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Abstract 

In this paper, we have established the structure of unit 
group of group algebras for the abelian groups of order 40, 
over the finite field of odd characteristics 𝑝, having 𝑞 =  𝑝𝑛  

elements. 
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1. Introduction 
The group algebra of a group 𝐺 over a field 𝐹 is denoted by 𝐹𝐺. If 
𝑁 is a normal subgroup of 𝐺, then obviously we have a natural 
homomorphism 𝑔 →  𝑔𝑁 and this can be extended to another 
homomorphism of group algebra from 𝐹𝐺 →  𝐹[𝐺/𝑁] defined as 

Σ𝑔∈𝐺𝑎𝑔 → Σ𝑔∈𝐺𝑎𝑔 𝑔𝑁 for 𝑎𝑔  ∈  𝐹. Also
𝐹𝐺

𝜔(𝑁)
≅ 𝐹 (

𝐺

𝑁
), where 𝜔(𝑁) is 

the kernal of this 𝐹-algebra homomorphism. Now 
𝐹𝐺

𝜔(𝐺)
≅ 𝐹  implies 

𝐽(𝐹𝐺)  ⊆  𝜔(𝐹𝐺), where 𝐽(𝐹𝐺) denotes the Jacobson radical of 𝐹𝐺. Let 
𝐼 be an ideal such that 𝐼 ⊆  𝐽(𝐹𝐺), then the natural homomorphism 
𝐹𝐺  to 𝐹𝐺/𝐼 induces an epimorphism from 𝑈(𝐹𝐺) 𝑡𝑜 𝑈(𝐹𝐺/𝐼) with 

kernel 1 +  𝐼 and 
𝑈(𝐹𝐺)

1+𝐼
≅ 𝑈 (

𝐹𝐺

𝐼
). 

We denote 𝑉1  =  1 + 𝐽(𝐹𝐺) as the kernel of epimorphism. For other 
basic notations, see [2]. The structure of unit group 𝑈(𝐹𝐺) has 
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created a lot of interest in this area of research. Many publications 
have been appeared in this area, few of them are [4, 5, 6, 8, 9, 11]. In 
this direction, the structure of unit groups of group algebra for some 
non-abelian groups namely 𝐺 =  𝐴4, 𝑆3 and 𝑆4has been obtained by 
Sharma and Srivastava (see [13, 12, 7]). The characterization of unit 
group structure of the group algebra for 𝐷60 has been obtained by 
Bhatt and Chandra in [2]. Recently, the characterization of unit 
group structure of group algebras for the groups of order up to 32 
can be seen in [3, 1, 14]. In the present paper, we have three abelian 
groups up to isomorphic of order 40, namely 𝐶40, 𝐶4  ×  𝐶10, 𝐶2  ×
 𝐶2  ×  𝐶10 and classified the structure of unit group of group algebra 
for these abelian groups, over the field of odd characteristics 𝑝 >  2. 
Throughout the paper, notations and symbols are same as discussed 
in [2, 3]. 

2. Main Results 
Theorem 2.1 Let 𝐹 be a field of finite characteristic 𝑝 >  0 having 
|𝐹|  =  𝑞 =  𝑝n and 𝐺 ≅ 𝐶40. 

For p = 5. 

1. 𝑈(𝐹𝐶40) ≅  𝐶5
32  × 𝐶𝑝𝑛−1

8   𝑞 ≡ 1 𝑚𝑜𝑑 8; 

2. 𝑈(𝐹𝐶40) ≅ 𝐶5
32  × 𝐶𝑝𝑛−1

2 × 𝐶𝑝2𝑛−1
3  , 𝑞 ≡  −1,3 𝑚𝑜𝑑 8; 

3. 𝑈(𝐹𝐶40)  ≅ 𝐶5
32  × 𝐶𝑝𝑛−1

4 × 𝐶𝑝2𝑛−1
2  𝑞 ≡  −3 𝑚𝑜𝑑 8. 

For 𝑝 ≠  2 and 𝑝 ≠ 5. 

1. If 𝑞 ≡  1 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40)  ≅ 𝐶𝑝𝑛−1
40 . 

2. If 𝑞 ≡  −1 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

19 . 

3. If 𝑞 ≡  3 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

3 × 𝐶𝑝4𝑛−1
8 . 

4. If 𝑞 ≡  −3 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
4 × 𝐶𝑝2𝑛−1

2 × 𝐶𝑝4𝑛−1
8 . 

5. If 𝑞 ≡  7 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40)  ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

3 × 𝐶𝑝4𝑛−1
8 . 

6. If 𝑞 ≡  −7 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
8 × 𝐶𝑝4𝑛−1

8 . 

7. If 𝑞 ≡  11 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40)  ≅ 𝐶𝑝𝑛−1
10 × 𝐶𝑝2𝑛−1

15 . 

8. If 𝑞 ≡  −11 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
4 × 𝐶𝑝2𝑛−1

18 . 
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9. If 𝑞 ≡  13 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
4 × 𝐶𝑝2𝑛−1

2 × 𝐶𝑝4𝑛−1
8 . 

10. If 𝑞 ≡  −13 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

3 × 𝐶𝑝4𝑛−1
8 . 

11. If 𝑞 ≡  17 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
8 × 𝐶𝑝4𝑛−1

8 . 

