Mapana - Journal of Sciences
2023, Vol. 22, Special Issue 1, 69-88
ISSN 0975-3303 | https:/ /doi.org/10.12723 /mijs.spl.7

M modulo N Graceful Labeling on Arbitrary
Super Subdivision of Ladder Graph
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Abstract
In this paper we show that arbitrary supersubdivision of
ladder graph and supersubdivision of ladder graph are
M modulo N graceful Labeling. Furthermore, on the given
graph, a C++ program is used to trace the M modulo N
graceful labelling.

Keywords: Graceful Labeling, Supersubdivision of ladder graph,
Arbitrary supersubdivision of ladder graph, M modulo N graceful
Labeling, Algorithm of labelling.

1. Introduction

A Ladder graph L, is assumed an arbitrary supersubdivision of
Ladder graph ASS(L,) if every edge of L, is arbitrarily replaced by
Ky m, (m = 1) . If m is not arbitrary and fixed, the resulting graph is
known as supersubdivision of Ladder graph SS(L,,), andifm = 1,
the resulting graph is referred to subdivision of Ladder graph S(L;,).
Numerous graphs that belong to this family have been developed
and validated to use a M modulo N graceful labelling, where M =
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1to N and N is a positive integer [5]. The ladder and the graph that
goes with it, satisfied the several labelling technologies [2], [3].
Reviewed and discussed the graph labelling of several graphs were
conducted [1]. Arbitrary supersubdivision of ladder graph any it’s
types are referred to be graceful graphs [4].

2. M modulo N graceful labelling is produced by the
ladder and the accompanying graph.

Theorem: 2.1 For every N (Positive integer) and M =1to N, the
arbitrary supersubdivision of Ladder graph is M modulo N graceful
graph.

Proof: In ASS(Ly) every edge of L, is replaced by K;,,, m = 1 (mis

arbitrary). The vertices of L, is denoted by uq, u,, ...,uy, and the

vertices in K;,,, { = 1to3n— 2isdenoted by v;,j = 1to ¥3:2m;in

ASS(Ly) . Let ASS(Ly) have 2n+ [¥30;2m;] vertices and 2[X7";2m;]
edges.

Construction on M modulo N graceful labelling of Vertices in
ASS(Ly).

Consider the vertices uj, uy, ..., Uz, in L,:

fw) = [2(Zn:2m) —jIN+ M,j = 1ton. (1)

f (uan—je1) =[2(T27Pmy) - Zhimuqs -jIN+M,j = 1ton. (2)

Take the vertices vy, t = 1to Z?;ll m; in K, mjs j=1ton—-1:

j-1 . .
() = )92k = 0t0m, = 1= 100n -
1,m = 0.-—(3)

Consider the vertices v, int = Yim; + s, s = 1to Y, M 1)+
in K2,m(n.1)+,~f1 = 1ton:

70



Velmurugan & Ramachandran N modulo Greaeful labelling on

f( Z(n D i+21(n=_1(j 0 mn-1+i—k) = [(ZZH 11 ml) + (Zl 1ml) -
(Z]izlmzn_i)-j -k] N, k=0 to m(Zn_j) -1, ] = lton. (4)

For the vertices v,, in t =Y{2{m;+ s, s =1 to Xj2j M)+ in

KZ,m2n.1+,~/j =1ton-1.

f (vzﬁ“ Pm+x ) mo, 1+l+1+k)
K ji-1 .
= [(E2250m;) + (Zrdme)+2 (812 manaei) -G - 1) + 2K| N
k=0tomy,;1—1j=1ton—-1 (5)

Hence, the vertices are mapping with distinct labelling as

3n—-2 3n-2 3n-2
{[ZZmi—l]N+M,[2Emi—Z]N+M,...,[ZZmi—n]N
i=1
3Tl 2
+M}U{22ml—1—2mn 1+L
3n— 2
ZZml 2 Zmn rri]
3n 2

