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Solution of Homogeneous Linear Fractional
Differential Equations Involving
Conformable Fractional Derivative

Anuj Kumar Tyagi* and Jyotsna Chandel*

Abstract

In this paper, we have found the solution of linear
sequential fractional differential equations (LSFDE)
involving conformable fractional derivatives of order a
with constant coefficients. For this purpose, we first
discussed the fundamental properties of the conformable
derivative and then obtained successive conformable
derivatives of the fractional exponential function. After
this, we determined the analytic solution of homogeneous
LSFDE in terms of a fractional exponential function. We
have demonstrated this developed method with a few
examples of homogeneous LSFDE. This method gives a
conjugation with the method to solve classical linear
differential equations with constant coefficients.

Keywords: Fractional exponential function, Riemann-Liouville
derivative, Caputo fractional derivative, Conformable fractional
derivative.

1. Introduction

A modern area of study in applied sciences, including biology,
mathematics, engineering, and physics, is fractional calculus.
Numerous authors have already defined the fractional derivative.
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The Riemann-Liouville (R-L) definition, the Caputo definition of the
fractional derivative, and the Jumarie left-handed modification of
the R-L fractional derivative are a few major contributors. [1-9]. To
date, there is not any standard approach to solving fractional
differential equation (FDE) because different forms of fractional
derivatives give different types of solutions. There are various
integral transforms (Natural transform, Laplace transform, Fourier
transform etc.) to solve classical differential equations of integer
order [6] [10,11]. Some authors have extensively studied the
solutions of FDE via integral transform. Thus, approaches for
solving FDE and interpretation of these solutions is an emerging
fields of applied mathematics. Many researchers have used the
definition of fractional derivatives to solve FDE. Here we are
presenting some definitions of fractional derivatives as follows.

Definition 1.1. The R-L left fractional derivative is defined as [12, 13]

d

Y™ - £ ) du 1)

r (m— a+1) (dx

Dy f(x) =
where m < a <m + 1, mis positive integer.

particularly when, 0< o < 1, then
aDef (x) = L X — W) f () du )

The right R-L fractional derivative is defined as;

r(- a+1) dx

DEfx) = S (— i)m+1 fxb(u —x)™ % f(u) du (3)

r (im—a+1) dx

where m < a<m+1, misa positive integer.

The classical derivative of a constant is always zero, but R-L
definitions (left & right) give a non-zero value for the derivative of a
constant.

Definition 1.2. To overcome the drawback of the R-L definition (a
non-zero value of the derivative of a constant) of fractional
derivative in 1967, Prof. Caputo modified it. Caputo’s definition of
fractional derivative goes as follows [1];

Dif(x) = i =wmmet fm(u) du 4)

F(n a)
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where n—1<a<n

According to this definition first differentiate f(x), n times and then
integrate n — o times.

FDE of Caputo’s type and classical differential equation have similar
initial conditions while, the R-L type differential equation has initial
conditions fractional types i.e., }(1_r)r;‘ aD$ ' f(x) =b .Caputo’s
definition was also having a shortcoming that the function f(x) must
be differentiable n times then the derivative of the order a will exist,
where n—1 < a < n. Thus, this method becomes inapplicable for
non-differentiable functions.

Definition 1.3. The Jumarie modified existing definition of the

fractional derivative of the functionf(x) in the interval [a,b] as
follows [14-18];

(ros R&-w™ 1w du, «<0
D00 = —— & [x— W [f(w) ~ @] du, 0<a<1 (5)
[f ™1™, m<a<m+1

If x < athenf(x)—f(a) =0.

First line in “Eq. (5)” represents fractional integration; the second
expression is for R-L derivative of order 0 < a < 1 of offset function
i.e f(x) — f(a). The third expression is used for o > 1. This definition
exhibits all the properties which we need to be fully consistent with
the definition via a fractional derivative. It gives the fractional
derivative of a constant function is zero which was a notable
drawback of the R-L fractional derivative definition.

When we studied the previous definitions of fractional derivatives,
we found that there were some disturbances with those definitions.
The following shortcomings with those fraction derivatives are as
follows:

(1) R-L definitions (left & right) give a non-zero value of the
fractional derivative of a constant.

(ii)  All types of fractional derivatives do not satisfy the
product rule of differentiation.

Da[u(x).v(x)] = ux)Da[g(x)] + v(x) D [f(x)]
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(iii)  All types of fractional derivatives do not satisfy the
quotient rule of differentiation.

o [@ _ vODEu(x)-u()DLV(x)
a vl [v(x)]?

