}u o [:{:lz+1! {nj
= U'({%r(%j =0.

For uniqueness, suppose that there exists ¢(#¢") EE gych that
T({) = "37, therefore

o(T4¢T¢") = a(4.¢7) =0,

then
¢(c(¢.¢7)) =@ (a(T{TC")) = agp(a({.{7)),
which is a contradiction. Hence the fixed point is unique.
Theorem 3.11. Let (E:9) be a complete partial metric space and

f19:E 2 E pe o pair of two self maps of B-contraction, such that
for all G{EE , we have

a(f4.9$)) = 0= ¢(a(f{.g%)) = a(a(C(,$)))
(12)

where,

a({.gf)+e(drd)
€(G.§) = max{0(§,8), ¢ (¢, )0 (4, g), TLEEEIDY
then there's a unique fixed point that both f and g have in common.

Proof: Let 50 € £ be any arbitrary point and define a sequence
{$al € E, for all ™ € N sych that Cas1 = fﬁ’n and Sn+2 = 9%as1 for

n=012...
Let @ (Sns1:ns2) = 00 for a1l 7 € MU {0} ith $ast # Casz. Thus
from equation (12), we have
P(0($na1s Cne2)) = @(0(f G 96041)) = an(T(4,¢n41))
= agp(max{o({,,{ns+1):0(Cn £ 0(Cnsrr 9C041)

E’T({n’g{n+1] + g[<u+1’f{u]
. )
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= ﬂ:(,f} (nlax{ﬂ[:(m <J!+ 1)1 Cl'[fn, <:z+1)1 r:’r[';’:lHlJ' <J!+:]-'

ﬂ-((u’ l37:lz+ Ej + J(<:z+ 1r l37:lz+1j
. )

= a¢p(max{c({,,{,+1) 0({ps1, Cnsa ks :7'ansc*n+-_}+;7'Z-?n+-_s5.~1+:}}j
- a¢(nlax{ﬂ(<u! <:z+ 1]! J((:Hl! <:z+2)}) .

Suppose that mﬂx{ﬂ({w‘:uﬂjrﬂ(<=z+1r€u+:]}:ﬂ(':uﬂr{m:j,
Then

qb (ﬂ (57:':+11' '::lz+2 ]] = ﬂ!:f) (J(<J!+1’ (J!+:]]-’

which is not possible. So
I]‘LEIX{CI' (an 'f;;u; +l]1 ﬂ(<:z+11 <J!+: ]} =g ['::lzi' {n +1)l thus we can write

qb[ﬂ(<n+1’ (n+2)) E a¢[ﬂ(<?z’ (?z+1))! fﬂ]"' ﬂ’“ nelN U {l:l}
(13)

After repeating same process, we have

¢ [J[<J:!€Jz+1]] = a?!¢ [ﬂ{ql}l ql]]
(14)

—+ 0 asn—= © which together with (z), provide

;}i—rr]c}uﬂ-({nl l;-'n+1:] = 0. (15)

Now, claim that {$n}nen is a Cauchy sequence. Contrary, suppose

that there exist € = 0 and the sequences {nln=1 and {5adn=1 of
natural numbers such that

r> s, >, 006, .8.) 26 (G, 5,) <€ VNEN
(16)
Thus

€< 0000 0) S0 6 )+ 0 G0) =06 )
= ’j((?‘n’ ';7:",1—-_) + ﬂ'[:'f,.n___; 65-‘1)
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=o((, ¢ )teso({, .{. )te
By using (15) and the above inequality, we get
lima({, ,{, ) =€

Therefore, from (15), there exists * € N such that
o(¢, ) <3 = and o(, ¢ )< g, Vmz=n

"n+

Further, we shall prove that

o(f4r, 9%s,) = 0 (G,

"m+y” 3*r1+

) =0, Vim = n.
(19)

For this suppose that, there exists P = P = 1 sych that
TCrpasrbopn) = 0 (20)

using (16), (18) and (20), we have

€< ﬂ((,,p,f p] = cr((,,p,(,

L T
o+1

)+ o€,

’p+'_’< pj - ﬂ(q"pr_’ q"p+'_j
<0(¢,6, )+ 0, 00 )+ 0G5

0y, 0 )~ (0 )
< a(c,.pc,.p+._1 oG, 8 )06 0 )
2
<Z4+0+5==
2 3 3
It is contradiction, so (19) is true. Therefore
O(o(fx,, 0%, )) = ad(o(x, .x; ))
(21)
By ("3), (18) and (20), we get
¢(e) = ag(e).
It is a contraction, shows that the sequence {Calnew is a Cauchy
sequence, and by the completeness of (E,0), sequence {Culnen is
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convergent to some point ¢"€E It follows that Sn+1 ~ ¢ and
Catz 7 $"as ™ — . Hence by the continuity of & it is implies that

£ _ 1 1 —_n — T — A — A7
q - hmu o0 cu - hmn 00 <u+1 - hmu —+o0 <u+3 - llmu —rmgqaﬁl - gllmu 00 <n+1 - gf
Hence from 12, we have

¢(a(¢"f¢7)) = @(a(f{"9¢") = adp(C({.07)) = ad(a(¢"¢M)),
implies that a(¢%fE) =0 and by (P1)and (Pz), we obtain that
¢" =< Thus ¢ = 99" = ¢ Hence (£ 9) has a common fixed
point ("EE Suppose that there exists ¢ €E guch that ¢ #¢ and

¢ = 8¢, From the contractive condition (12), we have

¢(o(f{799)) = ag(C({.4)),

where

€(¢",9) = max{a({",0), 0§, £3), (3, g9), L=y

= max{o({",0), 0(3, ), 0 (§",¢ ), 2Ly

= max{ﬂ[f*,f],—ﬂa f}jmﬁf }}

=a(¢%4).
Thus, we have P(a(f{"99)) = ad(a({".{)) and we obtain that
a(¢%¢) < o(f{"a9), which is a contradiction. Hence & = ¢ and

isa unique common fixed point of (f.9).
4. Conclusion

The objective of this work is to study B-types of contraction
mappings in the settings of partial metric space and establish fixed
point results. As a result, a fixed point theorem has been
established for a pair of B-type contraction mappings with a unique
common fixed point. The study's main findings, in particular,
expand and extend a fixed point theorem first proposed by
Bijender in 2021. We hope that the findings investigated in this
paper provide an important and technically sound contribution to
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the field and will be useful to researchers for further promotion and
enhancement of their theoretical work in the field of partial metric
spaces. For the purpose of future scope, some further
generalization can be made through B-contraction in the setting of
partial metric spaces, metric spaces, metric-like spaces.
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