2 Z m; - _Zmn 1+l

+M}U{0,2N, ..., [2(m, - )] [2m1— 11N, [2my + 1]N,[2m,

+ 3 IN, ..., [2mq + 2m,
- n-2
N, .., [2 Z m;—n
i=0

n
Z[Zmi—n+2N ZZmi—n+4
i=0 i=0

+2my,_1]N} U
2n-1

n—-1
{[Zmi+;mi—1]1v,
[nz: +Zml—2
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2n—1 n-1 2n—1 n—-1
[ E m; + E m; —Mayp—1 — Z]N' [ z m; + m; —Mapp—1q
i=1 i=1 i=1 i=1
2n-1 n-1

i=1 i=1
2n—1 n-—1 n-1
Myp—1 — Map—p — 1 ]N, i [ m; + Z m; — Z Mop-i —Mp — N
i=1 i=1 i=1
2n—1
FNpUL m,
i=1
n-1 2n—1 n-1 2n-1 n—-1
+Zmi]N, m; + mi+2N,[Z m; + Zml
i=1 i=1 i=1 i=1 i=1
2n—-1 n—-1
+ 4]N, .., [ m; + m;
i=1 i=1
2n—-1 n-1 2n-1 n—-1
+ 2my, — 2]N, m; + m; + 2my, — 1| N, Zmi+2mi
i=1 i=1 i=1 i=1
+ 2m,, +1|N, ...,
2n—1 n-1 n-2
[Z m; + Z m; +2 Z Mon—1+i n+ 2m3n—2]N}
i=1 i=1 i=1
2n—1

_Zmn_l_l_i]N-l_M,...,
i=1

3n-2 3n—-2

2) m-2I[N+M[2 Y m—1]N + M}.
2 2

72



Velmurugan & Ramachandran N modulo Greaeful labelling on

Take the edges incident with vertices between (u;, m;)and (u;,1,m;),
j=1ton-1.

fr(e) = [2(23“ mk) — l]N +M, i = 1to2YR:Ymy. (6)
Consider the edges incident with vertices between
(un_(,-_l), m(n_1)+j),j =1ton—1.

fr(ersi) = [2(2 mk) —t— l]N +M,i=1to Z 1M 1y4js t
23R My ()

Assume the edges incident with vertices between (uy,.j, Mp_1y+j), j =
lton—-1.

frleerd) = [2(E0mi) —t—iN+M, i = 1to 3" yme_1y+j, t =
2211 1mk+2k=1mk. (8)

Let the edges incident with vertices between
(Uzn—ji1, Man4j—1) and (Uzn_; , Mapij1), j = 1ton—1.
fi(eti) = [Z(Zin=_12mk) —t—i[N+M,i=1to Zer:%m(Zn H-1p b=
23R my. 9)

Therefore, the edge mapping labelling are 1-1 and hence

3n—-2 3In—-2 3n—-2
(2 Z M, — 1IN + M, [2 z My —2IN + M, ..., [2 z -
k=1 ne1 k=1 k=1
—zz MmN + M} U
k=1
3n—-2 3n-2
{[2 Z mk—Zka—lN +M, ZZ mk—Zka—Z
3n-2

szk
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2n-1

n-—1 n 3n—-2
=2 ) my = ) M IN MY U2 ) = ) my
k=1 j=1 k=1 k=1
n-1
- Z —1]JN + M,

n-1 n-1 3n-2 2n-1

w
N

n-2

k=1 k=

[y
=
Il
[y
&
Il
[y
=
I
[y

n—-1

k=1

3n-2 2n-1
Zm(n n+;jIN +M} U {[ ZEmk—Zka—l
3n-2 2n-1
M,[Zka—Zka

3n-2 2n-1

2N+M Zka—Zka—22m2n+J 1N+M

—{MN+M 2N+M
3n-2 3n-2

3N+ M, ..., [2 Z m; - 2]N + M, [2 Z m; — 1IN + M},

From the definition of f and f * it's clear that arbitrary
supersubdivision of Ladder graph ASS(L,) is M modulo N graceful
labelling for all N and M = 1to N.
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25N 30N 33N
Figure 1: M modulo N graceful labelling of ASS(L,).

