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On The Unit Group of Certain Finite Group
Algebras
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Abstract

In this paper, we have established the structure of unit
group of group algebras for the abelian groups of order 40,
over the finite field of odd characteristics p, having g = p™
elements.

Keywords: Group Algebras, Wedderburn Structure Theorem,
Augmentation ideal

1. Introduction

The group algebra of a group G over a field F is denoted by FG. If
N is a normal subgroup of G,then obviously we have a natural
homomorphism g — gN and this can be extended to another

homomorphism of group algebra from FG — F[G/N] defined as
Z4ecag = Zgecag gN for ay € F. Alsom = F( ) where w(N) is

the kernal of this F-algebra homomorphism. Now —— = F implies

FG
w(G)
J(FG) € w(FG),whereJ(FG) denotes the Jacobson radical of FG. Let
I be an ideal such that I € J(FG), then the natural homomorphism

FG to FG/I induces an epimorphism from U(FG) to U(FG/I) with

kernel 1 + I and U(FG) =U (FI—G)

We denote V; = 1+ ] (FG) as the kernel of epimorphism. For other
basic notations, see [2]. The structure of unit group U(FG) has
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created a lot of interest in this area of research. Many publications
have been appeared in this area, few of them are [4, 5, 6, 8, 9, 11]. In
this direction, the structure of unit groups of group algebra for some
non-abelian groups namely ¢ = A,, S3 and S has been obtained by
Sharma and Srivastava (see [13, 12, 7]). The characterization of unit
group structure of the group algebra for D¢y has been obtained by
Bhatt and Chandra in [2]. Recently, the characterization of unit
group structure of group algebras for the groups of order up to 32
can be seen in [3, 1, 14]. In the present paper, we have three abelian
groups up to isomorphic of order 40, namely C4,Cs X Ci9,C; X
C, X Cypand classified the structure of unit group of group algebra
for these abelian groups, over the field of odd characteristicsp > 2.
Throughout the paper, notations and symbols are same as discussed
in [2, 3].

2. Main Results

Theorem 2.1 Let F be a field of finite characteristic p > 0having
|F| = q = prand G = Cy,.

Forp =5.

1. U(FCy) = C3* X Con_y q = 1mod 8;
2. U(FCy) = C3% X Cpn_y X Cion_y,q = —1,3mod 8;
3. U(FCs) =C3* X Cyn_y X CJon_; @ = —3mod 8.
Forp # 2andp #5.

1. Ifq = 1mod 40, then U(FCy) = Cjn_;.

2. Ifq = —1mod 40, then U(FCy0) = Cpn_y X Cpin_;.

3. Ifq = 3mod 40, then U(FCy0) = Cpn_y X Can_y X Cpan_;.

4. 1fq = —3mod 40, then U(FCyp) = Cpn_y X Clan_y X Cplan_;.
5. 1fq = 7mod 40, then U(FCa0) = Cpn_q X Clan_y X Cpan_;.
6. If ¢ = —7 mod 40, then U(FCa0) = Cpn_y X Cplan_,.

7. lfq = 11mod 40, then U(FCyp) = Cpi_y X Cp3n_;.

8. Ifq = —11mod 40, then U(FCa0) = Cyn_y X Cpln_;.
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9. Ifq = 13mod 40, then U(FCyq) = Cyn_y X Cian_y X Cpan_y.
10. If ¢ = —13 mod 40, then U(FCy) = Cgn_y X Can_y X Chan_;.
11. If ¢ = 17 mod 40, then U(FCa0) = Cyn_y X Cpan_y.

