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Abstract

Intuitionistic Fuzzy Graphs (InFGs) serve as a
sophisticated framework for modeling complex and
uncertain phenomena across diverse domains, such as
decision-making, economics, medicine, computer science,
and engineering. In this research, we develop and analyse
the properties of jump graphs in the context of InFGs. The
vertex set of the jump graph J(G) of a graph G is defined as
the edge set of G, with adjacency between vertices in J(G)
established if and only if the corresponding edges in G
are non-incident. We systematically construct sequences
of jump graphs for InFGs through iterative processes
and investigate the structural characteristics of these
sequences. Moreover, we introduce the concept of an
effective edge dominating set for jump graphs of InFGs
and rigorously determine the effective edge domination
number for certain classes of graphs. These contributions
enhance the theoretical foundation of InFGs and extend
their applicability to solving real-world problems
characterized by uncertainty and complexity.
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1 Introduction

In 1965, L.A. Zadeh created fuzzy set theory (FST), which enhanced
classical set theory by incorporating a degree of uncertainty. Due
to the inherent imprecision of real-world problems, FST has had a
substantial impact on graph theory. Fuzzy graph theory can be
used to simulate complicated real-world scenarios such as decision
making, communication networks, social network analysis, pattern
recognition, and medical diagnosis in specific ways.

Building on this foundation, Atanassov [1], [2] refined FST by
developing Intuitionistic Fuzzy Set (InFS) theory, which introduces a
degree of non-belongingness alongside the degree of belongingness
for elements in the set. This advancement has spurred extensive
research into the properties and applications of InFS, particularly in
decision making, pattern recognition, and medical diagnosis. Then in
1994, Rosenfeld [3] introduced Intuitionistic Fuzzy Graph Theory, by
subsequent representation and extension of fuzzy graph theory.

The line graph L(G) of a finite, simple and undirected graph G, has its
vertices as the edges of G and two vertices of L(G) are neighbours if
and only if the associated edges are incident in G. Jump graph is the
complement of the line graph. That is the vertices of jump graphs are
neighbours if and only if, the associated edges are not incident in G.
In 2012, M. Akram, B. Davvaz [4] introduced intuitionistic fuzzy line
graphs and detailed its properties.

In 1962, Ore and Berge [5] introduced dominating sets in graphs,
Arumugam and velammal introduced edge domination for graphs
[6], which has many application in problems such as network
routing, resource allocation etc. Then Parvathi and Thamizhendhi [7]
extended dominating set and domination number to InFGs. In 2019,
James Josna and Shiny jose [8] introduced third type of intuitionistic
fuzzy graph. [9] James Josna and Shiny Jose put forward a new
covering for intuitionistic fuzzy graphs named as path induced vertex
covering for intuitionitic fuzzy graph. In 2015,[10], Anupama,S.B and
Y.B Maralabhavi defined connected domination number of a jump
graph and in 2017, [11] they extended their studies to domination
parameters on jump graph.
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In this study, we extend the concept of jump graphs to InFGs and
conduct a comprehensive investigation of their properties. Through
iterative construction of consecutive jump graphs, we investigate
the mathematical and structural properties of these graphs. In
the framework of intuitionistic fuzzy graphs, we also provide and
investigate the effective edge dominance number and effective edge
domination set for jump graphs. We offer a greater comprehension
of these ideas through thorough analysis and illustrative examples,
which advances the theoretical development and wider applicability
of intuitionistic fuzzy graphs.

The study introduces and investigates a new graph feature for jump
graphs of InFGs: the evanesce number. This invariant sheds new
perspective on the fundamental behavior of InFGs and characterizes
the iteration phase where the jump graph disappears. An important
theoretical outcome for the understanding of graph invariant in
the context of InFGs is the proof that isomorphic graphs have the
same evanescence number. This discovery improves the capacity to
categorize and contrast various InFGs according to their fundamental
features.

2 Prerequisites

Definition 2.1 [11] The Jump graph of a graph G is the graph whose vertices
are edges of G and two vertices of jump graph are neighbours if and only if
the corresponding edges in G do not share a common end point.

