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Abstract

In this article, we have focused on the study of 5-
curvature of Randers-Matsumoto metric on a
homogeneous Finsler space. We have deduced the
condition for an isometry of Finsler homogeneous space
with Randers-Matsumoto metric to be an isometry of
Riemannian homogeneous space and proved that the
group of isometries of Finsler space are closed subgroups
of that of Riemannian space. We have examined the
existence of an invariant vector field. Further, we have

derived the formula for 5-curvature on the reductive
homogeneous space, discussed the condition for isotropic

S-curvature, and derived the E-curvature of the Randers-

Matsumoto metric for the homogenous space by using 5-
curvature formula.
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1. Introduction
To solve variational problems in the spaces, P. Finsler proposed
Finsler geometry in 1918. Matsumoto first presented the idea of

Finsler spaces with (g, §)-metric [12]. There are several applications
of it in mathematics, physics, mechanics, seismology, biology, and

ecology [1, 18, 23]. Matsumoto proposed (a, £)-metric of the form

: - . - - .
L= :_ > o= ‘Jlaij{p}r}f:}-’, and § = b;(u)n’, is said to be slope of a
mountain metric as well as Matsumoto metric [14]. With the use of
this metric, Finsler geometry has been enhanced, and researchers

have a useful working tool [18, 24]. Randers change of Finsler

metricis  defined by  L{u,n) = Flu,n) = L{g,n) + b (pn*.
Matsumoto advanced the notion of a Randers change, and
Hashiguchi and Ichijyo [10] named it and Shibata studied it from a

detailed perspective [22]. An (&, f)-metric L{y, 1) = ﬁ + [ is said
tobe Randers-Matsumoto metric. The characteristics of a Finsler
space with the Randers-Matsumoto metric were recently discussed
by Nagaraja and Pradeep Kumar [15]. Matsumoto [13] presented
the theory of Finslerian hypersurface. The geometrical
characteristics of hypersurfaces in a few unique Finsler spaces have

been studied by Gupta and Pandey [8, 9].

In Finsler geometry, S-curvature is one of the important non-
Riemannian curvatures. The structure of 5-curvature was first

initiated by Shen [21]. S-curvature measures the rate of change of
volume form of Finsler space and is subtly related to flag curvature
of Finsler metrics. It has lots of applications in biology, physics,
mechanics, and the medical field. Recently so, many authors have

worked on this S-curvature [2, 7, 16, 19, 25, 26, 27]. In 2013,
Shaogiang Deng and Zhiguang Hu [5], who have discussed the
curvatures of homogeneous Randers space, positive flag curvature.
In 2017, Laurian-loan Piscoran and Vishnu Narayan Mishra [17]

investigated the S-curvature, Cartan and mean Cartan torsion,
Landsberg curvature, and studied the bounded Cartan torsion
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metrics classes; also obtained the if and only if condition for Finsler
metrics to be Riemannian or locally Minkowskian.

In this present article, we have considered the Randers-Matsumoto

metric F = ﬁ+ B to study the S-curvature on homogeneous

Finsler metric. This presents a new approach to analyse the
curvature properties of homogenous Finsler space using the
concept of change of metrics. The discussion of this article is

designed as below: In 1st portion, here we introduced S-curvature
in a brief way and defined some basic definitions related to the
article. In section 2, the existence of an invariant vector field is
proved by some theorems and lemmas. Finally, in part 3 and 4, in

homogeneous Finsler spaces, the S-curvature and E-curvature
formula for can be found using the Randers-Matsumoto metric.
Definition 1.1. [17] Let M be an n-dimensional smooth manifold,
F:TM — [0, +o=) be a non-negative function on the tangent bundle.
F is known as Finsler metric on M if it satisfies the following
conditions:

(1) Flg, An) = AF(,n), ¥ A = 0 (Positively homogeneous),

(2) F{u, 1) is smooth on TMy = TM\{0},

(3) For any non-zero vector 7, the Hessian matrix

1 8%F%

‘gii{#l ?‘j'} - 2 antani’

is positive definite.

A differentiable manifold M equipped with a Finsler metric F is
called a Finsler manifold or Finsler space denoted by (M, F).