12. If ¢ = —17 mod 40, then U(FCyq) = Cpn_y X Cyon_y X Cpan_y.
13. If ¢ = 19 mod 40, then U(FCyq) = Cin_y X Cpin_;.

14. If ¢ = —19 mod 40, then U(FCyq) = Con_y X Cpin_;.

15. If ¢ = 9mod 40, then U(FCaq) = Con_y X Cy¥n_;.

16. If ¢ = —9mod 40, then U(FCyq) = CpR_y X Cp3n_;.
Proof. The Group C,q is given by:
Cioo =<ala*® =1>.

Let p = 5. If K =< a® >, then w(K) is nilpotent and (FC,o) =
w(K), FC4u/J(FCy) = FCg and dim(J(FCs)) = 32. Hence
U(FCy) = V X U(FCg). Also, J(FC4)® = 0, implies that V5 = 1.
Hence V = (2° and the structure of U(FCg) is given by (14, Theorem
3.3).

If p#2 and p # 5, then p does not divide |C,q|, therefore FC, is
semi-simple over F. Applying the Wedderburn structure theorem
and by (10, Proposition 3.6.11), we will compute the number of
simple components of FC,, and for all i, n; = 1 and K;'s denotes
the finite field extension of F. As G is abelian, we have n; = 1, for
every i due to dimension constraints. Now, C,o has 40 conjugacy
classes. Here x%% = x, for all x € Z(FC,,), for any k € N only if

cl = C;, for every 1 < i < 40, where C; denotes the conjugacy
class of Cypfollows only if 40|q° — 1 or40|q° + 1.

Now, if k{ =<y; >, foralli,1 < i < r,then x? = x, forall x €
Z(FCy4) if and only if y; = 1, which satisfied if and only if [Ki : F]|s,
for all 1 < i <r. Therefore, the least number ¢t t =
LLemA{[Ki: F]|]1 < i < r}.Hence, all p —regular F classes are the
conjugacy class of Cypand m = 40 as discussed in introduction. By
simple calculations, we have the following possible values of g:

1. Forgq = 1mod 40, we have t = 1.
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For g

—1mod 40, we have t = 2.
3 mod 40, we have t = 4.
—3 mod 40, we have t = 4.
7 mod 40, we have t = 4.
—7 mod 40, we have t = 4.
9 mod 40, we have t = 2.
—9 mod 40, we have t = 2.

11 mod 40, we have t = 2.

—11 mod 40, we have t = 2.

13 mod 40, we have t = 4.

—13 mod 40, we have t = 4.

17 mod 40, we have t = 4.

—17 mod 40, we have t = 4.

19 mod 40, we have t = 2.

—19 mod 40, we have t = 2.

ISSN 0975-3303

Next, we calculate T and p-regular F — conjugacy classes. Let ¢
denote the number of p-regular F —conjugacy classes. Using (10,
Theorem 3.6.2), we have dim(Z(FC4y)) = 40, thus Z]_; | K;: F|= 40
and we have the cases as follows:

Let ¢ = 1mod 40. This implies T = {1}mod 40. So, p —
regular and F — conjugacy classes are same as the conjugacy

1.

class of C4y. Thus ¢ = 40 and FC,y = F*°.

Let ¢ = —1mod 40. This implies T = {1, —1}mod 40. So,p—
regular and F— conjugacy classes will be {a*'}, for 1 < i <

19, {a?°}. Thus, ¢ = 21 and FC,, = F? @ F}°.

3. Let g =3 mod 40. This implies T = {1,3,9,27} mod 40. So, p-—
regular and F- conjugacy classes will be {1},{a, a3 a® a?"},
(a® a5, al®, a), {a*, a'2, a6, a?®), (a5 a5}, {a’,a?!,a?, a?%)}
{a®, a?*, a2, 416}, (a19,a3%), {a'’,a3,a® al’}, {a'3,a a®, a3}
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10.

{a?9},{a??,a%% a38,a%*},{a?% a%}. Thus, ¢ = 13 and FC,y = F* @
F} @ F§.

Let g = — 3 mod 40. This implies T = {1,9,13,37}mod 40. So, p—
regular and F— conjugacy classes will be {1},

{a,a® a'®,a%"},{a?, a'?,a?®,a**},{a®, a*,a*, a*'}, {a®, a**},
{a4' a36' a12’ aZS}' {a6’ a14’ a38’ aZZ}' {a7’ a23’ all’ a19}’ {aS’ a32’ a24-’ a16},

{a'%,a3°},{a'"},{a'7,a%3,a?',a?°},{a?°},{a3°}. Thus, ¢ = 13 and
FCyp=F* @ F} @ F}.