12. If 𝑞 ≡  −17 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

3 × 𝐶𝑝4𝑛−1
8 . 

13. If 𝑞 ≡  19 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

19 . 

14. If 𝑞 ≡  −19 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
2 × 𝐶𝑝2𝑛−1

19 . 

15. If 𝑞 ≡  9 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
8 × 𝐶𝑝2𝑛−1

16 .  

16. If 𝑞 ≡  −9 𝑚𝑜𝑑 40, then 𝑈(𝐹𝐶40) ≅ 𝐶𝑝𝑛−1
10 × 𝐶𝑝2𝑛−1

15 . 

Proof. The Group 𝐶40 is given by: 

𝐶40  = < 𝑎 | 𝑎40  =  1 > . 

Let 𝑝 =  5. If 𝐾 =<  𝑎5 >, then 𝜔(𝐾) is nilpotent and (𝐹𝐶40)  =
𝜔(𝐾), 𝐹𝐶40/𝐽(𝐹𝐶40)  =  𝐹𝐶8 and 𝑑𝑖𝑚(𝐽(𝐹𝐶40))  =  32. Hence 

𝑈(𝐹𝐶40) ≅   𝑉 ×  𝑈(𝐹𝐶8).  Also, 𝐽(𝐹𝐶40)5  =  0, implies that 𝑉5  =  1. 

Hence 𝑉 ≅ 𝐶5
16 and the structure of 𝑈(𝐹𝐶8) is given by (14, Theorem 

3.3). 

If 𝑝 ≠ 2 and 𝑝 ≠ 5, then 𝑝 does not divide |𝐶40|, therefore 𝐹𝐶40 is 
semi-simple over 𝐹. Applying the Wedderburn structure theorem 
and by (10, Proposition 3.6.11), we will compute the number of 
simple components of 𝐹𝐶40, and for all 𝑖,  𝑛𝑖  ≥  1 and 𝐾𝑖

′s denotes 
the finite field extension of 𝐹. As 𝐺 is abelian, we have 𝑛𝑖 = 1, for 
every 𝑖 due to dimension constraints. Now, 𝐶40 has 40 conjugacy 

classes. Here 𝑥𝑞𝑘  =  𝑥, for all 𝑥 ∈  𝑍(𝐹𝐶40), for any 𝑘 ∈  𝑁 only if   

𝐶𝑖
𝑞𝑡

= 𝐶𝑖,  for every 1 ≤  𝑖 ≤  40, where 𝐶𝑖  denotes the conjugacy 

class of 𝐶40follows only if 40|𝑞𝑠  −  1 or 40|𝑞 𝑠 +  1. 

Now, if 𝑘𝑖
∗ =< 𝑦𝑖 >, for all 𝑖 , 1 ≤  𝑖 ≤  𝑟 , then 𝑥𝑞𝑠

 =  𝑥, for all 𝑥 ∈

 𝑍(𝐹𝐶40) if and only if 𝑦𝑖
𝑞𝑠

 = 1, which satisfied if and only if [𝐾𝑖 ∶  𝐹]|s, 

for all 1 ≤  𝑖 ≤ 𝑟. Therefore, the least number t, 𝑡 =
 𝑙. 𝑐. 𝑚. {[𝐾𝑖 ∶  𝐹]|1 ≤  𝑖 ≤  𝑟}. Hence, all 𝑝 −regular 𝐹 classes are the 
conjugacy class of 𝐶40and 𝑚 =  40 as discussed in introduction. By 
simple calculations, we have the following possible values of 𝑞: 

1. For 𝑞 ≡  1 𝑚𝑜𝑑 40, we have 𝑡 = 1. 
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2. For 𝑞 ≡  −1 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

3. For 𝑞 ≡  3 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

4. For 𝑞 ≡  −3 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

5. For 𝑞 ≡  7 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

6. For 𝑞 ≡  −7 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

7. For 𝑞 ≡  9 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

8. For 𝑞 ≡  −9 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

9. For 𝑞 ≡  11 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

10. For 𝑞 ≡  −11 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

11. For 𝑞 ≡  13 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

12. For 𝑞 ≡  −13 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

13. For 𝑞 ≡  17 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

14. For 𝑞 ≡  −17 𝑚𝑜𝑑 40, we have 𝑡 = 4. 

15. For 𝑞 ≡  19 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

16. For 𝑞 ≡  −19 𝑚𝑜𝑑 40, we have 𝑡 = 2. 

Next, we calculate 𝑇 and 𝑝-regular 𝐹 − conjugacy classes. Let 𝑐 
denote the number of 𝑝-regular 𝐹 −conjugacy classes. Using (10, 
Theorem 3.6.2), we have 𝑑𝑖𝑚(𝑍(𝐹𝐶40))  =  40, thus Σ𝑖=1

𝑟 |𝐾𝑖: 𝐹|= 40 
and we have the cases as follows:  

1. Let 𝑞 ≡  1 𝑚𝑜𝑑 40. This implies 𝑇 =  {1}𝑚𝑜𝑑 40. So, 𝑝 − 
regular and 𝐹 − conjugacy classes are same as the conjugacy 
class of 𝐶40. Thus 𝑐 =  40 and 𝐹𝐶40  ≅  𝐹40. 