(iv)  All types of fractional derivatives do not satisfy the
chain rule of differentiation

Dau(x)o v(x)] = Dgu[v(x)]Dav(x)

(v) In Caputo definition of fractional derivative
assumes that the function f(x) is differentiable.

2. Conformable Fractional Derivative

To overcome the shortcomings of fractional derivatives, Khalil, et al.
[7] presented a completely new definition of a fractional derivative
named conformable derivative.

Definition 2.1. The conformable fractional derivative of a function
f: [0, 00] = R is defined as [7-9]
s f(x4exTY)—f(x)
T[] = lim T ©)
For all x > 0,a € (0,1). If f is a differentiable in some interval (0, a),
a> 0and lirgl+ T, [f(x)] exist then T, (o) = 1ir(r)1+ T [f(x)].

X X

The function f(x) is said to be a-differentiable when the conformable
fractional derivative of f(x) of order a exists, this definition of the
conformable fractional derivative of a function coincides with the
classical definitions of Riemann-Liouville. This definition of the
conformable fractional derivative of a function is also coincides with
a Caputo definition of the derivative of polynomials (up to a constant
multiple). The conformable fractional derivative is more practicable
and usual.

If € (0,1) and a € (n, n+l] then the definition of conformable
derivative would be as the following.
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Definition 2.2. Let f be a n times differentiable function for all x > 0
and a € (n,n+ 1) then the conformable fractional derivative of
function fis defined as [9]

=) (s 4 gxlol =) _llel=1) ()
€

T Jf(x)] = lir% where [a] is smallest integer
E—

function.

Khalil et al. [7] proved that a function f: [0, ) —R, which is a-
differentiable at x, > 0,a € (0,1) , then f is continuous at x.

Corollary 2.1. Let f(x)and g(x) be a-differentiable functions at a
point x > 0 and a € (0,1), then

() Ta[af(x) + bg(x)] = a Ta[f(x)] + bTe[g(x)]

(i) To[f(x) g()] = £(x) Ta[g()] + 8GN Te[f(x)]
o [F00] 83 To[f()] — f(0) Ta[8()]

@51 - [BGIF

Theorem 2.1. The following various formulae are hold for

conformable fractional derivatives:

(i) Ty (c) = 0, where c is a constant.
(i)  Ta(xP) = pxP™@

(iii)  Ty(sinax) = ax'"%cosax

(iv)  Ty(cosax) = —ax'"*sinax

(V) Ta(e™) = axi-ve™

i) T(3x%)=1

(i) Using “Eq. (6)”
f(x + ex1™%) — f(x)

To[f(x)] = !gl_r)%

3
c—c
Talel = lsl—% £
Telcl =0
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.. P1 — 1; (x+£x1_°‘)p—xp
(i) Ty [xP] = 181_1)13 —
P\ p-1(pp1-a P\ p-1/p1-a
p P P P _ xP
:limx +(1)x (ex'™9) + ....+(p)s TP —x
£—0 €
e[pxP 1Y) + o+ (g) eP~1(x1T)P]

=pxPTI(x1TY)

To[xP] = pxP™¢

sin(x+ex!~®)—sinax

(iii)  Tglsinax] = 181_) 1 .

(sin ax) cos(aex!™®) — cosax sin (aex!™®) — sinax
m

£-0 3
o cos(aex! %) —1 ~ [cosax sin (agx!™®)
= lim sinax + lim
£-0 € £-0 €

. . — Ccos(a&gx 1 cosax sin asxl_a
=SL15n (sinax )(x}™%) [%] + hm 1=ay le_(a )]

Letex!™®* =h
. s . 1—o [cos(ah)—1 . 1—q~ €Osax sin (ah)
T[sinax] = lim (sinax ) (x'~) ===+ lim [x1mo S Ty
Using L. Hospital’s rule
T,[sinax] = (x}™%) sinax }llir% (—sinah) +x'"%acosax
Tq[sinax] = a x!~%cos ax
cos (x+ex!~*)—cosax

(iv)  Tglcosax] = £1_1)1(1) .
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(cos ax) cos(aex!™%) — sinax sin (aex!™%) — cosax

e-0 €

1-a)y_ . . 1-a
[cos(asx ) 1] 4 lim [sm ax sin (aex!™%)

€

= lim cos ax
-0 £-0

cos(aex!™®)-1 n llm [ 1wy sinax s1r1 (zgxl oc)]
>0 £x

— T 1-
_sl}gn (cosax)(x™%) [ — =

Letex!™® =h

Ta[cos ax] = lim (cos ax )IC S [—Cos(ih)_l] +lim [xl‘“ sinax sin (ah) }Slin (ah)]