Let q = 7mod 40. This implies T = {1,7,9,23}mod 40. So,
p-regular and F- conjugacy classes will be {1}, {a,a’,a® a?3},
(a2, a', al8,a%), {a3, a?L, a7, a?%}, {a*, a?8, a%, a12}, {5, 435},

{aS’ a16’ a32‘ a24}' {alo' a30}’ {all’ a37’ a19' a13}' {a15’ a25}
{a?%,a%?,a3*, a3®},{a?°},{a'7,a%%,a%3,a3'}. Thus, ¢ = 13 and
FCuw=F* @ F} ® F2.

Letq = — 7 mod 40. This impliesT = {1,9,17,33}mod 40. So,- p-
regular and F- conjugacy classes will be

{1},{a,a® a'7,a3},{a? a8, a%* a%°},{a® a*’,a't,a'®}, {a* a3% a?® a'?},

{aS}’ {a6’ a14’ a22' a38}' {a7' a23' a39’ a31}’ {aS’ a32’ a16’ a24}’
{alo}’ {a13, a37, a21, a29}, {a15}’ {azo}’ {azs}’ {a30}’ {a35}_ Thus,
c = 16 and FC,y = F8 @ F§.

Let g = 9 mod 40. This implies T = {1,9} mod 40. So, p — regular
and F— conjugacy classes will be
{1}, {a, a9}, {az’ a18}’ {a3, a27}, {a4’ a36}’ {aS}’ {a6, a14}’ {a7’ a23}’
{a®,a3?}, {a19), {al!,al?), {a'?,a?8},{a®® a7}, {a'®}, {al5,a%*},
{a17, a33}, {aZO}’ {a21’ a29}’ {azz’ a38}’ {azs}’ {a26’ a34}’ {a30}’
{a%1,a%%}, {a®%}). Thus,c = 24and FCyy = F& @ Fj°.

Let ¢ = —9mod 40. This implies T = {1,31}mod 40. So p-
regular and F-conjugacy classes will be {1},{a, a®*},{a? a??},
(a®,a'3}, {a™), {a5, a®5}, {a®, a2}, {a’, a'7}, {a®}, {al®, a3},
{all,a21}, {a12}’ {a15’a25}’ {alé}'{a32}’{a36}' {a91a39},

{a'*, a®4), (a'®, a8}, {a?®),{a’®,a?%)},(a?%}, {a?3,a%),
{a?*},{a??,a%7}. Thus, ¢ = 25and FCyy = F'° @ F}5.

11. Let ¢ = 11 mod 40. So, the number ¢ of p-regular and
F-conjugacy classes of FCyis 25 and thus FCyy = F° @
F35.
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12.

13.

14.

15.

16.

17.

18.

19.

Let ¢ = —11mod 40. So, the number c of p—regular and
F-conjugacy classes of FCyy will be 22 and thus FCyy =
F* @ Fj;8.

Let ¢ = 13mod 40. This implies T = {1,9,13,37} mod 40.
So, p- regular and F- conjugacy classes will be
{1}’ {a’ a9' a13’ a37}' {az' a18’ a26, a34}, {a3, a27, a39, a31}, {a5‘ aZS},

{a4’ a36’ a12' a28}’ {a6' a14—' a38, a22}, {a7, a23, all, a19}, {aB‘ a32‘ a24-, alﬁ},
{a?®,a%%},{a'®},{a'”, a%3,a?!, a?°}, {a?"},{a%°}. Thus, ¢ = 14 and
FCyu = F* @ F} @ F2.