Definition 2.2 An Intuitionistic Fuzzy Graph (InFG) [12] is a pair C G=
(V E) where V = {61,0 02, - -, On} denote the vertex set ofG and E €V X
V, denote the edge set of Gsuch that

1ty V—[0,1] and Spr V— [0, 1] denote the degree of belongingness and
degree of non belongingness of nodes 0; € V, satisfying 0 < p+ §H< 1,
Vo €0,i=12 -, n

2. Foreach (6, 0) € E“,Th: :E—1[0,1] and 8 E — [0,1] such that
1501, 07) < ALty (64, Ty (61,

§p (01, 05) < VIS (G0, & (@)l and 0 < 15(64,95) + §p (94, 95) < 1,

V(6,9) €E i =12 -,n
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Definition 2.3 [13] An InFG, G= (f/, E 1, §) is said tobe completeAij: T(vi,
Z)j) = /\(TV(UZ‘), (2 (Z)j)) and §f—j(vi’ Uj) = V(§V(Ui), §V(Z)j)), Yv;, Uj ev.

Definition 2.4 [13] Two InFGs Cil = (W, B1) and G = (W, ) are said
to be isomorphic, depicted by G = &, if there exist a bijective map i :  —
W, which satisfies

i(v;) = Ui’, v; € ‘71, Uiv € ‘72
T (v5) = T4, (i(01) and &g, (03) = &y, (i(v9)), Yo; € Vi
Tz (i, vj) = 13, (i(vi, vj)) and &g (vi, vj) = § ’Ez (i(vi, vj)), Y(vi, V) € Eq

Definition 2.5 [15] The vertex cardinality of an InFG, G= (V, E) is defined
by

=% 1+ Tf/(a; — &y ()

wev - A (1)
and it is called the order of G= (V, E) and is delineated by o(G)
Definition 2.6 [15] The cardinality of the InFG, G= (V, E) is defined by
IGI=1V]+|E] @

Definition 2.7 [16] Let Gbe an InFG graph, let it and  be two vertices of G
if the edge (11, 0) is an effective edge then say that it dominates 0.

Definition 2.8 [16] A subset D of Vis called a dominating set (DS) of
InFG , if for every © €V —D, there exists it € D such that it dominates ?.

Definition 2.9 [17] The edge cardinality of an InFG , G=(V, E) is defined

by
) 14+ 74 (11, 0) — €4 (i1, 0

(a,9)ek 3)
and it is called the order of InFG G= (V, E) and is delineated by q(G)
Definition 2.10 [16] An edge (8, 9) of the InFG, Gis said to be an effective
edge if, Tp(1, 0) =A{T(A), T(/(0)} and Sp(@, 0) = V{S(Ad), S{/(0)} such that 0 <
T80, 0) + Sp(0, ) <1
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3 Main Result

Definition 3.1 Let G* = (V, E) be a simple graph, let V1 = (tv,, §v,) and Eq
= (1g,, &g, ) be the InF sets of V and E respectively. Let [(G") = (P, Q) be a
jump graph of G* and V = (tv,, {v,) and Ex = (1E,, {k,) be the InF sets of
jump (G*), then jump graph for InFG Jir (G) = (P, Q, V2, E») of the InFG G
= (V1, E1) is defined as

(i) Tv,(Zx) = TE, (%) = TR, (', V)
(i1) §V2 (Zx) = §E1 (x) = §El(“§rv§)
(i) TE,(Z, Zy) = ATv,(Z2), Tv,(Zy)) = A(TE, (%), TE, (1))

(i0)SEy (Z, Zy) = V(§va(Zx), §v1(Zy)) = V(SE, (%), SE, ()
VZy, Zy €P, 7,7, €Q.

Ilustration 3.1 Consider the InFG, G shown in the figure 1, with vertex set
{u1, uz, uz, ug, us}

and edge set {u1u4, UoUa, UoUs, U3Ug, uzUs). Jump graph of figure 1 is shown
in figure 2.

Proposition 3.1 Jump graph of InFG is a strong InFG.

u1 (0.3,0.4) u2(0.6,0.3)

0.3,0.3)
u5 (0.3,0.5)

(0.4,0.3)

u3 (0.2,03) (0.2,0.35) u4 (0.5,0.4)

Figure 1: Intuitionistic Fuzzy G
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(0.2,0.4) (0.2,0.4) (0.2,0.3)

(0.3,0.3)

(0.4,0.3)
Figure 2: Jump graph of G | }1: ©)

Proof: Let u1 and uz be any two vertices of the jump graph of the
InFG, G, then by the definition of jump graph, there exist edges e;
and e in G corresponding to the vertices u1 and uz in Jir (G), iff e;
and e, share a common end point. Then the edge (u1, u2) will get a
belongingness degree T, (u1, u2) = A (7, (e1), T, (e2)) and &g, (41, u2)
= V(Sk, (e1), §k, (e2)), hence (u1, up) become an effective edge. Hence the
proof.