2. Let 𝑞 ≡  −1 𝑚𝑜𝑑 40. This implies 𝑇 =  {1, −1}𝑚𝑜𝑑 40. So,𝑝− 

regular and 𝐹− conjugacy classes will be {𝑎±𝑖}, for 1 ≤  𝑖 ≤

 19, {𝑎20}. Thus, 𝑐 =  21 and 𝐹𝐶40 ≅ 𝐹2 ⊕ 𝐹2
19.  

 

3. Let 𝑞 ≡ 3 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,3,9,27} 𝑚𝑜𝑑 40. So, 𝑝−    
regular and 𝐹− conjugacy classes will be {1}, {𝑎, 𝑎3, 𝑎9, 𝑎27}, 
{𝑎2 , 𝑎6, 𝑎18, 𝑎14}, {𝑎4 , 𝑎12, 𝑎36, 𝑎28}, {𝑎5, 𝑎15}, {𝑎7, 𝑎21, 𝑎23, 𝑎29},
{𝑎8, 𝑎24, 𝑎32, 𝑎16},  {𝑎10, 𝑎30}, {𝑎11, 𝑎33, 𝑎19, 𝑎17}, {𝑎13, 𝑎39, 𝑎37, 𝑎31}, 
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{𝑎20}, {𝑎22, 𝑎26, 𝑎38, 𝑎34}, {𝑎25, 𝑎35}. Thus, 𝑐 =  13 and 𝐹𝐶40 ≅ F2 ⊕

𝐹2
3 ⊕ 𝐹4

8. 

4. Let q ≡ − 3 mod 40. This implies 𝑇 =  {1,9,13,37}𝑚𝑜𝑑 40. So, 𝑝− 
regular and 𝐹− conjugacy classes will be {1}, 

5. {𝑎, 𝑎9, 𝑎13, 𝑎37}, {𝑎2, 𝑎18, 𝑎26, 𝑎34}, {𝑎3, 𝑎27, 𝑎39, 𝑎31}, {𝑎5, 𝑎25}, 
{𝑎4, 𝑎36, 𝑎12, 𝑎28}, {𝑎6, 𝑎14, 𝑎38, 𝑎22}, {𝑎7, 𝑎23, 𝑎11, 𝑎19}, {𝑎8, 𝑎32, 𝑎24, 𝑎16},  

6. {𝑎15, 𝑎35}, {𝑎10}, {𝑎17, 𝑎33, 𝑎21, 𝑎29}, {𝑎20}, {𝑎30}. Thus, 𝑐 =  13 and 

𝐹𝐶40 ≅ F4 ⊕ 𝐹2
2 ⊕ 𝐹4

8. 

7. Let 𝑞 ≡  7𝑚𝑜𝑑 40. This implies 𝑇 =  {1,7,9,23}𝑚𝑜𝑑 40. So, 
𝑝−regular and 𝐹− conjugacy classes will be {1}, {𝑎, 𝑎7, 𝑎9, 𝑎23}, 

{𝑎2, 𝑎14, 𝑎18, 𝑎6}, {𝑎3, 𝑎21, 𝑎27, 𝑎29}, {𝑎4, 𝑎28, 𝑎36, 𝑎12}, {𝑎5, 𝑎35}, 
{𝑎8, 𝑎16, 𝑎32, 𝑎24}, {𝑎10, 𝑎30}, {𝑎11, 𝑎37, 𝑎19, 𝑎13}, {𝑎15, 𝑎25} 
{𝑎26, 𝑎22, 𝑎34, 𝑎38}, {𝑎20}, {𝑎17, 𝑎39, 𝑎33, 𝑎31}. Thus, 𝑐 =  13 and 

𝐹𝐶40 ≅ 𝐹2  ⊕ 𝐹2
3  ⊕ 𝐹4

8. 

8. Let 𝑞 ≡  − 7 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,9,17,33}𝑚𝑜𝑑 40.  So,  𝑝−   
regular and 𝐹− conjugacy classes will be 
{1}, {𝑎, 𝑎9, 𝑎17, 𝑎33}, {𝑎2, 𝑎18, 𝑎34, 𝑎26}, {𝑎3, 𝑎27, 𝑎11, 𝑎19},   {𝑎4, 𝑎36, 𝑎28, 𝑎12},
{𝑎5},   {𝑎6, 𝑎14, 𝑎22, 𝑎38},   {𝑎7, 𝑎23, 𝑎39, 𝑎31}, {𝑎8, 𝑎32, 𝑎16, 𝑎24},
{𝑎10}, {𝑎13, 𝑎37, 𝑎21, 𝑎29},   {𝑎15}, {𝑎20}, {𝑎25}, {𝑎30}, {𝑎35}. Thus, 

𝑐 =  16 and 𝐹𝐶40 ≅ 𝐹8 ⊕ 𝐹4
8. 

9. Let 𝑞 ≡  9 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,9} 𝑚𝑜𝑑 40. So, 𝑝 − regular 
and 𝐹 − conjugacy classes will be 
{1}, {𝑎, 𝑎9}, {𝑎2, 𝑎18}, {𝑎3, 𝑎27}, {𝑎4, 𝑎36}, {𝑎5}, {𝑎6, 𝑎14}, {𝑎7, 𝑎23},
{𝑎8, 𝑎32}, {𝑎10}, {𝑎11, 𝑎19}, {𝑎12, 𝑎28}, {𝑎13, 𝑎37}, {𝑎15}, {𝑎16, 𝑎24},
{𝑎17, 𝑎33}, {𝑎20}, {𝑎21, 𝑎29}, {𝑎22, 𝑎38}, {𝑎25}, {𝑎26, 𝑎34}, {𝑎30},
{𝑎31, 𝑎39}, { 𝑎35}.  Thus, 𝑐 =  24 and 𝐹𝐶40 ≅  𝐹8  ⊕ 𝐹2

16. 