Let ¢ = —13 mod 40. This implies T = {1,3,9,27} mod 40.
So p—  regular and F- conjugacy classes will be {13},
{a’ aS’ a9’ a27}’ {az , a6’ a18’ a14}' {a4—' a12' a36' a28}' {aS' alS}' {a7, a21, a23' a29}‘

{aS a24— a32 (116} {a10 (130} {all a33 a19 a17} {a13 a39 a37 a31} {aZO}
{a??,a2%,a38,a%*},{a%5,a%°}. Thus, ¢ = 13and FC, = F? @
F} @ FS.

Let ¢ = 17 mod 40. This implies T = {1,9,17,33} mod 40.
So, p—  regular and F —conjugacy classes will be {1},
{a a9 a17 a33} {aZ a18 a34— a26} {a3 a27 all a19} {a4- a36 a28 a12}
{aS} {aﬁ a14 a22 a38} {a7 a23 a39 a31} {aB a32 a16 a24} {aw}

{a13' a37’ a21’ a29}’ {a15}’ {aZO}’ {a25}’ {a30}’ {a35}_ Thus, c =
16 and FC, = F® @ F2.

Let ¢ = — 17 mod 40. This implies T = {1,7,9,23} mod 40.
So, p- regular and F —conjugacy classes are
{1},{a,a’,a’® a?3},

(a2, a™, a'8,a%), {a3, a?',a?’,a?%), {a*, a?®, a®5, a'?}, {a’, a®%),
(a8, a8, a2, a?*}, (a1, 3%}, {al!, a¥7, a'®, a'?}, {a'®, a?5),
{a?%,a%?,a%*, a3®},{a?°},{a'7, a3 a%3,a3'}. Thus,c = 13and
FCyp=F* @ F; @ F;.

Let ¢ = 19 mod 40. So, the number c of p — regular and F—
conjugacy classes of Cyo will be ¢ = 21 and thus FCyy =
F? @ F)°.

Let ¢ = — 19 mod 40.So, the number ¢ of p — regular and
F — conjugacy classes of C,owillbec = 21andthus FCyy =
F2@ F}°.
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Hence, the above result follows.

Theorem 2.2 Let F is a field of finite characteristic p > 0 with |[F| =
q = ptand G = C, X Cqp.

Forp = 5.

1.
2.

U(F[Cy X Cio]) =C3% X C&_,, q = 1mod 4;

U(F[Cy X Cio]) = C3* X Ch_, X Clu_,,q = —1mod 4.

Forp # 2 and 5.

1.
2.
3.

7.
8.

If ¢ = 1mod 20, then U(F[C, X Cio]) = C)R_;.

If g = —1mod 20, then U(F[C4 X C10]) = Cpn_y X Cpfu_;.

If q = 3mod20, then U(F[C4 X Cio) = Cpn_y X Clon_y X
Coon_y-

If ¢ = —3mod 20, then U(F[Cy X Cyo]) = Cpn_y X Coan_,.

If ¢ =7mod20, then U(F[Cy X Ciol) = Cyn_y X Clan_y X

Coan_y.

- Ifq = —7mod 20, then U(F[Cy X Cyo]) = Cpn_y X Cplan_y.
If ¢ = 9mod 20, then U(F[Cy X Cio]) = Con_y X Cyfn_,.
If g = —9mod 20, then U(F[Cy X Cyo]) = CgR_y X Cpin_;.

Proof. The Group C, X Cyis given by

Cy X C1p =< a,b|a* = b1° =1 >,

a) Letp = 5. If K =< a,b® >, then w(K) is nilpotent and (F[C, X

Cio]) = w(K), F[Cy X Cyo]l/J(F[Cq X C1o]) = F[C; x (4] and
dim(J(F[Cy X Ci0])) = 32. Hence, U(F[Cy X Cio) =V X
U(F[C, % C4]). Also, | (F [Csx Cyo])5 = 0, implies that V° = 1.
Hence, V = €32 and the structure of U (F [C2x C4]) is given by (14,
Theorem 3.4).

b) Let p # 2 and 5, then p does not divide |C, X (|, therefore F

[C4 X Cyp] is semisimple over F. Now, using the same arguments
as in Theorem 2.1, we have m = 20. By simple calculations, we
have the following values of t depends on q.
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1. Forq = 1mod 20, we havet = 1.
2. Forq = —1mod 20, we have t = 2.
3. Forq = 3 mod 20, we havet = 4.
4. Forq = —3mod 20, we have t = 4.
5. Forq = 7 mod 20, we have t = 4.
6. Forq = —7mod 20, we have t = 4.
7. Forq = 9mod 20, we have t = 2.
8. Forq = —9mod 20, we have t = 2.