Lemma 3.1 Let S be a subgraph of the InFG, G, the Jir (S) is an induced
subgraph of Jir (G)

Proof: Since, S is an InF subgraph of G = (V,E), V(S) € V(G), E(S)
€ E(G), 1y (S)(u) < 1y (G)(u) and §V (S)(u) = SV (G)(), Yu € V(S),
TE(S)(#, v) 2 TE(G)(%, v) and SE(S)(u, v) 2 SE(G)(4, v), V(u, v) € E(S)
E(S) SE(G) = V(JIF (S)) € V (JIF (G))

Let e and e’ are non incident edges in S, then e and e' are non incident
in G also. Hence E(JIF (S)) € E(JIF (G))

Also, if 'L'E(S (e) < TE(G)(e) and SE(S)(e) = SE(G)(e), TE( )e) <
TE(G)(e) and SE(S)(¢)2SE(G)(e”) then TE(] (S)(e ") < TE(],
(G))(ee ) and §E( (S ) e’) 2 §E( (G))(e e'). Hence we get ],F
(5) J,(6)

156



Josna James and Shiny Jose Effective Edge Domination in iterated Jump Graph

Also, if e and e, are non incident edges in G then if e1,e2 €S, then
they are non incident in S. Hence | (S) is an induced subgraph of

I (G)
Definition 3.2 Let G be InFG, Define J° (G) = G. For n > 1, the n'* Jump
graph of G is the Jump graph of ],."~(G), denoted by J" (G).

Definition 3.3 The smallest number n > 0, such that ", (G) = ¢ is called the
evanesce number of the InFG, G, denoted by Q(G). That is the graph G
evanesce for a finite Q(G), then G is called Q- finite InFG. If no such Q(G)
exist then Q(G) = oo, then G is called Q- infinite InFG.

Proposition 3.2 For a complete InFG, G, Q(G) =2

Proof:

Since for a complete InFG, 1£(v;, vj) = Afty (vi), Tv (vj)} and Eg (v;, v;
) = V{Sv (vi), Sv (v))}, V(vi, vj) € E(G). Hence E(J'(G)) = ¢, therefore |
2 -

IF(G) =¢

Example 3.1
The evanesce number of the InFG in Figure 1 is 5. That is Q(G) =5

Proposition 3.3 If n > 1 is the evanesce number of the InFG G, then
E(JiF'(G) =&

Proof:

Proof is obvious since, if E(]’};l(G));t ¢ then || # ¢

Theorem 3.1 If G1 = (\71, El) and Gp = (\72, Ez) are two isomorphic
graphs then Q(G1) = Q(Gy)

Proof:

Since G1 and G2 be two isomorphic graphs, the there exist a bijection
i : | — V5 such that i(v;) =v', for v; € Vi, satisfying T‘;l(vi) = T‘A/Z(i(vi))
and &, (vi) = &; (i(vi)), Vi € Vi Tz, (i, vj) = 1, (i(vi, vj)) and & (vi, vj)
= &, (i(vi, vj)), Y(vi, vj) € By

Hence size of Gj is equal to size of G, Also corresponding to every
non incident edges in Gy, there exist non incident edges in G,. Hence
there exist an isomorphism between Jir (G1) and Jir (G2).
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Then continuing the iteration on jump graphs, we get the jump graph
of both the graphs vanishes on same iteration, hence Q(G1) = (G2)

Definition 3.4 Let [ir (G)(P, Q, V2, E2) be the InF jump graph of the
InFG G = (V4, Eq1). A subset K € V(Jir (G)) is said to be an effective edge
dominating set of Jir (G), if every vertex v € Vo(Jir (G)) — K, there exist u €
E such that u effectively dominates v

Theorem 3.2 Every edge of InF jump graph is an effective edge.

Proof: Let G= (V, E) be an InFG, [ir ((A}') = (V1, E1) be the InF jump
graph of G Let e; and e, are two non incident vertices of G, then
e1 and e are neighbours vertices of Jir (é’) By the definition of InF
jump graph, g, (e1, €2) = Aty (e1), Tv, (€2)) S (er, €2) =A(Svy (1), Sv,
(e2)). Hence it is clear that (e1, e2) is an effective edge.