10. Let 𝑞 ≡  − 9 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,31}𝑚𝑜𝑑 40. So 𝑝−   
regular and 𝐹−conjugacy classes will be {1}, {𝑎, 𝑎34}, {𝑎2, 𝑎22}, 
{𝑎3, 𝑎13}, {𝑎4}, {𝑎5, 𝑎35}, {𝑎6, 𝑎26}, {𝑎7, 𝑎17}, {𝑎8}, {𝑎10, 𝑎30},
{𝑎11, 𝑎21}, {𝑎12}, {𝑎15, 𝑎25}, {𝑎16}, {𝑎32}, {𝑎36}, {𝑎9, 𝑎39},
{𝑎14, 𝑎34}, {𝑎18, 𝑎38}, {𝑎28}, {𝑎19, 𝑎29}, {𝑎20}, {𝑎23, 𝑎33},
{𝑎24}, {𝑎27, 𝑎37}. Thus, 𝑐 =  25 and 𝐹𝐶40 ≅  𝐹10  ⊕ 𝐹2

15. 

11. Let 𝑞 ≡  11 𝑚𝑜𝑑 40. So, the number c of 𝑝−regular and 
𝐹−conjugacy classes of 𝐹𝐶40 is 25 and thus 𝐹𝐶40 ≅  𝐹10  ⊕

 𝐹2
15. 
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12. Let 𝑞 ≡  −11 𝑚𝑜𝑑 40. So, the number c of 𝑝−regular and 
𝐹−conjugacy classes of 𝐹𝐶40 will be 22 and thus 𝐹𝐶40 ≅

 𝐹4  ⊕ 𝐹2
18. 

13. Let 𝑞 ≡  13 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,9,13,37} 𝑚𝑜𝑑 40. 
So, 𝑝−   regular and 𝐹− conjugacy classes will be 
{1}, {𝑎, 𝑎9, 𝑎13, 𝑎37}, {𝑎2, 𝑎18, 𝑎26, 𝑎34}, {𝑎3, 𝑎27, 𝑎39, 𝑎31}, {𝑎5, 𝑎25},
{𝑎4, 𝑎36, 𝑎12, 𝑎28}, {𝑎6, 𝑎14, 𝑎38, 𝑎22}, {𝑎7, 𝑎23, 𝑎11, 𝑎19}, {𝑎8, 𝑎32, 𝑎24, 𝑎16},

{𝑎15, 𝑎35}, {𝑎10}, {𝑎17, 𝑎33, 𝑎21, 𝑎29}, {𝑎20}, {𝑎30}. Thus, 𝑐 =  14 and 

𝐹𝐶40 ≅ 𝐹4 ⊕ 𝐹2
2 ⊕ 𝐹4

8. 

14. Let 𝑞 ≡  −13 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,3,9,27} 𝑚𝑜𝑑 40. 
So 𝑝−   regular and 𝐹− conjugacy classes will be {1}, 
{𝑎, 𝑎3, 𝑎9, 𝑎27}, {𝑎2 , 𝑎6, 𝑎18, 𝑎14}, {𝑎4, 𝑎12, 𝑎36, 𝑎28}, {𝑎5, 𝑎15}, {𝑎7, 𝑎21, 𝑎23, 𝑎29}, 

15. {𝑎8, 𝑎24, 𝑎32, 𝑎16}, {𝑎10, 𝑎30}, {𝑎11, 𝑎33, 𝑎19, 𝑎17}, {𝑎13, 𝑎39, 𝑎37, 𝑎31}, {𝑎20},

{𝑎22, 𝑎26, 𝑎38, 𝑎34}, {𝑎25, 𝑎35}. Thus, 𝑐 =  13 and 𝐹𝐶40 ≅  𝐹2  ⊕

 𝐹2
3  ⊕ 𝐹4

8. 

16. Let 𝑞 ≡  17 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,9,17,33} 𝑚𝑜𝑑 40. 
So, 𝑝−   regular and 𝐹 −conjugacy classes will be {1}, 
{𝑎, 𝑎9, 𝑎17, 𝑎33}, {𝑎2, 𝑎18, 𝑎34, 𝑎26}, {𝑎3, 𝑎27, 𝑎11, 𝑎19}, {𝑎4, 𝑎36, 𝑎28, 𝑎12},
{𝑎5}, {𝑎6, 𝑎14, 𝑎22, 𝑎38}, {𝑎7, 𝑎23, 𝑎39, 𝑎31}, {𝑎8, 𝑎32, 𝑎16, 𝑎24}, {𝑎10}, 
{𝑎13, 𝑎37, 𝑎21, 𝑎29}, {𝑎15}, {𝑎20}, {𝑎25}, {𝑎30}, {𝑎35}. Thus, 𝑐 =

 16  and 𝐹𝐶40 ≅ 𝐹8 ⊕ 𝐹4
8. 