Next, we calculate T and p —regular F — conjugacy classes. Let ¢
denote the number of p —regular F — conjugacy classes. Using (10,
Theorem 3.6.2), we have dim(Z(F[Cy X Cyi0])) = 40. Thus,
2I_, | K;i: F|= 40 and we have the cases as follows:

1. Letq = 1mod 20. This impliesT = {1}mod20. So, the number of
p — regular and F — conjugacy classes are same as conjugacy
classes of C, X C;o. Thus,c = 40and F [C, X Cy] = F*°.

2. Letg=-1mod 20. This implies T = {1, —1}mod20. So, p —
regular and F — conjugacy classes will be
{1}, {a,a7'},{a®},{b,a™'},{b? b7}, {b% b3}, {b*, b™*}, {b°}, {ab,a’D°},
{ab?, a®b®},{ab3, a®b7}, {ab*, a®b®}, {ab®, a®b°}, {ab®, a®b*}, {ab’,a®b%},
{ab®, a3b?},{ab® a3b},{a?b, a’b®}, {a®b?, a?b®}, {a®b3,a?b’},{a®b*, a?b®},
{a?b5}. Thus, ¢ = 22and F [C, X Cio] = F* @ F}8.

3. Letq = 3,7 mod 20. This implies T = {1,3,7,9}mod20. So, p —
regular and F — conjugacy classes will be
{1},{a,a®},{a® },{b,b%,b%,b” },{b?,b%,b%,b*},{b°},{ab, ab® a®b3,a®b"},
{a?b?,a%b® a?b®, a’b*},{ab? a®b® a3b*, ab®}, {ab3,a3b® ab’?, a3b},
{ab* a3b?, a3b®, ab®},{ab®, ab>},{a’b3,a?b7,a?b°},{a?b>}. Thus,
c = 14and F [Cy, X Cio]l = F* @ F} D FL.

4. Letq = —3,—7 mod 20 . This implies T = {1,9,13,17}mod20. So,
p — regular and F — conjugacy classes will be
{1}, {a}, {a?},{a®},{b,b° ,b% ,b” },{b*,b®,b°,b* },{b°},
{ab,ab®,ab? ab’},{ab? ab*, ab®, ab® },{ab®}, {a®b,a?b® a®b3, a?b’},
{a?b?,a?b®, a?b® a’b*}, {a?b®},{a®b?,a®b®,a3b®, a3b*}, {a®h®}.
Thus,c = 16 and F[C, X Cio]l = F& @ Ff.
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5. Letq = 9mod 20. This implies T = {1,9}mod20. So, p — regular
and F— conjugacy classes will be
{1},{a}, {a®},{a®},{b,b° }, (b*,b” },{b*,b®},(b®,b* },{b°}, {ab, ab’ },
{ab3,ab” },{ab?,ab®},{ab®,ab*},{ab®},{a®b,a’b® },{a’b3,a?b"” },
{a?b?,a%b®},{a?b®,a?b* },{a’b°},{a3b,ab® },{a®b3,a3b” },
{a®b?,a3b®},{a3b®,a3bh*},{a®b"}. Thus, ¢ = 24 and F[C, X
Ci0]l = F® @ Fj°.

6. Let g = — 9 mod 20. This implies T = {1,11}mod 20. So, p — regular
and F— conjugacy classes will be {1},{a a3}, {a?},
{b}, {b°},{b3},{b7 }, {b?},{b®)}, (b}, {b*},{b°}, {ab, a®b} ,{a®b},
{ab?,a3b?},{a®b?},{ab3, a3b3},{a?b3}, {ab* a®b*},{a®b*},
{ab®,a®b%},{a®b>},{ab® a3b®},{a?b®},{ab’,a®b"},{a?b"},

{ab®, a3b®},{a?b®}. Thus, ¢ = 30 and F[C, X Cjo] = F?° @
F30.