Using L. Hospital’s rule

Te[cosax] = (x}™*) cosax lim (—sinah) —x!~*a sinax lim cosah
h-0 h-0

Ty[cosax] = —ax!™% sinax

ea(x+ex1™%) _ jax

v) Ty [e*] = lim

-0 €
—lim eaxeasxl_“_eax
£-0 €
1-a
| eaxgeasxTY_g
=ljm ¢ D
£-0 €
eax(easxl_“_l)
=x17% lim —
-0 exl-a

Letex!™* =h
eaX(eah _ 1)

T,[e3¥] = x17% lim
-0

Using L. Hospital’s rule

T,[e?*] = axl—a eax
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M_i «
o) o] =i
1. (x+ex79*—x%
=—lim
o e—-0 €
= llim Xt (i() XChext T+t (0( E 1) S (g) gX(x1 T —x~
ae—0 .
= llim (i() X hex! T 4t (o( g 1) o Ixa-1 4 (g) Sa(Xl_a)O( — x%
o -0 !
= llimS[(i‘) ot (a g 1) s (g) g4 (x1 T — x“
o e=0 -
1
T (3x) =1

Theorem 2.2. If f(x) is differentiable function for of x > 0 and a €
(0,1), then
_o d
TolfG0] = 3 L [£(0)] 7)
Proof: By definition of conformable a differentiation of a function
f(x)

1-ay _
T[] = 181_{% f(x + ex : ) — f(x)

TL[(0] = llli_rf(l) f(x + h) — f(x)

hx®—1
f(x + h) — f(x)
— yl-a 13
T [f(x)] = x Ll_l’)r(l) n
. fx+h)-fx) . .. . .
We know that }llm(l) s first order derivative of f(x). Therefore
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i d
Te[fCO] = x77% lim = [f(x)]

A function could be a-differentiable at a point but it is not necessary

that it would be differentiable at that point. For example, let f(t)=2Vx,

then, T:f(0) = ltil‘l(‘)l Tif(x) =1, when Tif(x) =1, for all x>0, but
2 -0 2 2

T;f(0) = does not exist.

Theorem 2.3. Let T, be conformable fractional derivative for a €
(0,1) and a € R, then the following formulae are hold:

0 Ta(e) = ()

(ii) Ty (sin%x“) = cos (ix“)
(i) Ty (cosix“) = —sin (ixo‘)
Proof:

(i) Using theorem 2.3 T, (eéxa) _ g1« % ( e&xa)

l 18 l {04 1
T (eaX ) =xl-« (eaX )— ax* !

a
la L
T (o) = (=)
» -loc)_ 1-a 4 1 ay1 a-1
(if) Ta(smax = X dXcos(ocx )oc ax

(i) - il
a|sin—x —cos(ax)

1 e d (1 g\ -
(iii)  Tg (cos—x“) =—x17¢ —(sm—x“)— ax®* !
o dx a o

wonte) <o e
ocCOSaX = sm(ax)

Theorem 2.4. The conformable fractional derivative of order na of
fractional exponential function exp (&) is ﬁ exp (i)

tafew (32) | = 7 v (52
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Where T,,q = Ty Ty Tg v «e ver wev we ... Upto n — times.

Proof:

We know that T, [f(x)] = x1™¢ % [f(x)]
Let f(x) = exp (ﬁ)

e ()| =g e (5
T, [exp (:Ij—o;)] =xl~« % ax*1exp (i—i)

tefew (30)] = o0 52

o

Now T, T, [exp (%)] =Tq [i exp (;(,_0;)

X

T, To[exp (%)] - % T[exp (R)]

Ty Ta [exp (:I(J_o;)] = % exp (L);_O(;)

oo (32)] = g o (5)

Similarly

3. Conformable Fractional Integral
Suppose we have a continuous function f(x) =xP and let a €
(0,1),p € Rsuch that a # —p then a-integral of f(x) is defined as

xpta
I, (xP) =
«xP) p+a
+1
If a=1, then I, (xP) = );pﬂ, Which is the classical integral of xP.

10
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Definition 3.1 If f(t) is a continuous function, then the fractional
integral of order a of f(t) is defined as [7]
B tf(x
19£(t) = B[t* () = f o dx

a

)

a dxis the classical

where a>0, a€ (0,1) and the integral fat
Riemann improper integral.

Khalil et al. [7] proved that a continuous function f in the domain of
I, , then

T,I2[f(0)] = £(t), forall t > a.