Example:1 3 modulo 5 graceful labelling of ASS(L,).

Figure 2: 3 modulo 5 graceful labelling of ASS(L,).

Theorem: 2.2 A super subdivision of Ladder graph SS(L,) is
M modulo N graceful labelling for all positive integer N and M =
1to N.
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Proof: In SS(L,), every edge of L, is replaced by K, ,,,. The vertices
of L, is denoted by u;, u,, ..., up, and the vertices of Kizlm,i =
1to3n—2 is denoted by v;, j = 1tom(3n—2) in SS(L,). Let

SS(Ly) has 2n + m(3n — 2) vertices and 2m(3n — 2) edges.

Description of M modulo N Graceful labelling on SS(L,,).

Consider the vertices uq, Uy, ..., Uy, iN Ly;:
f(u;) = [6mn — 4m — jIN + M,j = 1ton. (10)
fuzn_js1) = [Smn — 4m — jIN + M,j = 1ton. (11)

Let the vertices v;,int = 1tom(n — 1) in Ké o] =1ton-1.

fWm-n+x+1) = [@m—=1DG - 1) + 2k]N,k = 0 tom
1,j = 1ton — 1. (12)

Take the vertices v, int = 1tom(n — 1) +s,s =1tomn

Kgn'rlrzﬂ,j =1ton.
f(v2nm -jrn—k) = [(37717’1 - Zm)_ (] - l)m_ j_ k]ka
Otom — 1,j = 1ton. (13)

in

Assume the verticesv;, int = 1tom(2n — 1) +s, s=1tom(n—

1)in KDY ) =1ton-1.

f(Wm(m-2+py+1+x) = [@mn —2m) + ( — 1)(2m - 1)
2kIN,k = 0tom — 1, j = 1ton — 1. (14)

+

Hence, {[6mn—4m —1]N +M,[6mn—4m —2]N+M,...,[6mn —

4m — n]N + M} U

{[5mn —4m — 1N + M, [Smn —4m — 2N + M, ..., [5mn — 4m —
n]N + M} U {0,2N, 4N,
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v, [2m — 2]N,[2m — 1IN, [2m
+ 1]N, ..., [(2m — 1)(n — 2)]N, ..., [2mn — 2m — n]N}

V)
[3mn—2m —1]N, [3mn—2m—2]N, .., [3m(n—
D]N, [3m(n—1)—2]N, [Bm(n—1) = 3]N, .., [Cm -1 (n—

DIN}U {[3mn — 2m]N, [3mn —2m + 2]N, [3mn —2m + 4]N,
[3mn —2m + 6]N, ....,[3mn — 2]N,[3mn — 1]N, ...., [5mn —
4m-n]N = {0,2N, ...,

[2mn —2m —n]N, ..., [6mn — 4m — 2]N + M, [6mn — 4m — 1]N + M
are confirmed that vertex mapping is 1-1.

Assume the edges incident with vertices

between (u;, m;)and (w4, m;), j=1ton—1.

f*(e)) = [(bn — 4)m- ][N + M,i = 1to2(n — 1)m. ----(15)
Let the edges incident with vertices between(un_(,-_l),m(n_l)+j),
j =1ton-1.

fr(eryi) = [(6n — 4)m-t — i][N + M,i = 1tomn,t = 2(n —
m. (16)

Take the edges incident with vertices between (un+ M1y ]-), j =
lton—1.

f*(eryi) = [(6n — 4)m -t — iIN + M,i = 1tonm,t = (3n —

Consider the edges incident with vertices
between (uzn—jt1, Mansj—1) and (Uzn—j, Map4j—1), j = lton—1.

fle,ri)=1[(6n —4)m-t — ][N +M,i = 1to2(n — I)m, t =
(4n — 2)m. --- (18)

Hence,

{[emn — 4m — 1]N + M,[émn — 4m — 2]N + M, ...,[4mn
— 2m|N + M} U {[4mn
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—2m — 1N + M,[4mn — 2m — 2IN + M, ..., [3mn—2m|N + M}
U{[3mn—2m-1]

N + M,[3mn — 2m — 2]N + M, .., [2m(n—1)|N + M}
U {[2m(n —1)—1]N + M,

2m(n—1)—-2IN + M, .., M} = {M, N + M, 2N + M, ..,
[6bmn —4m —2]N + M, [6mn — 4m — 1]N + M} confirms that the
edge mapping is 1-1.

