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Abstract
Recently, in 2021, Bijender et al. proposed the

establishment of E-contraction. Such contraction is a
genuine generalisation of the standard contraction in the
study of metric fixed point theory. The aim of the present
study is the establishment of the novel concept of the

fuzzy E-type contraction in the settings of fuzzy metric
space, and such contractions are also used to establish a
few fixed point theorems.
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1. Introduction and Preliminaries

Zadeh [1] proposed the notion of fuzzy sets in 1965 as a novel
means of representing ambiguity in regular activities. Following
Zadeh's ground-breaking discovery, there has been a concerted
attempt to find fuzzy equivalents of classical ideas. Fuzzy topology,
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among other subjects, is experiencing steady growth. Obtaining an
acceptable idea of fuzzy metric space is one of the most difficult
challenges in fuzzy topology. Several authors have looked into this
issue from various perspectives. George and Veeramani [2], in
particular have developed and investigated the concept of fuzzy
metric space.

Menger first proposed the notion of a statistical measure in 1951.
Kramosil and Michalek proposed the concept of a fuzzy metric
based on the concept of a statistical metric. We term it a KM-fuzzy
metric here. Although a KM-fuzzy metric is similar to a statistical
metric in some ways, its definitions and meanings are
fundamentally different. The initial notion of a KM-fuzzy metric
was somewhat changed by George and Veeramani in 1994, and we
name this variation the GV-fuzzy metric. Many natural instances of
fuzzy measurements are now possible with this update, especially
fuzzy metrics derived from metrics.

Recently Bijender et al. introduced the concept of B-contraction and
proved fixed point theorems, which provide a new generalization
of the Banach contraction principle in a different way than in the
known results from the existing literature. In this article, we

introduced a new notion of fuzzy B-contraction and established
some fixed-point theorems in complete fuzzy metric spaces.

2. Preliminaries
Definition 2.1 [6]A continuous t-norm is a binary operation

®:[0,1]* — [0,1], if the following axioms are satisfied:

1. (® satisfy the associative and commutative properties;
2. (¥ satisfy the continuity;

3. a®@Hl=al=a=1

4, a@®E=y®dJ5 whenever a =y and F=4, for every

0= a, ff,y.0 =1,
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these are some common examples of continuous £-norms:
1. a®, f =min{af};

—_ ak .
2. a®, 8 = m——m—ryy for0<i<1;

3. a@3 B =af;

4. ¢ @sf =max{e+ f—1,0%L

Definition 2.2 [2] ConsiderE be a non-empty set, (¥)is a continuous
t-norm, and W is a fuzzy set on E® x [0,00), then the triplate

(E,W,®)is called a fuzzy metric space if for eachg,#,z € E the
aforementioned requirements are met:

1. Wig8,t) >0,

2. Wigdt)h=1=c¢c=9,

3. Wigd,t)=W(8,38,1t),

4. Wic0,t) *» W(y,z,5) = W(J,zt +5),

5. Wi(g #,.): (0, 0) — [0,1] satisfy the continuity axiom.

Let (E,W,®) be a fuzzy metric space. For t = 0, the open ball
B(c,r,t) with centre ¢ € E and a radius 0 < r =X 1 is defined by

B(grt)={F € E:W(gd,t) > 1-r]}
Example 2.3 [7] LetE = R, denotea () b = abfor alla, b £ [0,1]. For

eacht € (0,02}, define

W(g9,t) =——,
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for all ¢, € E, then it is easy to see that (E,W,(®) is a fuzzy metric
space.

Example 2.4 [7]Let(E,d)be a metric space andwbe an increasing
and continuous function from R into(0,1)such

thatlim,,_...@(t) = 1, for these some common functions

1. w(g) = -;'Tgl

- . e TR
2. w(¢) = sm{_:gﬂ}

3. wig)=1—e"F

4 w(c)=er,
assume a () f = aff,Va, S € [0,1] and each t € (0,20), define
Wi 8,t) = [@(t)]e?),

for all ¢, ¥ € E, then triplate (E, W,(®)) is called fuzzy metric space.