4. Solution of Fractional Homogeneous Linear Differential
Equation

If orders of derivatives are in a sequence in a FDE, then it is called a
sequential FDE. A differential equation of the form
(aonx + aIT(n_I)a + azT(n_l)a + e + an_lTa + an)y = O (8)

wherea, a;, a ........ ap , is known as sequential fractional
homogeneous linear differential equation of order na with constant
coefficients. In this equation T, is conformable fractional derivative
of order na and a€ (0,1).

Rewriting “Eq. (8)”
f(Ty(x) = 0

where f(T,) is a linear fractional differential operator.

For a=1, “Eq. (8)” becomes nt order classical ordinary differential
equation.

. x%
Consider y(x) = exp (@) , b#0
From “Eq. (8)”
Xa
(aoTna + alT(n_l)(x + azT(n_l)(x + e + an_lTa + an) exp (R) =

0

11
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<a(,Tm [exp ()] +

ca; Tin-1)« [exp (f) ] t..tan1Tq [exp (I)I(J_o;) ] +anexp ($_1)> =0

Using theorem 2.5
1 x* 1 X% 1 <@
aolIJn eX[Io)((w ) +allIJn T €xp (llJ ) + o Fap- E exp (E) +
X
apexp (R) =0
1 1 1 1 x®
[ llJ +a11|j + ZLIJ 2+~-- ...... +an_1$+an]exp<@>=
f(o) exp( —) =0

where f(0) = ago" + a;0"! +2,0" M+ tapota, Ifois

any root of an algebraic equation f(c) = 0, then f(T,) exp ( —) =0.

This shows that y(x) = exp (0%) is a solution of homogeneous
LSFDE f(T,)y(x) = 0.

The algebraic equation f(c) = 0 is known as auxiliary equation of
FDE f(T,)y(x) = 0.

Theorem 4.1. If y4, y,, y3,.....Yy are linearly independent solutions
of f(T,)y(x) =0, then the linear combination y = C;y; + C,y, +
C3y3 + - .... +CLyyis also its solution for the arbitrary constants C;
wherei=1,2,3, ... .. ev oo oo .

Proof: Let y;, y2, V3,....yn be the solutions of linear fractional
homogeneous differential equation f(T,)y(x) =0 with constant
coefficients, then

f(T(x)YI = f(Ta)YZ = f(T(x)Y3 == f(Ta)YH =0 (9)
The linear combination of solutions is y = C;y; + C,y, + C3y; +
o +Chyn

Operating f(T,), we have

f(TQy = f(T[C1y1 + Coy, + C3yz + -+ ... +Cryn]

Using linear property
12
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f(T)y = [C1f(Te)yq + Cof(Ty)y, + C3f(Teys +
TN +Cnf(Ta)Yn]

Using “Eq. (9)”
f(Ty(x) = 0
Theorem 4.2. If 01,02,03, ... Oy are n real and

distinct roots of the auxiliary equation of homogeneous LSFDE with
constant coefficients, then its solution is

X% x4 X%
y(x) = C; exp (01 ) + C, exp (02 ) + C;exp (03 ) +
x“ *
+ C, exp (O’n ;)

Proof: Let 01,062,053 ..o
roots of f(o) = 0, then we can write

f(W) =(0—01)(0—02)(0—03) et vvv vrces v ee ve e (00— O)
(T, — o1)exp (01 %) =Ty [exp (01 %)] — 04 exp (01 %)

X(X
(T — 01)exp (01 F) =0

o, be n real and distinct

XC(
f(Ty)exp (01 ?) =0

Theorem 4.3. 1If the roots of the auxiliary equation of homogeneous
LSFDE with constant coefficients have r repeated roots (0; = 0, =
03 = ... = 0p) for 1 < r < n ,then its solution is

x% x% x*
y(x) = Cy exp (01 ) + x“C,exp (01 ) + x29C4 exp( )
a < a
o 4+ x=Da ¢ _exp (01 ?>

Proof: Let f(0) = 0 has r repeated roots 6, = 6, = 03 = - ... = o, for
1<r<n

Then f(o) can be written as f(o) = g(o)(c — 0,)" ,where g(m) is a
polynomial of degree n-r satisfying g(m,) # 0

13
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X(X
(Tq — 01)exp (01 ;) =0
x“ x“
(T — 01)2Xa €xp (01 F) = (Tq — 01)(Ty — 01)x%exp (01 ;)
o o
= (T, — 01)[T, {x“ exp (01 %)} — o,x%exp (01 X?)]