We look back on the lemma, is proved by Shen [20], which is:

Lemma 1.1. For a Riemannian metric &« and 1-form § with

IBlla < by, let F=agls)s =:—f, ¢ is smooth on an interval
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(—bg, bg). Then F is a Finsler metric if and only if ¢ satisfies:
(b2 —s2)gp"(s)— s@'(s)+ ¢(s) = 0,¢(5) =0, Vls| = b < b,
Definition 1.2. A smooth manifold & together with an abstract
group structure is defined to be a Lie group if the mapping
(u,m) = pn~* from G x G = G is C=. For a Lie group G on M, a C*=
manifold, if there exists a €* mapping v:G x M - M which
satisfies,

(1) v(e, i) = u, where e, the identity of G, ¥V 1 € G,

() v(g1,v(g2,0)) = v(g192,1),¥ p € M and Vgy, g, €G,

then G is said to act smoothly on M and G as the group of Lie

transformations of M.

Theorem 1.1. [4] Let &+ be a Lie group, H be a closed subgroup of G,
G /H be the space of left cosets gH with natural topology. Then

G /H has a unique analytic structure with the property that & is a
Lie transformation group of G /H.

Definition 1.3. [11] A connected Finsler space (M, F) and the group
of isometries of (M,F) is I{M,F), and is a Lie, transformation
group. If I{M,F) acts transitively on M, then (M,F) is known as
homogeneous Finsler space.

A Finsler space (M,F), G = I{M,F) be the group of isometries of M.
Let a EM. Then the isotropy subgroup H =I,(M,F) of G is a
subgroup of G, it is closed as well as compact. We write M as the
quotient space G /H.

Definition 1.4. For the Lie group G with g as its Lie algebra and its
identity element bee, the map exp:g — G is characterized by
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exp(tY) = v(t),¥ t €R, where v:R = G is defined as unique one-

parameter subgroup of G and 7(0) = Y.

In a homogeneous reductive manifold, at the origin eH = H, we can

recognise the tangent space Ty (G/H) of G/H with m through the
map,

) i
¥ = Eexp'[_t}’]hrlr:m Yem,

since 7 /H is recognised as M and for any Lie group that contains

Lie algebra & described as T, .

2. An invariant vector field on homogeneous Finsler space
It is shown here that there is an invariant vector field associated

with g for the homogeneous Finsler space with (&, f)-metric

R.:

F= 2 + [3. For that, we are in need of the following lemmas:

o —

Lemma 2.1. A Riemannian space (M,a) and § = b;n* be a 1-form,
with ||B]| = v/ b;b* < 1. On M, corresponding to §, 3 a smooth vector
field & with fx'[cf | H} < 1,¥ p € M such that the metric F of a Finsler

space (M, F) can be described through a along with £ as

a(n)

Flpn) = o) —(E )

+ (&t HEM, nET,M,  (21)

where the inner product () is extracted from the Riemannian
metric .
Proof. We know that an inner product constrains a Riemannian

metric to T,M for some p € M. Therefore, the bilinear form

(u, v) = a;;u't’, Yu, v € T,M is an inner product on T,M for u € M,
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and this induces the inner product on T,; M, the co-tangent space of
M at p which gives us (du;,dp ;) = a”. With the existence of linear
isomorphism between T;M and T, M, the inner product is defined.
This follows that a smooth vector field & corresponds to the 1-form
f on M and is given by &|, = b"ai“[, where b = a'’b;. Now, for

n € T,M, we have

. d
(&) = {bia—yiﬁ'ﬁ' —}_ bina;; = by = Bn).
Also, we have a*(u,n) = a;n'n,

= a?(&],) = a;bb7 = ||

equivalent to e( | #} <1 [

Lemma 2.2. A Finsler space (M,F) with (&, f)-metric F = ﬁ + 8.
Let @ be an isometry of (M,F). Then ¢ is an isometry of (M,a) if
and only if (£],.n) = {flw(“pdfp#(?}}}.

Proof. Let weM and @:(M,F)—=(MF) be an isometry.
Consequently,

F(un) = F (o), de, (), ¥n €T,M. (2.2)
By the Lemma 2.1, we get

a*(p,n)
alpn) —(&l,.7

}+{‘f|w”}

a” |.rtP #},dm'u}}

HEl - do, (). (2.3)

thp (el |- ¥l giurdeylnl)

Replacing 1 by —7 in equation (2.3), we get
18



Desai, Narasimhamurthy & Raghavendra The study of S-Curvature...