Definition 2.5 [2]Assume that the triplate (E,I¥,®) be a fuzzy
metric space,

1. The sequence f{¢,}EE converges to a point ¢£E if
lim, _..Wic,,c.t) = 1vt = 0;

2. Ifforeach0 < e < landt = 1, Ing € N such that

W (g, ¢m, t) = 1 — € for each n,m = n,, then the sequence {¢,} in

E is a Cauchy sequence;

3. If every Cauchy sequence is convergent in set E then triplate

(E,W,®) called complete fuzzy metric space.
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Lemma 2.6 [7] For all ¢, € E, W(g, &,.) is nondecreasing function.

Definition 2.7 [7]Assume that the triplate (E,W,®) is a fuzzy

metric space theniWis continuous onE? x (0, co)if

limWic,,8,.t,) = Wic? t),

M=o

whenever {{c,,,%,,,t,)}is a sequence in E* x {0, c0), that is
limWic,,c,t) = limW(&,,8,t) =1

m—oa n—oo

limWic,#,t,) = limW(c,8,1t).
m—rog

n—oa

2. Main Results
First and foremost, in the best interests of the reader, we recollect
the definition from [5] as follows:

Definition 3.1 [5] Let B be the collection of

mappingsg: BT = Rholds the following axioms:

1. for all a,b ERT such that a < bg¢la) < ¢(bli.e. strictly
increasing;

2. lim,ea, =0 & if lim,_...¢(a,) = 0; where {a, },=x is sequence
of positive numbers;

3. @ is continuous on (0, ca).

Let (E,d) be a metric space. A self-map f: E — E is said to be an B-

contraction if there exists & € (0,1) such that

3.1)
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Here, we introduce the concept of fuzzy B-contraction and prove
several fixed-point theorems in fuzzy metric spaces.

Definition 3.2 Assume that the triplate (E,W,(®)is a fuzzy metric
space and takeg € B then the self-mapf: E — Eis said to be a
fuzzyB-contraction if3A € (0,1) such that

(W (fe.f8,t)) = Ap(W (¢, 8,t))

where ¢,# EE.

Theorem 3.3 Consider that the triplate (E,I¥,(¥)) be an W-complete
fuzzy metric space and a self-map f: E — E, then suppose that
¢: R* = R* a function satisfies the properties (M-1),(M-2) and (M-

3). Furthermore, let A € (0,1). If for any t =0, f satisfies the
following condition

¢(W(fq, f6,1)) = Ap(W(c,d,t))  (3.2)
where ¢, ¥ € E and ¢ # &, then f possesses a unique fixed point.

Proof: Let ¢y in E be an arbitrary point and fixed. The sequence

'["::'z }:-zEH SatiSfy
Cn#+l = f":':'un =012,..., (33)

if there exists n € N such that W(g,, fc.t) =1, then proof is
complete.

So suppose that
0<Wig, fct) =W(f¢u—1.fCunt) <1 for alln €N. (3.4)

For any n £ N, we have

qb{:l"v{fgu—li Fas t}} = ag {:H'J{:"?u -1 Sn t}}
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After repeating same process, we have

S(W(Fen-1,fsn D) = a"¢(Wiso. feo ). (35)
— 0 asn — oo. Which together with (M-2), provide
Lim(W(fgn-1, ¢, t)) = 0
ie.
UMW (f Gn1, f ) = 1. (3.6)

Now, claim that {¢,,},cx is satisfy the W-Cauchy sequence axioms.

Assume that 3¢ =0 and the sequences {r,},=;, and {s,} =, of
natural numbers such that

Tn = Sn =1, I'V{';:"q’ ';3;11 t} =1- £, M{:g?‘n—;‘ ';:5'.'1—'_J t} =1-
€, H‘J{:gsn_g G t} =1l-¢
(3.7)

Wn € N U{0}. Thus

. . t - 17
l-e= H“;{.g?w Cape t} = H“I{.":;-h_-_J ';':11-1:;} ® I"F{."::'w Cap E} =
3 t '
H‘J{.';:lh_ 2t S E} ® (1- E}

By using (3.6) and the above inequality, we get

W (G Gs, t) =1 — €, for every t. (3.8)

Moreover from (3.2)

t;b{:I-'V{:l;',h, Cane t}} = “lqb{:l’v{:gm_g Cope t}} < T"F{:":;";-l_-_-' Cap_y t}
Therefore, from (3.7)

1—e=2W(gn.Copnt) < W(g,, .0 E)>1—E.
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It is a contraction, shows that the sequence {¢, },=x is a W-Cauchy
sequence in W-complete fuzzy metric space (E,IW,®). Thus, we
observe that 3¢ £ E satisfying lim,,_...¢,, = ¢. Further, we will prove

that ¢ fixed point of

W(fs ¢ t) = lmW(fcy, )
= J{EEW'[:Q:HL Cnr t)

=1

For uniqueness, suppose that there exists #{# ¢) € E such that

F(#) =48, therefore

0 <Wi(feg, f8,t)=M(g8,t) <1,
then

¢(W (s, 9, ) = p(W(fs 8, 1)) = agp(W(s, 3, 1)),
which is a contradiction, hence fixed point is unique.