04 04

= (T, — 01)[x* Ta{ exp (01 %)} + exp (01 %) T (x%)

X(X
— 01x%exp (01 ;)]
x4 X% X%
= (T, — 0,)[x%04 exp (01 F) + aexp (01 F) — o01x%exp <01 ?)]
x“ x“
= (T — 0y)[aexp (01 ?> = o (Ty — 01) exp (01 F)
XC(
(T, — 01)%x%exp (01 ;) =0

Similarly, (T, —0;)"™x" D% exp (01 %) =0

Now
= 5 ), e ()]
C3f(Ty) [x** exp (0'1 %)] Fo +Crf(Ta)[[X(r_1)‘x exp (0'1 %)]

f(Ty(x) = 0

Theorem 4.4 If the roots of the auxiliary equation of homogeneous
LSFDE are complex y + i§,then its solution is

a 8 iy . 8
y(x) = exp (y %) [Acos, ((&) X"‘) + 1Bsma((a) xM)]
Where A and B are constants.

Proof: Consider y + i6 be two complex roots of auxiliary equation of
f(Te)y(x) = 0.
Leto, =y+i8 and o, =y —i6

Using Theorem 2.2 y(x) = Cyexp (61 %) + C, exp (01 Xa)

o

14
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x* x*
y() = Crexp (v +18) ) + Gy exp (v - 18) )
x% x% x“ x4
“ionly ) en(5 )+ com (s ) ow ()
1exp(y O()exp(l " + Coexp|Y ” exp| —1 <
04

y(x) = exp (y %) [Acos ((2) x“) +iB sin((%) x9)]

Now we will find the solutions of homogeneous LSFDE and will also
provide the graphs of solutions of LSFDE and compare them with
the solutions of the differential equation of integer order.

Example 4.1. [12] Consider (T, +4T; 2t 3)y(x) =0 be a
homogeneous LSFDE.

Solution
Ifa= %, then
(Toq + 4T +3)y(x) =0
The auxiliary equation is
02+406+3=0
oc=-1and -3
Hence, the solution is y(x) = C; exp(—2x/2) + C, exp(—6x'/?)

Figure 1: Solution of Example 4.1 for ¢; = 1and €, = —land a = %

15
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Example 4.2. Consider a homogeneous LSFDE D°>D%%y(x) — y(x) =
0, D is a conformable fractional differential operator.

Solution This equation can be written as

D2%y(x) — y(x) = 0, where a = 0.5

The auxiliary equation of this FDE is
6°—1=0
o=1,-1

1).0. ~1).0.
Hence, the solution is y(x) = C; e(ﬁ)xos + C, e(o.s)xos

Figure 2: Solution of Example 4.2 when C; = C, = 1 anda = 0.5

Example 4.3 Let D*°D%5D%5((y(x))) = 0 be a FDE.

Solution This equation can be written as D3%y(x) = 0, where a = 0.5
The auxiliary equation is ¢ = 0

Hence, the solution is y(x) = C; +vxC, +xCs

16
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3.0 1

2.5 1

20 1

15 .

10 8
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3: Solution of Example 4.3 when C; = C, = 1 anda = 0.5

Example 4.4 Consider a homogeneous LSFDE D®25D025y(x) +
y(x) = 0 ,where D is a conformable fractional differential operator.

Solution This equation can be written as D?%*y(x) = 0, where a =
0.25

Hence, the solution is y(x) = Acos (4 x%2°) + iBsin(4 x°2%), if A =
B = 1, then the graph of solution of this LFSDE is given by

15F ‘ ‘ ‘ ‘ E

1.0 1

0.5 1

0.0

-0.5 i

-1.0 4

-15 ]
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4: Solution of Example 4.4 when A = B = 1 anda = 0.25

17
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Example 4.5. Consider a homogeneous LSFDE

d3ay
poET +6

dZay

dXZCX

+1152 + 6y = 0 where a = 0.25,0.5, 1.
Solution The auxiliary equation of this FDE is

03 +60°+116+6=0 ando=-1,-2,-3
The solution is

@) y(x) =Cyexp(—4Vx) + C, exp(—8%/x ) + Csexp(—12 Vx)
for a = 0.25

(i) y(x) = Cy exp(—2Vx) + C, exp(—4 vVx) + C3exp(—6Vx) for
a=20.5

y(x) = C; exp(—x) + C, exp(—2x) + C3 exp(—3x) fora =1

\
'
1
[
[
[
'
[
[
[}
[
)
)
[}
[}
[

Figure 5: Red colour curve and green colour curve are solutions of Example 4.5 for a =
0.25 and a = 0.5 while dashed black colour is the solution for classical liner differential equation
(for a = 1 ) corresponding to Example 4.5.

5. Conclusion

In this research paper, we developed an analytical method to solve
homogeneous LSFDE with constant coefficients. This method
depends on finding auxiliary equations of FDE and gives an

association with the solutions of classical differential equations. This
method is easier and more accurate.

18
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