17. Let 𝑞 ≡  − 17 𝑚𝑜𝑑 40. This implies 𝑇 =  {1,7,9,23} 𝑚𝑜𝑑 40. 
So, 𝑝−   regular and 𝐹 −conjugacy classes are 
{1}, {𝑎, 𝑎7, 𝑎9, 𝑎23}, 
{𝑎2, 𝑎14, 𝑎18, 𝑎6}, {𝑎3, 𝑎21, 𝑎27, 𝑎29}, {𝑎4, 𝑎28, 𝑎36, 𝑎12}, {𝑎5, 𝑎35}, 
{𝑎8, 𝑎16, 𝑎32, 𝑎24}, {𝑎10, 𝑎30}, {𝑎11, 𝑎37, 𝑎19, 𝑎13}, {𝑎15, 𝑎25}, 
{𝑎26, 𝑎22, 𝑎34, 𝑎38}, {𝑎20}, {𝑎17, 𝑎39, 𝑎33, 𝑎31}. Thus, 𝑐 =  13 and 

𝐹𝐶40 ≅  𝐹2  ⊕ 𝐹2
3  ⊕  𝐹4

8. 

 

18. Let 𝑞 ≡  19 𝑚𝑜𝑑 40. So, the number c of 𝑝 − regular and 𝐹− 
conjugacy classes of 𝐶40 will be 𝑐 =  21 and thus  𝐹𝐶40 ≅

𝐹2  ⊕ 𝐹2
19. 

19. Let 𝑞 ≡  − 19 𝑚𝑜𝑑 40. So, the number 𝑐 of 𝑝 − regular and 
𝐹 − conjugacy classes of  𝐶40 will be 𝑐 =  21 and thus   𝐹𝐶40 ≅

𝐹2 ⊕ 𝐹2
19. 
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Hence, the above result follows. 

Theorem 2.2 Let 𝐹 is a field of finite characteristic 𝑝 >  0 with |𝐹|  =
 𝑞 =  𝑝𝑛  and 𝐺 ≅ 𝐶4  × 𝐶10.   

For 𝑝 =  5. 

1. 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅ 𝐶5
32  ×  𝐶

5𝑘−1
8  , 𝑞 ≡  1𝑚𝑜𝑑 4; 

2. 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝐶5
32   ×  𝐶

5𝑘−1
4  ×  𝐶

52𝑘−1
2 , 𝑞 ≡ −1 𝑚𝑜𝑑 4.  

For 𝑝 ≠  2 and 5. 

1. If 𝑞 ≡  1 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝐶𝑝𝑛−1
40 . 

2. If 𝑞 ≡  −1 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  × 𝐶10]) ≅  𝐶𝑝𝑛−1
4 × 𝐶𝑝2𝑛−1

18 . 

3. If 𝑞 ≡  3 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝐶𝑝𝑛−1
4 × 𝐶𝑝2𝑛−1

2 ×

𝐶𝑝4𝑛−1
8 . 

4. If 𝑞 ≡  −3 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  × 𝐶10]) ≅  𝐶𝑝𝑛−1
8 × 𝐶𝑝4𝑛−1

8 . 

5. If 𝑞 ≡  7 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝐶𝑝𝑛−1
4 × 𝐶𝑝2𝑛−1

2 ×

𝐶𝑝4𝑛−1
8 . 

6. If 𝑞 ≡  −7𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝐶𝑝𝑛−1
8 × 𝐶𝑝4𝑛−1

8 . 

7. If 𝑞 ≡  9 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝐶𝑝𝑛−1
8 × 𝐶𝑝2𝑛−1

16 . 

8. If 𝑞 ≡  −9 𝑚𝑜𝑑 20, then 𝑈(𝐹[𝐶4  × 𝐶10]) ≅  𝐶𝑝𝑛−1
20 × 𝐶𝑝2𝑛−1

10 . 

Proof. The Group 𝐶4  ×  𝐶10 is given by  

𝐶4  ×  𝐶10  =<  𝑎, 𝑏 | 𝑎4  =  𝑏10  =  1 > . 

a) Let 𝑝 =  5. If 𝐾 =<  𝑎, 𝑏5  >, then 𝜔(𝐾) is nilpotent and (𝐹[𝐶4  ×
 𝐶10])  =  𝜔(𝐾), 𝐹[𝐶4 × 𝐶10]/𝐽(𝐹[𝐶4 × 𝐶10])  =  𝐹[𝐶2 × 𝐶4] and 
𝑑𝑖𝑚(𝐽(𝐹[𝐶4 × 𝐶10]))  =  32. Hence, 𝑈(𝐹[𝐶4  ×  𝐶10]) ≅  𝑉 ×

 𝑈(𝐹[𝐶2  ×  𝐶4]). Also, J (F [C4 × C10])5 = 0, implies that 𝑉5  =  1.  

Hence, 𝑉 ≅ 𝐶5
32 and the structure of U (F [C2 × C4]) is given by (14, 

Theorem 3.4). 

b) Let 𝑝 ≠ 2 and 5, then 𝑝 does not divide |𝐶4  ×  𝐶10|, therefore F 
[𝐶4  ×  𝐶10] is semisimple over 𝐹. Now, using the same arguments 
as in Theorem 2.1, we have 𝑚 =  20. By simple calculations, we 
have the following values of 𝑡 depends on 𝑞. 
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1. For 𝑞 ≡  1 𝑚𝑜𝑑 20, we have 𝑡 = 1. 