Bl )
a )+l .n) {fln'-*’n}

_ ﬂ‘:"[fp':#}.-dfﬁ:':’i'}} _
a(p (W ey )+ E g odey )

Adding the equations (2.3) and (2.4),

(€loq do, (). (24)

R COP)
wn) =~ €l a? (G0, de, () — (¢let0.d0, M)

a () — a? (fﬂ‘:ﬂ};dfﬂg{ﬂ])

o (@), dp, ()
_ @) — €l —a? (o), do, () + €l o0, Ao (DY
B o* (@), de, ) = (¢l o0 deu (D) |

If alw,n) = ﬂ’({p me dqﬂ#{n}), then we have
{fl,w J’}}: = @fh.o(g}:tifﬂ“{?}}}:,
implies (€1 = (€l g de,On), (2.5)

and thus d@(¢1,) = £l
Now, subtracting (2.4) from (2.3),

a® (&l ,.n)
—— +{&l,.m
a® () — (&l,.m) (&L

_ a (‘P(“]* de, ["F]) (¢l de, (m)
(cx: (‘P[F]y de, [?.T]} - {'ﬂfp(#), de, [?;]}:)

Again, if (£],,1) = (£l pw.de, (), then

+ {{lrp':p!}! d‘Pg (17) }
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a?(u,n) _ o’ (fﬂi'.ul d%{:?ﬂ)
ﬂ’:{yﬁ?} _{flwn}: ol (@{#}Jd@#{n})_{flwn}ﬂj
Implies

& () a® (o), de, (n) — a® (wn) (¢l,.n)°
= &*(u,ma® (@(w),de, ) )—a® (e(u). de, ) ) (¢],.1)°,

thus a(p, 1) = a(e(w).de,(n)). (2.6)

Hence, we proved. n

Lemma 2.3. Let (M,F) be a Finsler space with F = ﬁ+ A. Let

I{M,F) be the group of isometries of (M,F) and I{M,a) be that of
Riemannian space (M,a). Then I{M,F) is a closed subgroup of

I(M, ) if and only if (£],,7) = (&| p(.de,. ().

Proof. Let I{M,F) be a closed subgroup of I{M,a). Thus, if ¢ is an

isometry of (M,F), @ is an isometry of (M,a). Then from the lemma

(2.2), we have (], m) = (&] g de, ().

On the other hand, suppose @ is an isometry of (M,F) and satisfies
(€]} = (&l g -de, (1)), then from lemma (2.2) @ is an isometry of
(M, ). Thus I{M,F) is a closed subgroup of I{M, a).

Hence the proof. ]

From the above Lemma, we determine that for the metric

F = H—dg + g if (M, F) is a homogeneous Finsler space, then (M, a) is
—

homogeneous.

Therefore, a Finsler homogeneous space with the Randers-
Matsumoto metric can be stated as a connected Lie group’s coset
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space with metric F. Considering the metric F =%+ﬁ’ as G-
a—

invariant on M.

Theorem 2.1. Let F = ﬁ + & be a GG-invariant Randers-Matsumoto

metric on G/H, £ be a corresponding vector field to . Then « is a

G-invariant if and only if £ is also G-invariant.
Proof. As F is a G-invariant on G /H,

F(n) = F(Ad(h)n),Yh € H,n Em.

By the Lemma 2.1, we get

e (Ad(R)n)
el dd(Rin)—(EAd(R)n)

a”ln)
alnl—{&n)

+ &=

Replacing v by —# in equation (2.7), we get

:rEI:Ad':h}:';l}
aldd(RIn)+(EAd{n)n)

a(n)

alnl+{En) B {EJ ?’]'} -
Adding the equations (2.7) and (2.8), implies that

) a*(Ad() ()
a2 —&m?  a2(Ad() () — (&, Ad(R) ()

a®(n)—a®(£4d(R) () _ o (un)—(En)*—a® (£ad (R)(n) ) +HE4d(R) ()*
af(ad(n)(m)) a®(ad(r)(n)) - (£.4d(R)(n))* '

If a(n) = a(Ad(h)(n)), then

(£,1)2 = (&, Ad(h) (),

implies (£,1) = (&, Ad(h) (1))

Now, subtracting equation (2.8) from equation (2.7), we get

+ (£, Ad (R)n).

