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Graphs
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Abstract

A graph G(|V(G)| = p,|[E(G)| = q) has an FVP labeling if a
bijective function f exists from E(G) to the set
{Fy, Fs, ..., Fy41} having the property that the labels of the
edges incident at any vertex of degree atleast two are
relatively prime. An FVP graph is one that accepts an FVP
labeling. In this work we realise that several graphs such
as Path, Cycle, Wheel, Gear, Helm, Shell, Bistar and
Umbrella graphs are FVP graph.

Keywords: Fibonacci number, Vertex prime labeling, Fibonacci
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1. Introduction

A thorough analysis of graph labelings is provided by Gallian [4].
Roger Entringer first proposed the idea of prime labeling, which was
then addressed by Tout et al. [9]. Eventually many developments
were brought in this field. The cycle C,, on n vertices was shown to
be a prime graph by Deresky et al. [3]. Prime labeling of various path
and cycle-related graphs was illustrated in [5],[7].

Chandrakala and Sekar [2] introduced the concept of Fibonacci
prime labeling. They showed the Fibonacci prime nature of a few
cycle-related graphs. Furthermore, they provided the Fibonacci
prime labeling of the Uddukkai and octopus graph in [1]. T.Deretsky
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et al. [3] proposed a new concept called Vertex Prime labeling (VP
labeling). M. Bapat has demonstrated various VP graphs in [8].
Kavitha et al. [6] established VP labeling for several Helm-related
graphs. In this article, we consider finite simple graphs with no
directed edges.

2. Main Results

Definition 2.1. A graph G(|V(G)| = p,|E(G)| = q) has a Fibanocci
Vertex Prime (FVP) labeling if a bijective function f exists from E(G)
to the set {FZ, Fs, ..., Fq+1} having the property that the labels of the
edges incident at any vertex of degree atleast two are relatively
prime. An FVP graph is the one that accepts an FVP labelling.

Theorem 2.2. Path is an FVP graph.

Proof. Assume P, to be a path with V(P,) = {v;}}-; and E(P,) =
i

Define f:E(B,) = {F,,F3,...,F,} such that f(vvi;1) = Fiyq,
whenever 1 <i <n-—1.

Let f'(v) = gcd{f(e): eisincident at v,deg (v) = 2} .Then,

f'@) = ged(f Wi-1v), f(Vivis1)) = ged(Fy, Fiyq) = 1, whenever
(2 <i<n-1). Hence, a path -P, is an FVP graph.

Theorem 2.3. Cycle C, is an FVP graph.

n

Proof. Assume C, be a cycle graph with V(C,) = {v;}}-, and
E(Cp) = {vivis1 3] U {v,v,}. Define f:E(Cp) = {F5,F;, ..., Fpy1} as
follows.

f(W;viy1) = Fiy1, whenever1 <i <n-—1,
f (1) = Fryq.
Let f'(v) = gcd {f(e): eis incident at v,deg (v) = 2}.

Then, f'(v;) = ged(f (vi—1v), f(vivi41)) = ged(F, Fipq) = 1,
whenever (2 < i < n). For f'(vy) = gcd(F,, Fy4+1) = 1. Hence, cycle
Cp is an FVP graph.

Theorem 2.4. Wheel graph W, is an FVP graph.

Proof. Assume W, to be the wheel graph with n + 1vertices and 2n
edges.
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Let V(W,) = {v;}[=, where v, be the apex vertex and

EW,) = {vivi1 315 U {vavi} U {vov ;. Define f: E(W,) —
{F,,F;, ..., Fy, 11} as follows.

f(iviy1) = Fi41, whenever1<i <n-—1,
f(Wnv1) = Fanya,
f(vov;) = F,;, whenever1 <i <n.

Let f'(v) = gcd {f (e): e is incident at v,deg (v) = 2}.Then, f'(v;) =

ged(f (Wi—1vy), f(ivi1), f(Wovy) = ged(Fai—1, Foi41, F2i) = 1, whenever
(2<i<n).

f'(v) = ng(Fz;F3,Fn+1) =1

f'(vy) = gcd(f(vovi)) = gcd{F,;, forl <i <n}=1.
Hence, Wheel graph W, is an FVP graph.

Theorem 2.5. Gear graph G, is an FVP graph.