Also, if G have atleast one pair of non neighbours edges, then Jir (G)
has atleast one effective edge.

Definition 3.5 An effective edge DS K of the jump graph Jir (G) is called a
minimal effective edge DS if, for every vertex v € K, K-v is not an effective
edge DS.

Definition 3.6 The minimum of InF vertex cardinality taken over all
minimal effective edge DS of Jir (G) is called the effective edge dominating
number of Jir (G) and is delineated by §ep (Jir(G)) and the corresponding
DS is called the minimum effective edge DS delineated by Mgp (Jir (G)), and
the number of vertices in Mgp (Jir(G)) is delineated by n(Mgp (Jir (G))).

Example 3.2: The vertex subsets Ki = {v1, v3}, Kz = {v1, v2, v5} ,K3 = {v2,
vy, vs/ are effective edge DSs for the InF Jump graph G shownin Figure:
2. D (][1: (G)) = /\{|K1 |, | K> |, | K3 | }, therefore @rp (][1: (G)) = A{0.9,
1.275,1.425}=0.9

Proposition 3.4 The effective edge DS for jump graph of complete InF
graph G= (V, E) is E(G). Hence its effective edge domination number §rp
Uir(Q) = | E]

The proof of the theorem is obvious

Theorem 3.3 For an InFG G= (V, E), Mep(Jir (§)# E iff Q(G)# 2
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Proof:
Case 1: If Q(§ = 2, ]1IF(C§) is a null graph, that is having only

A

isolated vertices. then the minimum effective edge DS Mkp (Jir (G))
is the edge set of G

Case 2: If Q(G) =1, then G itself is a null graph, hence MEp(],, )
=¢

Case 3: If Q(G) > 2, then there exist atleast one effective edge in /. 4.

A

Hence Mep(Jir (G) © E

Definition 3.7 Let G be an InFG, {]"1r(G)} be the sequence of jump graphs
of G, and " p be the effective domination number corresponding to the jump
graph J" (G). Then the sequence {$"gp}, n = 1,2, - - is called the effective
domination number sequence of G.

Example 3.3 Consider the figure 1, since the evanesce number
of G =5, ]>(G) = ¢. The effective domination number sequence
corresponding to sequence {J" (G)}, n=1,23,4 is found to be
{0.9,0.825,0.8,0.8}

Theorem 3.4 For an Q -finite InFG G, {gogD } n=1,2, ---isa monotonic
decreasing sequence

The proof of the theorem is obvious

Observations

() 1M, (,(C3) =3
(ii) Q(C,) =2

(iii) n(M,,, (T (P))) =2
(iv) QP =2

Proposition 3.5 If Q(G) =2 for an InFG G then its jump graph Jir (G) is
a null graph

Proof:

Suppose ]}F (G) is not a null graph, that means there exist atleast one
edge in Jir (G), hence J};. (G)# .
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4 Conclusion

In this study, we introduced the concept of the Jump graph for
Intuitionistic Fuzzy Graphs (InFGs), defined as the complement of
the Intuitionistic Fuzzy line graph. Through successive iterations of
the Jump graph, we observed that for certain InFGs, the Jump graph
eventually vanishes after a finite number of iterations. We defined the
evanescence number of a graph G as the smallest non-negative integer
n for which the n-th iteration of the Jump graph,J”. (G), is empty. We
demonstrated that isomorphic graphs share the same evanescence
number. Ad- ditionally, we proposed the concept of the effective
edge dominating set (DS) for Intuitionistic Fuzzy Jump graphs. We
established that the minimum edge dominating set of a Jump graph
is equivalent to the edge set of its corresponding InFG if and only if the
evanescence number is two.

The introduction of the jump graph for InFGs and the concept of
the evanescence number provide new insights into the structural
properties and behaviors of Intuitionistic Fuzzy Graphs. The
finding that isomorphic graphs share the same evanescence number
contributes to the un- derstanding of graph invariant in the context of
InFGs. Furthermore, the study of effective edge dominating sets in InF
jump graphs opens up new avenues for optimizing network design
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and resource allocation in systems modeled by Intuitionistic Fuzzy
Graphs. These contribu- tions enhance the theoretical foundation
of Intuitionistic Fuzzy Graph theory and extend its applicability to
practical problems involving uncertainty and complexity.
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