(2.7)

(2.8)

(2.9)
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a*(Ad(k)(n) ) (£.4d(R)(n))
a®(Ad(R) () |- (£.Ad(R) ()2

a(nlEn)
a(n)—{&n)®

+H{&n) = + (£, Ad(h) (n)).

Again, if (£,n) = (£,Ad(h) (n)), then

a®(n) a*(fad(r)in))
a2 (n)—(En)E  af(Ead(r)(m))—(En)=’

implies
a?(n)a?(g, Ad(R)(n) ) — a2 (E, n)?

= a*(n)a?(, Ad(r) () — *(& Ad(R) () n)?,
thus a(n) = (& Ad(R)(n)). (2.10)
Therefore, @ is a G-invariant Riemannian metric if and only if
Ad(h)& = &. »
3. S-curvature of Randers-Matsumoto metric

Now, we derive the equation of S-curvature of F = % + f for the
—

Finsler space . Assume that F is a Minkowski norm on V and V, an
n-dimensional real space with @; as basis. Let Vol{E) be the volume

of B © R™, and B™ be the open unit ball. The distortion 7 = 7{n) is
defined as

aet(g;j(m)
(n) =In # ,n €V —{0},
F

Vol (B™)
Vol {I n [:| ERM : F 7t :r[jl < 1}

where, g7 = is the distortion of (V, F).

For a Finsler space (M, F), distortion of Minkowski norm E, on T, M

ist =7{u,n), u EM. Let ¥ be a geodesic with y(0) =y, y(0) =1,
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where n € T, M, then along the geodesic y, the rate of change of

distortion defines the S-curvature, denoted as S{y, 1), i.e.,
. d o
S = E{T{}f{.tl }f{.t}}}lr:u-

Here, S{u,n) is illustrated as 1(p)-homogeneous function, i.e., for
A =0, we have S(g, An) = A5(y, n).

A Finsler space’s S-curvature is interconnected to a volume form.
The Busemann-Hausdorff (dVgy = ogg{p)du) and the Holmes-

Thompson (dVyr = ogr(p)dp) volume forms are significant

volume forms in Finsler geometry:
Vol(B") 1
e (1) = (@’ and o () = 55 (8") "rA der[gf}')d?'?

respectively,

where, A= {{nf:} ER™: F(p,n"a%[) < l}. If we consider

Riemannian metric instead of Finsler metric F, then dVy and dVgy
are reduced to single Riemannian volume  form

.
AVyr = dVgy = \‘Ildet (gi- il p}) dp.  Subsequently, the function

T(s) = ¢ — 59" )" 2{(b2 —52)p" — 59" + ¢}, dV = dVigy (or dVyr )
is given by dV = f(b)dl,

where
_]? sin" 2tdt .
© sinn 2t if dV = dVgy
by = 10 Glocosr X

T
(sin® 2 )T (b cost)dt

Jo - ,if dV = dVyyp

fﬂ sin™"? tdt

| . . .
and dV, = ~.J| det{ai}-}d_u is the Riemannian volume form of .

In a local coordinate system, the S-curvature formula was given by
Cheng and Shen [3] and is written as:
23
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)
s=(2v- iflz})[ru—ksuj = (1p — 2aQs,), (3.1)
where
-, sy v @
Q—¢_ﬂ¢” A=1+sQ+ (b -s9Q, v=—,

T = %[bfli + b}-li), r; = bir” Ty = r'i-'.rf’ Tho = ri:'?l'i?f"
®=(sQ'—Q)(na+1+5sQ)— (b —s)(1+s0)Q",

1 — o
Sij _;[bil_;l' _;llz) Sij 0 Sp T 5.

It is commonly known that ry + 55 = 0 if b, the Riemannian length,
is constant.
Hence,

&
5= 2 ﬂq{']‘g.g. ZEIQSD}.

Theorem 3.1. [6] Let F = ag¢(s) be a G-invariant (e, §)-metric on the
reductive homogeneous manifold & /H with g = h + m. Then the

S-curvature formula for F is of the form

SHN) = — {[v,7] ) + a@{[v,7] m v)), (3.2)

where v € m corresponds to the 1-form ff and on G /H, m is verified

ﬂd.l

with the tangent space Ty (G /H) at the origin H.