Hence, the above result follows. ]

Theorem 2.3 Let F is a field of finite characteristic p > 0 having
|F| =dq =pnandGE C2 X C2 X ClO'

a) Forp =5U(F[Cy X Cy X Cyo]) = C32 x Coh_,.

b) Forp # 2 and 5.

1. If ¢ = 1mod 10, then U(F[C;, X C, X Cyo]) = CR_;.

2. 1fq = —1mod 10, then U(F[C; X Cy X C10]) & Cpn_y X Cpfn_,.

3. Ifq = 3mod 10, then U(F[Cy X C; X Cyq]) = Cpn_y X Chan_;.

4. If @ = —3mod 10, then U(F[Cy X C3 X Cyo]) = Cn_y X Cpan_;.

Proof. The Group C, X C, X (i is given by:

C, X C, X Cip=<a,b,c|a? = b? =% =1 >,

a) Let p = 5. If K =< a,b,c® >, then w(K) is nilpotent and
_ F[CyXCyXCi0] 3

UFIC; % C; X Crol) = 0(K), s 280 = FCFand

dlmU(F[CZ X CZ X CIO])) = 32 Hel’lce, U(F[CZ X CZ X ClO]) =

V X U(FC3). Also, J(F[C, X C; X C10])° = 0, implies that V5 = 1.

Hence V = C3%and the structure of U(FC3) is given by (14,

Theorem 3.5).
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b) Letp # 2 and 5, then p does not divide |C, X C, X Cyy|, therefore
F[C; X Cy X C1p] is semisimple over F. Now using the same
arguments as in Theorem 2.1, we have m = 10. By simple
calculations, we have following values of t depends on g:

1. Forq = 1mod 10, we havet = 1.
2. Forq = —1mod 10, we have t = 2.
3. Forq = 3mod 10, we havet = 4.
4. Forq = —3mod 10, we have t = 4.

Next, we calculate T and p —regular F — conjugacy classes. Let ¢
denotes the number of p —regular F —conjugacy classes. Using (10,
Theorem 3.6.2), we have dim(Z(F[C, X C; X Cp]) = 40, thus
2, | K;: F|= 4 and we have the cases as follows:

1. Letg = 1mod 10.So, we have p —regular F — conjugacy classes
are same as the conjugacy classes of C, X C; X C1o. Thus, c = 40
and (F[C, X C, X Cyp]) = F4,

2. Let q = —1mod 10. This implies T = {1,—1}mod 10. So,
p —regular F —conjugacy classes will be
{1}, {a}, {b}.{c, ¢}, {c?,c®} {c?, ¢} {c* c°}, {c®} {ac, ac®}, {bc, be®),

{ac?, ac®}, {bc?, bc®}, {ac®, ac”}, {ac*, ac®}, {ac®}, {bc3, b7}, {bc*, be,
{bc®},{ab}, {abc, abc®},{abc?, abc®}, {abc?, abc®”}, {abc*, abc®}, {abc®}.

Thus, ¢ = 24and F[C, X C, X Cio] = F® @ F;°.

3. Let ¢ = £3mod 10. This implies T = {1,-1} mod 10. So,
p —regular F — conjugacy classes will be
{1}, {a}, {b},{c? c*,c%c®}{c,c? c7,c%}, {c®}, {ac®}, {bc®},

{ac?, ac*, ac® ac®}, {ac,ac3 ac’,ac’},{bc? bc*, bc® bct},

{bc,bc3,bc”,bc’}, {ab},{abc?, abc*, abc®, abc®}, {abc,abc3, abc’, abc®},

{abc®}. Thus, ¢ = 16and F[C, X C, X Cio]l = F® @ F£.
Hence, we have the desired result. O
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