From the definition of f and f * it's clear that arbitrary
supersubdivision of Ladder graph ASS(L,) is M modulo N graceful
labelling for all N and M = 1to N.

25N 30N 33N

Figure 1: M modulo N graceful labelling of ASS(L,).

Example:1 3 modulo 5 graceful labelling of ASS(L,).
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Figure 2: 3 modulo 5 graceful labelling of ASS(L,).

Theorem: 2.2 A Supersubdivision of Ladder graph SS(L,) is
M modulo N graceful labelling for all positive integer N and M =
1toN.

Proof: In SS(L,), every edge of L, is replaced by Kj ,,,. The vertices
of L, is denoted by u,, u,, ..., up, and the vertices of Kizlm,i =
1to3n—2 is denoted by v;, j = 1tom(3n—2) in SS(L,). Let
SS(Ly) has 2n + m(3n — 2) vertices and 2m(3n — 2) edges.

Description of M modulo N Graceful labelling on SS(L,,).
Consider the vertices uy, uy, ..., Uy, iN Ly:

f(u,-)= [6mn — 4m — jIN + M,j = 1ton.— ———(10)
f(uzn_js1) = [Smn — 4m — jIN + M,j = 1Tton.————(11)

Let the vertices v, int = 1tom(n — 1)in K, j=1lton-1.

2, m’
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fm-n+x+1) = [@m—=1G - 1) + 2k]Nk =0tom — 1,j =
lton — 1.----(12)

Take the vertices vy, int = 1tom(n — 1) +s,s=1tomn in
K(“l)ﬂj =1ton.

f(W2om -m-x) = [Bmn — 2m)- (j — Dm- j- kIN,k = Otom — 1,j =
1ton.----(13)

Assume the verticesv;,int = 1tom(2n — 1) +s, s=1tom(n —
1) in K(Zn DY i =1ton-1.

fmam-2+j)+141) = [Bmn = 2m) + ( — D(2m — 1) + 2k N,k =
Otom-1,j=1ton-21. e
-(14)

Hence, {[bmn —4m — 1IN + M, [6mn —4m — 2]N + M, ..., [6mn — 4m —
n|N + M} U

{[5mn —4m — 1IN + M, [5mn —4m — 2]N + M, ..., [Smn — 4m — n]N +
M} U {0,2N, 4N,

[2m —=2]N,[2m — 1]N, [2m + 1]N,...,[2m — 1)(n — 2)]N, ..., [2mn
—2m—n]N} U

[3mn —2m — 1IN, [3mn—2m —2]N, .., [3m(n—1)]N, [3m(n—1)—
2IN, [3m(n—1)-3]N,..,[2m—-1)(n—-1)]N}U {[3mn —2m]N, [3mn —
2m + 2]N, [3mn —2m + 4]N [3mn — 2m + 6]N, ....,[3mn — 2]N, [3mn —
1]N, ..., [5mn — 4m-n]N = {0,2N, ...,

[2mn — 2m —n]N, ...,[6émn — 4m — 2]N + M, [6mn — 4m — 1]N + M are
confirmed that vertex mapping is 1-1.