2. For 𝑞 ≡  −1 𝑚𝑜𝑑 20, we have 𝑡 = 2. 

3. For 𝑞 ≡  3 𝑚𝑜𝑑 20, we have 𝑡 = 4. 

4. For 𝑞 ≡  −3 𝑚𝑜𝑑 20, we have 𝑡 = 4. 

5. For 𝑞 ≡  7 𝑚𝑜𝑑 20, we have 𝑡 = 4. 

6. For 𝑞 ≡  −7 𝑚𝑜𝑑 20, we have 𝑡 = 4. 

7. For 𝑞 ≡  9 𝑚𝑜𝑑 20, we have 𝑡 = 2. 

8. For 𝑞 ≡  −9 𝑚𝑜𝑑 20, we have 𝑡 = 2. 

Next, we calculate 𝑇 and 𝑝 −regular 𝐹 − conjugacy classes. Let 𝑐 
denote the number of 𝑝 −regular 𝐹 − conjugacy classes. Using (10, 
Theorem 3.6.2), we have 𝑑𝑖𝑚(𝑍(𝐹[𝐶4  ×  𝐶10]))  =  40. Thus,  
Σ𝑖=1

𝑟 |𝐾𝑖: 𝐹|= 40 and we have the cases as follows: 

1. Let 𝑞 ≡  1 𝑚𝑜𝑑 20. This implies 𝑇 =  {1}𝑚𝑜𝑑20. So, the number of 
𝑝 − regular and 𝐹 − conjugacy classes are same as conjugacy 
classes of 𝐶4  ×  𝐶10. Thus, 𝑐 =  40 and 𝐹 [𝐶4  ×  𝐶10]  ≅ 𝐹40. 

2. Let q ≡ −1 mod 20. This implies 𝑇 =  {1, −1}𝑚𝑜𝑑20. So, 𝑝 − 
regular and 𝐹 − conjugacy classes will be 
{1}, {𝑎, 𝑎−1}, {𝑎2}, {𝑏, 𝑎−1}, {𝑏2, 𝑏−2}, {𝑏3, 𝑏−3}, {𝑏4, 𝑏−4}, {𝑏5}, {𝑎𝑏, 𝑎3𝑏9},
{𝑎𝑏2, 𝑎3𝑏8}, {𝑎𝑏3, 𝑎3𝑏7}, {𝑎𝑏4, 𝑎3𝑏6}, {𝑎𝑏5, 𝑎3𝑏5}, {𝑎𝑏6, 𝑎3𝑏4}, {𝑎𝑏7, 𝑎3𝑏3},
{𝑎𝑏8, 𝑎3𝑏2 }, {𝑎𝑏9, 𝑎3𝑏}, {𝑎2𝑏, 𝑎2𝑏9}, {𝑎2𝑏2, 𝑎2𝑏8}, {𝑎2𝑏3, 𝑎2𝑏7}, {𝑎2𝑏4, 𝑎2𝑏6},

{𝑎2𝑏5}. Thus, 𝑐 =  22 and 𝐹 [𝐶4  ×  𝐶10] ≅ 𝐹4 ⊕ 𝐹2
18. 

3. Let 𝑞 ≡  3,7 𝑚𝑜𝑑 20. This implies 𝑇 =  {1,3,7,9}𝑚𝑜𝑑20. So, 𝑝 − 
regular and 𝐹 − conjugacy classes will be 
{1}, {𝑎, 𝑎3}, {𝑎2 }, {𝑏, 𝑏9 , 𝑏3 , 𝑏7 }, {𝑏2 , 𝑏8 , 𝑏6 , 𝑏4 }, {𝑏5}, {𝑎𝑏, 𝑎𝑏9, 𝑎3𝑏3, 𝑎3𝑏7},
{𝑎2𝑏2, 𝑎2𝑏8, 𝑎2𝑏6, 𝑎2𝑏4}, {𝑎𝑏2, 𝑎3𝑏6, 𝑎3𝑏4, 𝑎𝑏8}, {𝑎𝑏3, 𝑎3𝑏9, 𝑎𝑏7, 𝑎3𝑏}, 
{𝑎𝑏4, 𝑎3𝑏2, 𝑎3𝑏8, 𝑎𝑏6}, {𝑎𝑏5, 𝑎3𝑏5}, {𝑎2𝑏3, 𝑎2𝑏7, 𝑎2𝑏9}, {𝑎2𝑏5}. Thus, 

𝑐 =  14 and 𝐹 [𝐶4  × 𝐶10] ≅  𝐹4  ⊕  𝐹2
2  ⊕  𝐹4

8. 

4. Let 𝑞 ≡  −3, −7 𝑚𝑜𝑑 20 . This implies 𝑇 =  {1,9,13,17}𝑚𝑜𝑑20. So, 
𝑝 − regular and 𝐹 − conjugacy classes will be 
{1}, {𝑎}, {𝑎2}, {𝑎3}, {𝑏, 𝑏9 , 𝑏3 , 𝑏7 }, {𝑏2 , 𝑏8 , 𝑏6 , 𝑏4 }, {𝑏5},
{𝑎𝑏, 𝑎𝑏9, 𝑎𝑏3, 𝑎𝑏7}, {𝑎𝑏2, 𝑎𝑏4, 𝑎𝑏6, 𝑎𝑏8 }, {𝑎𝑏5},   {𝑎2𝑏, 𝑎2𝑏9, 𝑎2𝑏3, 𝑎2𝑏7},
{𝑎2𝑏2, 𝑎2𝑏8, 𝑎2𝑏6, 𝑎2𝑏4}, {𝑎2𝑏5}, {𝑎3𝑏2, 𝑎3𝑏8, 𝑎3𝑏6, 𝑎3𝑏4}, {𝑎3𝑏5}. 