Theorem 3.4 Let (E,W,®) be an W-complete fuzzy metric space

and f:E = E be a self-map on E and assume that ¢:R* = R* a
function satisfies the properties (M-1), (M-2) and (M-3).

Furthermore, let 4 € (0,1). If for any t = 0, f meets the following
condition

“Wiefo, t) < Wi 8,0) = d(W(fe, £8,0)) = ap(W(g 8,), (3.9)
where ¢,# € E and ¢ # &, then f has a unique fixed point.

Proof: Let ¢; £ E and define a sequence {¢,},=, by

Phe1 = o, n=012,.. (3.10)
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If there exists n € N such that W(g,, fc,,t) =1, then proof is
complete. So, suppose that 0 << W (¢, f¢,,t) < 1,¥n € N. Therefore

SW (G S ) < W(Ga fGut), VREN.  (3.11)

For any n £ N, we have

qb{:l"l‘f{fgn.u f:';;'y t}} = ﬂ"?b'{:n‘;{:gmfgw t}l] Le. ¢'{:L'F{:§?z+bf';u+l# t}}
= HQ&{:L'V{:Q,” e t]}i

by repeating this process, we get

qb{:l’v{:g:u f"::lzi t}} =a” qb{:M{:gDJngJ t} }J (312)

as 1 — oo we get, lim,_..@(Wi(c,, fc,, t)) = 0, which together (M-2)
gives

IimW(g,,fc,.t) =1 (3.13)

Now, claim that {¢,},ey is a Cauchy sequence. Contrary, suppose

that there exist € = 0 and the sequences {r;},=; and {s,} =, of
natural numbers such that

=5, >n, Wig,,¢..t) =1—¢ Wig, ¢, .t)=>1-
e Wics, ,1Cut) =1—¢
(3.14)

wn € N U{0}. Thus

: : ( : t
1= €2 WG Gopt) Z WG 6rr5) @ WGy 65, 5)
: t :
= H‘I{.';:lh_-_i gahii} ® (1- E}
By using (3.5) and the above inequality, we get

limWi(g,. ,¢;..t) =1 —¢ for every t.
(3.15)
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Moreover from (3.1)

‘?b{:l"l‘f{:gm: Cane t}} = ‘1‘?5{:1"1’;{:":?‘;1_-_: Copey t}} < H‘;{:gm_g Copoy t}
Therefore, from (3.6)

1—e=W(gn,Copnt) <W(gp 0, E)=1—k.

It is a contraction, shows that the sequence {¢, },=x is a W-Cauchy
sequence in W-complete fuzzy metric space (E,W,®). Thus, we

observe that 3¢ £ E satisfying lim,,...¢,, = ¢, i.e.

IimWife,fe.t)=1

therefore
1= JEHELVUEQW f'-:: t} = ?{EEI:V{:':?!-I'lJ f':: t] = LV{I.’_', f"?! t]'

For uniqueness, let us suppose that #{#¢)EE such that
fe=c=d =79,

So, we have % =1 Wi(c, fo.t) < W{c,#,t) and from the definition we

-

obtain

¢(W (s, 8, 1)) = (W (fe, 5, t) = ap(W(c, 8, 1)),

which is a contradiction. Thus, the fixed point is unique.

4. Conclusion

The objective of this work is to study fuzzy B-types of contraction
and mappings in the settings of fuzzy metric space and establish
fixed point results. The study’s main findings, in particular, expand
and extend a fixed-point theorem first proposed by Bijender in
2021. We hope that the findings investigated in this paper provide
an important and technically sound contribution to the field and
will be wuseful to researchers for further promotion and
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enhancement of their theoretical work in the field of partial metric
spaces. For the purpose of future scope, some further

generalization can be made through B-contraction in the setting of
partial metric spaces, metric spaces, and metric-like spaces.
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