Assume the edges incident with vertices
between (u;, m;)and (uj.q,m;), j=1ton—1.

f*(e;) = [(bn — 4)m-i][N + M,i = 1to2(n — 1)m. ---- (15)
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Let the edges incident with vertices between( w,,_(j_1), Mu-1)+j), j =
l1ton-—1.

fr(ey)) = [(6n — 4)m -t — i][N + M,i = 1tomn,t = 2(n — 1)m. ----
-(16)

Take the edges incident with vertices between (U,4j, Mu-1y+j), j =
l1ton—1.

frlegy) = [(6n — 4)m-t — i]N + M,i = 1tonm,t = (3n — 2)m. -----
(17)

Consider the edges incident with vertices
between (uZn_j+1, m2n+j_1) and (uZn_j ,m2n+j_1) ) ] = 1lton—1.

fle;+i)=1[(6n —4)m-t — ][N +M,i = 1to2(n — I)m, t =
(4n — 2)m. --- (18)

Hence,

{[emn — 4m — 1N + M,[6mn — 4m — 2]N + M, ..., [4mn — 2m]N
+ M} U {[4mn
—2m — 1N + M,[4mn — 2m — 2]N + M, ..., [3mn —2m]N + M}
U{[3mn—-2m-1]
N + M,[3mn — 2m — 2N + M,...,2m(n— 1IN + M} U {[2m(n — 1)
—1]N + M,

2mn—1)—-2][N+ M, .., M} = {M, N+ M, 2N + M, .., [6mn —
4m —2]N + M, [6mn — 4m — 1]N + M} confirms that the edge mapping
is 1-1.

Hence supersubdivision of Ladder graph SS(L,) is M modulo N
graceful labelling for all Nand M = 1to N.
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Figure 3: M modulo N graceful labelling of super subdivision of Ladder graph SS(Ls).

Example 2: 5 modulo 10 graceful labelling of super subdivision of
Ladder graph SS(Ls).

390 440 450 540

Figure 4: 5 modulo 10 graceful labelling of supersubdivision of Ladder graph SS(Ls).
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3. Algorithm for evaluating M modulo N graceful labelling.
3.1 C++ Programming Algorithms.

Algorithm of MmoduloN graceful labelling on arbitrary
supersubdivision of Ladder graph, supersubdivision of Ladder
graph, Subdivision of Ladder graph for all positive integer N,M =
1toN.

In this algorithm we able to find

i. Mmodulo N graceful labelling of ASS(L,) , when m is arbitrary
inKZ'm.

ii. M modulo N graceful labelling of SS(L,), when m is not arbitrary
inkj , .

iii. M modulo N graceful labelling of S(L,), whenm = 1inK,,,.

#include<iostream.h>

#include<conio.h>

void main()

{

clrscr();
intij,tn,M,N,Y,p,m[100],Z,q,91,92,93,94,95,96,97,98,99.%;
q=0,91=0,93=0,q4=0;

cout<<endl<<"Enter the N value: N =";

cin>>N;

cout<<endl<<"Enter the n value:n=";

cin>>n;

cout<<endl<<"Enter the mi value: ";

cout<<endl<<"Is The graph is ASS(Ln) if yes type 1:Z=";
cin>>7;

if(Z==1)

{

cout<<"M  modulo N graceful labelling of Arbitrary
supersubdivision of Ladder graph";
for(i=1;i<=(3*n)-2;i++)

83



Mapana - Journal of Sciences, Vol. 22, Special Issue 1 ISSN 0975-3303

{

cout<<" m["<<i<<"] =";
cin>>m[i];

q=q+(2*ml[i]);

}

}

else

{

cout<<"M modulo N graceful labelling of supersubdivision of
Ladder graph';

cout<<" enter m Value : m=";
cin>>p;
for(i=1,i<=(3*n)-2;i++)

{

mli]=p;

q=q+(2*mli]);

}

}

cout<<endl<<"q="<<q<<endl;
for(i=1;i<=(2*n)-1;i++)
{

q3=q3+mli];

if(i<=n)

{

ql=ql+m[n-1+i];

}

if(i<=n-1)

{

q4=g4+ml[i];

}

}

cout<<"Want to find particular M if yes enter 1 :";
cin>>Y;

if(Y==1)

{

cout<<endl<<"Enter the M value: M = ";

cin>>M;

goto X;