Thus, 𝑐 =  16 𝑎𝑛𝑑 𝐹[𝐶4  × 𝐶10] ≅  𝐹8  ⊕ 𝐹4
8. 
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5. Let 𝑞 ≡  9 𝑚𝑜𝑑 20. This implies 𝑇 =  {1,9}𝑚𝑜𝑑20. So, 𝑝 − regular 
and 𝐹 − conjugacy classes will be 
{1}, {𝑎}, {𝑎2}, {𝑎3}, {𝑏, 𝑏9 }, {𝑏3 , 𝑏7 }, {𝑏2 , 𝑏8} , {𝑏6 , 𝑏4 }, {𝑏5}, {𝑎𝑏, 𝑎𝑏9 },
{𝑎𝑏3 , 𝑎𝑏7 }, {𝑎𝑏2 , 𝑎𝑏8} , {𝑎𝑏6 , 𝑎𝑏4 }, {𝑎𝑏5}, {𝑎2𝑏, 𝑎2𝑏9 }, {𝑎2𝑏3 , 𝑎2𝑏7 },
{𝑎2𝑏2 , 𝑎2𝑏8} , {𝑎2𝑏6 , 𝑎2𝑏4 }, {𝑎2𝑏5}, {𝑎3𝑏, 𝑎3𝑏9 }, {𝑎3𝑏3 , 𝑎3𝑏7 },
{𝑎3𝑏2 , 𝑎3𝑏8} , {𝑎3𝑏6 , 𝑎3𝑏4 }, {𝑎3𝑏5}. Thus, 𝑐 =  24  and 𝐹[𝐶4  ×

 𝐶10] ≅  𝐹8  ⊕ 𝐹2
16. 

6. Let q ≡ − 9 mod 20. This implies T = {1,11}mod 20. So, 𝑝 − regular 
and 𝐹 − conjugacy classes will be {1}, {𝑎, 𝑎3} , {𝑎2},
{𝑏}, {𝑏9 }, {𝑏3}, {𝑏7 }, {𝑏2} , {𝑏8}, {𝑏6}, {𝑏4 }, {𝑏5}, {𝑎𝑏, 𝑎3𝑏} , {𝑎2𝑏},
{𝑎𝑏2, 𝑎3𝑏2} , {𝑎2𝑏2}, {𝑎𝑏3, 𝑎3𝑏3} , {𝑎2𝑏3}, {𝑎𝑏4, 𝑎3𝑏4} , {𝑎2𝑏4} ,
{𝑎𝑏5, 𝑎3𝑏5} , {𝑎2𝑏5}, {𝑎𝑏6, 𝑎3𝑏6} , {𝑎2𝑏6}, {𝑎𝑏7, 𝑎3𝑏7} , {𝑎2𝑏7},
{𝑎𝑏8, 𝑎3𝑏8} , {𝑎2𝑏8}. Thus, 𝑐 =  30 and 𝐹[𝐶4  ×  𝐶10] ≅  𝐹20  ⊕

 𝐹2
10. 

Hence, the above result follows.         □ 

Theorem 2.3 Let 𝐹 is a field of finite characteristic 𝑝 >  0 having 
|𝐹|  =  𝑞 = 𝑝𝑛  and 𝐺 ≅  𝐶2  ×  𝐶2  × 𝐶10. 

a) For 𝑝 = 5, 𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅ 𝐶5
32 × 𝐶2𝑛−1

8 . 

b) For 𝑝 ≠ 2 and 5. 

1. If 𝑞 ≡  1 𝑚𝑜𝑑 10, then 𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅ 𝐶𝑝𝑛−1
40 . 

2. If 𝑞 ≡  −1 𝑚𝑜𝑑 10, then 𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅ 𝐶𝑝𝑛−1
8 × 𝐶𝑝2𝑛−1

16 . 

3. If 𝑞 ≡  3 𝑚𝑜𝑑 10, then 𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅ 𝐶𝑝𝑛−1
8 × 𝐶𝑝4𝑛−1

8 . 

4. If 𝑞 ≡  −3 𝑚𝑜𝑑 10, then 𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅ 𝐶𝑝𝑛−1
8 × 𝐶𝑝4𝑛−1

8 . 

Proof. The Group 𝐶2  ×  𝐶2  × 𝐶10 is given by: 

𝐶2  ×  𝐶2  × 𝐶10 =< 𝑎, 𝑏, 𝑐 | 𝑎2  =  𝑏2  =  𝑐10  =  1 > . 

a) Let 𝑝 =  5. If 𝐾 =<  𝑎, 𝑏, 𝑐5  >, then 𝜔(𝐾) is nilpotent and 

𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) = 𝜔(𝐾),
𝐹[𝐶2×𝐶2×𝐶10]

𝐽(𝐹[𝐶2×𝐶2×𝐶10])
= 𝐹𝐶2

3and 

𝑑𝑖𝑚(𝐽(𝐹[𝐶2 × 𝐶2 × 𝐶10]))  =  32. Hence, 𝑈(𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅

𝑉 × 𝑈(𝐹𝐶2
3 ). Also, 𝐽(𝐹[𝐶2 × 𝐶2 × 𝐶10])5 = 0, implies that 𝑉5 =  1. 