Now, with metric F = % + /3, we invent a formula for 5-curvature
—

of homogeneous Finsler spaces:
Theorem 3.2. Consider G/H as a reductive homogeneous Finsler

space with Lie algebra decomposition g = h +m, and F = ﬁ +B

be a G-invariant Randers-Matsumoto metric on &/H, then 5-
curvature is written as,
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6: —(9n+15) 5" +(66 n+27n+21)5" (166" n 4106  +14n+14) =
S(H ) = — — . +4b " nt 106" +2n+2
(H.n) AT —z— 1223z 4102

X (S22, ) + 2 ([0l ). (3.3)

1-2z
where v € m corresponds to the 1-form £ and on G /H, m is verified
with the tangent space Ty, (G /H) at the origin H.

Proof. For a metric F =a¢(s), where o(s) :ﬁ + 5, the

components of equation (3.1) have the following values:

_—s*+2s-2  —2s+2s+2 10
- 25 —1 ! - {25_1}: ! - {:25_1}3.1
g Pms—D@b2-35+1)
- (2s—1)° !
(s2-s-1) 65‘1'—3'[3n+5}53+3{:2nh2+9n+?:l52—({16n+10}1}2)
b — T +14(n +1))s+(4n+10)b2+2(n+1)

(2s-1)*
When these values are substituted in equation (3.2), we obtain a
required S-curvature formula as shown in (3.3). [
Corollary 3.1. Let G/H be reductive homogeneous Finsler space
% + [ be a G-
invariant Randers-Matsumoto metric on G/H. Then (G/H, F) has

with Lie algebra decomposition g = h +m and F =

and isotropic S-curvature if and only if it has a vanishing 5-
curvature.

Proof.
Necessary condition:

Consider G/H has an isotropic  S-curvature, then
S(pn) =Mm+1)c(u)F(n).u €G/H.n € T,(G/H).
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Taking i = H and 1 = v and using equation (3.3), we get c(H) = 0.
Consequently, S(Hn)=0, VneETL(G/H). Since F is a

homogeneous metric, we have § =0 everywhere and sufficient
condition is obvious. L

4. Mean Berwald Curvature

The mean Berwald curvature [20], a quantity associated with 5-
curvature, is given by

1 a2 1 a° ac™
Ei;= 2anion Su,m) = 2oniom \an™ (2 m),

where G™ are spray coefficients. On TM\{0}, E = E;;du* & dn/ is
tensor, which is E tensor. A group of symmetric forms of E tensor

considered as Ep:T,MxT,M—R defined as

d

a
all L—u‘

E,(uv) = E;(mmuivi, where u=u — |H ET,M.

Then the collection {E,;,:;q ETM \{ﬂ}} is said to be E-curvature or

mean Berwald curvature.

With F = % + /3, we determine the mean Berwald curvature of a

—
homogeneous Finsler space in this section. For this, the following is

i

required: At the origin, a;; = &

i

therefore, n; = ay =8,/ =n', a,i = = Byi = by,

d (ba— sy
s5i j=——|———

n'n’ dnf o’
L[ W fBjE—sT;
r‘f"[bl?"—li = = J}:l;ll-—sa ]—lb a—sn;)2n;
= :r4 ,

- b+ bja;[]n+33 nin- :rzséj_-
ot

26
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In 5(H, 1), we are assuming

A
65— (9n +15)s +(6b*n +27n + 21)s% — (160°n + 1002 + 14n + 14)5 +4b%n+10b% +2n +2
B 2(s2—s5—1)(2b2 - 35 +1)2 '

then

d4 k155+k:54+k353+k45:+k53+k6
e — — — g -..l
an’ 20s?—s5—1)%(2p*—35+1)3 n

and
ﬂ‘:r’l _ 313?4‘ E:Sﬁ‘l‘ 3355+ E4S4+ 3553 + EE.S: + E?S"‘ EB
aninl (s2—s—1)3(2b2— 35+ 1)*
klsE + k:s4 + kasa + k4s: +kos+ kg
< = — S i j
2(s2 —s—1)%(2b2 — 35+ 1)3 .