}

84



Velmurugan & Ramachandran N modulo Greaeful labelling on

for(M=1,M<=N;M++)

{

X:

cout<< M<<" modulo"<<N<<" graceful labelling for vertices:";
for(j=1;j<=n;j++)

cout<<" f(u"<<j<<")="<<(q-j)*"N+M;

}

for(j=1;j<=n;j++)

cout<<" f(u"<<(2*n)-j+1<<")="<<(q-ql+)*N+M;

}

for(j=1;j<=n-1;j++)

{

q2=0;
for(i=1;i<=j-1;i++)

{

q2=q2+mli];

!
for(k=0;k<=ml[j]-1;k++)
{

cout<<" f(v'"<<1+q2+k<<")="<<(2*q2-j+1+2*k)*N;
}

}

for(j=1;j<=n;j++)

{

g5=0; q6=0;

for(i=1;i<=n-(j-1);i++)

{

q5=q5+m[n-1+i];

)

for(i=1;i<=j-1;i++)

{

q6=q6+m[2*n-i];

}

for(k=0;k<=m[2*n-j]-1;k++)

{

cout<<" f(v'"<<qd+q5-k<<")="<<(q3+q4-q6-j-k)*N;
}
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ior(j=1;j<=n—1;j++)

{q7=0; q8=0;

for(i=1;i<=j-1;i++)

{q7=q7+m[2*n—1+i];

q8=q7-1;

ior(k=0;k<=m[2*n—1+j]-1;k++)

C{out<<" f(v"<<q3+q7+1+k<<")="<<(q3+q4+2*q7-(j-1)+2*k)*N;
C}o}ut<<endl<<M<<” modulo "<<N<<" graceful labelling for edge:";
for(i=1;i<=2*q4;i++)

ftout<<" f*(e"<<i<<")="<<(q-1)*N+M;

ior(i=1;i<=q1;i++)

iout<<" f*(e"<<2*q4+i<<")="<<(q-(2*q4)-i)*N+M;
ior(i=1;i<=q1;i++)

iout<<" f*(e"<<q3+q4+i<<")="<<(q-(q3+q4)-i)*N+M;

}

q9=0;
for(j=1;j<=n-1;j++)
{

q9+=m[2*n+j-1] ;

}
for(i=1;i<=2*q9;i++)
{

cout<<" f*(e"<<2*q3+i<<")="<<(q-(2*q3)-1)*N+M;
}

if(Y==1)

{

goto R;

}
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R:
if(Z==1)
{
if(Y==1)
{

cout<<endl<<M<<" modulo "<<N<<" graceful labelling of
Arbitrary supersubdivision of Ladder graph";

}

else

{
cout<<endl<<"M modulo N graceful labelling of Arbitrary

supersubdivision of Ladder graph";

1

else

{
if(p==1)
{
if(Y==1)
{

cout<<endl<<M<<" modulo "<<N<<" graceful labelling of
subdivision of Ladder graph";
}

else

{

cout<<endl<<"M modulo N graceful labelling of subdivision of
Ladder graph';

}

)

else

{
if(Y==1)

{

cout<<endl<<M<<" modulo "<<N<<" graceful labelling of
supersubdivision of Ladder graph";

}

else

{
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cout<<endl<<"M modulo N graceful labelling of supersubdivision
of Ladder graph";

}
}

}
getch();

}.

4. Conclusions

In this work we proved that arbitrary supersubdivision of
ladder graph and supersubdivision of ladder graph are M modulo N
graceful labelling. The developed C ++ algorithm reduces the
manual work for finding M modulo N graceful labelling when the
size of the graph is large. In C++ Programming algorithm, when m
is arbitrary, then its known as M modulo N graceful labelling on
arbitrary supersubdivision of ladder graph, when m is fixed, then its
known as M modulo N graceful labelling on supersubdivision of
ladder graph and whenm is 1, then it is known as M modulo N
graceful Labeling on subdivision of ladder graph. In future, we
apply our labelling techniques in various different communication
network problems which one need on high security.
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