Hence 𝑉 = 𝐶5
32and the structure of 𝑈(𝐹𝐶2

3) is given by (14, 
Theorem 3.5). 



Mapana Journal of Sciences, Vol. 22, Special Issue 1                   ISSN 0975-3303 

98 

 

b) Let 𝑝 ≠ 2 and 5, then 𝑝 does not divide |𝐶2 × 𝐶2 × 𝐶10|, therefore   
𝐹[𝐶2 × 𝐶2 × 𝐶10] is semisimple over 𝐹. Now using the same 
arguments as in Theorem 2.1, we have 𝑚 =  10. By simple 
calculations, we have following values of 𝑡 depends on 𝑞: 

1. For 𝑞 ≡  1 𝑚𝑜𝑑 10, we have 𝑡 = 1. 

2. For 𝑞 ≡  −1 𝑚𝑜𝑑 10, we have 𝑡 = 2. 

3. For 𝑞 ≡  3 𝑚𝑜𝑑 10, we have 𝑡 = 4. 

4. For 𝑞 ≡  −3 𝑚𝑜𝑑 10, we have 𝑡 = 4. 

Next, we calculate 𝑇 and 𝑝 −regular 𝐹 − conjugacy classes. Let 𝑐 
denotes the number of 𝑝 −regular 𝐹 −conjugacy classes. Using (10, 
Theorem 3.6.2), we have 𝑑𝑖𝑚(𝑍(𝐹[𝐶2 × 𝐶2 × 𝐶10]) = 40, thus 
Σ𝑖=1

𝑟 |𝐾𝑖: 𝐹|= 4 and we have the cases as follows: 

1. Let 𝑞 ≡  1 𝑚𝑜𝑑 10. So, we have 𝑝 −regular 𝐹 − conjugacy classes 
are same as the conjugacy classes of 𝐶2 × 𝐶2 × 𝐶10. Thus, 𝑐 =  40 
and (𝐹[𝐶2 × 𝐶2 × 𝐶10]) ≅ F40. 

2. Let 𝑞 ≡  −1 𝑚𝑜𝑑 10. This implies 𝑇 =  {1, −1}𝑚𝑜𝑑 10. So, 
𝑝 −regular 𝐹 −conjugacy classes will be 
{1}, {𝑎}, {𝑏}, {𝑐, 𝑐9}, {𝑐2, 𝑐8}, {𝑐3, 𝑐7}, {𝑐4, 𝑐6}, {𝑐5}, {𝑎𝑐, 𝑎𝑐9}, {𝑏𝑐, 𝑏𝑐9},
{𝑎𝑐2, 𝑎𝑐8}, {𝑏𝑐2, 𝑏𝑐8}, {𝑎𝑐3, 𝑎𝑐7}, {𝑎𝑐4, 𝑎𝑐6}, {𝑎𝑐5}, {𝑏𝑐3, 𝑏𝑐7}, {𝑏𝑐4, 𝑏𝑐6},
{𝑏𝑐5}, {𝑎𝑏}, {𝑎𝑏𝑐, 𝑎𝑏𝑐9}, {𝑎𝑏𝑐2, 𝑎𝑏𝑐8}, {𝑎𝑏𝑐3, 𝑎𝑏𝑐97}, {𝑎𝑏𝑐4, 𝑎𝑏𝑐6}, {𝑎𝑏𝑐5}. 
Thus, 𝑐 =  24 and 𝐹[𝐶2  ×  𝐶2  ×  𝐶10] ≅ 𝐹8  ⊕ 𝐹2

16. 

3. Let 𝑞 ≡  ±3 𝑚𝑜𝑑 10. This implies T = {1,−1} mod 10. So, 
𝑝 −regular 𝐹 − conjugacy classes will be 
{1}, {𝑎}, {𝑏}, {𝑐2, 𝑐4, 𝑐6, 𝑐8}, {𝑐, 𝑐3, 𝑐7, 𝑐9}, {𝑐5}, {𝑎𝑐5}, {𝑏𝑐5},
{𝑎𝑐2, 𝑎𝑐4, 𝑎𝑐6, 𝑎𝑐8}, {𝑎𝑐, 𝑎𝑐3, 𝑎𝑐7, 𝑎𝑐9}, {𝑏𝑐2, 𝑏𝑐4, 𝑏𝑐6, 𝑏𝑐8},
{𝑏𝑐, 𝑏𝑐3, 𝑏𝑐7, 𝑏𝑐9}, {𝑎𝑏}, {𝑎𝑏𝑐2, 𝑎𝑏𝑐4, 𝑎𝑏𝑐6, 𝑎𝑏𝑐8}, {𝑎𝑏𝑐, 𝑎𝑏𝑐3, 𝑎𝑏𝑐7, 𝑎𝑏𝑐9},
{𝑎𝑏𝑐5}. Thus,  𝑐 =  16 and  𝐹[𝐶2  ×  𝐶2  ×  𝐶10] ≅ 𝐹8  ⊕ 𝐹4

8. 

Hence, we have the desired result.            □ 
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