SpiSpi

where,

ky = 24b% —27n — 15, k, = (18n — 66) b* + 153n + 129,
ky=—((126n + 78)b% + 216n + 228),

ky=20(n+1)b*+ (182n + 266)b> + 122n + 146,

ke =—(40(n + 1)b*+ (124n + 172)b* + 34n + 22),

ke =40(n+1)b*+ (28n — 8)b* + 4n + 4,

I, =72b%—81n —45,1, = 24b* + (54n — 300)b% + 675n + 573,
13=—(72b*+ (702n + 288)b* — 1566n — 1584),

l,= 240(n + 1)b* + (1860n + 2220)b> + 1815n + 1995,

ls= —(40(n + 1)b® + (780n + 660) b* + (2730n + 3420)b> +
1175n + 1145)

lg=120(n + 1)b® + 1440(n + 1)b* + (1890n + 1674)b* + 438n +
330
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l,=—(240(n + 1)b® + (990n + 972)b* + (432n + 90)b* + 75n +
129)

and lg= 120{n + 1)b% + (60n + 36)b* + (6n + 144)b% + 3n — 3.
Theorem 4.1. Let G/H be a reductive homogeneous Finsler space

with Lie algebra decomposition g=h+m, and a G-invariant

metric F = —+ B on G/H. Then for the homogeneous space

with F, the mean Berwald curvature is given by

1 828§ 1/ 8%y 8%y
Ejj=-—Fis=1x —+ ——,
2adntany!  2\dntdn!  ontonpd

=

—= and =
dntand dntand
respectively.

where are as in equation (4.1) and (4.2)

Proof. From equation S{H,7), S-curvature at the origin can be
expressed as follows:

S{H_, ir_i'} = d}l + '|.-"1,

where

A _(s—1)" +1

gbl:E{[u,}r]m,n} and v, = 1 —2s Alv, 1], v)

Therefore, mean Berwald curvature is

E. — 1 as 1 83y 8%y )
g g Bntani T2 antani = antanil’

8%,
.é‘_. and
antdnd E':';llﬂ

00 (4 )

- are calculated as follows:

where

an’ ﬂr}f
184 An,
= (E@_H__) [L n]mJ T]'} +— ({ v, j]m:ﬁ‘} + {[L’J ’T]mi L:'_J'})J
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¢, @ ((1 9A  An;

ani an}. - gf E @ - ?) {[ur?ﬂ m* TF:"

+ ﬂ(([u, u}-]m,?;r) +([v. 7] u}-}))

&

_(1 %A n;, 04 m; 0A A

- 34
——— % ——— =0 + —n7; nl_,
adn'dy afdy! afdnt a® + ad® ?F:?F}){[U M)

+ (522 ) (o, 0, e D [0, e )

e dnd
* &% a :;3”‘) ({[” ;] o 0 [ 1]y ”}'})
+2({wv] v + (wvlwrp). (4.1)

and

gv, @ [(s—1)%+1

—_— = —| ———A4{lv, _—
an anl( 125 Alw] L})
_({5—1}f+1aa 252 —25 -2

———...1‘1_. 2, ”‘”'J
1—2s ap (25— 1)2 5’?){[" Mo )

(s—1)*+1
13 Al

v, 9 [[(s—1)*+194
anion’  an' 1—2s oy
25— 252
_—‘q _I- r r
s —17 Ao ){[v N s 07}
(s —1)*+ 1 l
([v.v ,v}
1 — 2=
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_[(s—1)*+ 1 34 2s°—-25-2 94
B 1—2s dnion (25 —1)° *n' on!

2s°—2s—2 94 104 _
@s-1)7 "oy (s-1F "
25°—25—2
(2s —1)° ..51.5'”1'.5'”_.") ([on]ms v)
(s—1)*4+194 2s*—2s5-2
( 1—2s an B (25 —1)2 AS,,J‘ (v, v]mv)

(s—1)*+194 2s°—2s5—2
1—2s ody (2s—1)°

substituting (4.1) and (4.2) in E;;, we get the formula E;;(H,7). m

5. Conclusion:
In this paper, we have obtained the exact formula of S-curvature
for the (a,f8)-metric of a Finsler homogeneous space with

vanishing S-curvature, we proved the existence of invariant vector
field and derived the mean Berwald curvature of Randers-

Matsumoto metric. The study of S-curvature helps to study the
topological properties of Einstein (e, f)-metric with vanishing S-
curvature, homogeneous Ricci flat (&, B) space, and homogeneous
(&, B)-metrics with flag curvature.
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