Proof. Assume G, to be the Gear graph with 2n + 1vertices and 3n
edges.

Let V(G,) = {vi}ito U {u;}iL,, where v, be the apex vertex and
E(Gp) = {viudie; U (w75 Uy U {vudis,.

Define f: E(G,,) - {F,,Fs, ..., F3541} as follows.

f(v;u;) = F3;, whenever 1 <i <n,

fu;viy1) = F3i41, whenever 1 <i <n-—1,

funv1) = Fanyq

f(wov;) = F3;_1, whenever 1 <i <n.

Let f'(v) = gcd {f(e): e is incident at v, deg (v) = 2}. Then,

') = ged(f (ui—1vy), f(viwy), f (ovy)) = ged(Fsi—, F3, F3i-1) = 1,
for(2<i<n).

f'(v) = ng(F2'F3,F3n+1) =1
f'(w) = ged(f (vu), f (wviy1)) = ged{(Fsp, Faip1) = 1,1 < i < njl.
For f'(v) = ged(f(vov;)) = ged{Fs;_q, forl <i <n}=1.
Hence, Gear graph G, is an FVP graph.
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Theorem 2.6. Shell graph (n,n — 3) is an FVP graph.

Proof: Assume C(n,n — 3) be the shell graph with |V(C (n,n— 3))| =
n and |E(C(n,n - 3))| = 2n — 3. Then, V(C(n,n -3) = {v},
where, v, be the apex vertex and |E (C (n,n— 3))| = {vvi Lt U
(v} U (V0. )55 . Define f:E(C(n,n —3)) - {F,,Fs, ..., Fap_} as
follows.

fW;viy1) = Fyi—1, whenever2 <i <n-—1,
f(viv;) = Fyj_,, whenever2 <i <n-—1,

Let f'(v) = gcd {f(e): e is incident at v,deg (v) = 2}.Then, f'(v;) =

ged(f (vieyvi), f0ivi41), f (010;) = ged(Fpi3, Fai—q, Fai—) = 1, for
B<igsn-1).

For f'(vy) = ged(f(v1vy), 1 <i <n) = gcd(Fy, Fy, Fg, oo . Fppp) = 1.
For f'(v,) = ng(f(V1V2);f(V2V3)) = gcd(Fy, F3) = 1.

£ (W) = ed(f (Wno1vn), f (W01)) = 8ed(Fanoz, Fang) = 1.

Hence, shell graph C(n,n — 3) is an FVP graph.

Theorem 2.7. Helm graph H,, is an FVP graph.

Proof: Assume H,, to be the Helm graph with |V (H,)| = 2n + 1 and
|E(H,)| = 3n.

Let V(H,) = {v;}i=o U {v;"}}=, where, v, be the apex vertex and
E(Hy) = {vivip 3oy U (v} U {vowidie, U (v .

Define f: E(H,) ) = {F,, F3, ..., F3n41} as follows.

f(w;viy1) = F3;, whenever 1 <i <n-—1,

fnv1) = Fap,

f(vov;) = F3i_1, whenever 1 <i <n,

f(vv{) = F3i41, whenever 1 <i <n.

Let f'(v) = gcd {f (e): eis incident at v,deg (v) = 2}.Then,

') = ged(f i—1v), f (0ivi1), f(Wovy), f(viv])) =
gcd(Fzi—3, F3;, F3i-1,F3i41) =1, for 2<i<n) and f'(v))=
ng(FZ,F3,F4_, F3n) = 1

For f'(v) = ged(f(vov;)) = ged{Fs;_1, forl <i <n}=1.
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Hence, Helm graph H,, is an FVP graph.
Theorem 2.8. Bistar B, is an FVP graph.

Proof: Assume B, to be the Bistar graph with |V(Bn,n)| =2n+2
and |E(B,n)| = 2n + 1.

Let V(Bpn) = {u;}i=o U {Vi}?:l, and (Bn,n) = U U {upu;}i=, U
{vovidics-

Define f: E(Byyn) — {F3, Fs, ..., Fony2} as follows.

f(upu;) = F;yp, whenever1 <i <n,

f(wov;) = Fpip4i, whenever 1 <i <n,

f(uovo) = Fs.

Let f'(v) = gcd{f(e): eis incident at v,deg (v) = 2}. The vertices
uy and vy in B, , haved(v) = 2.

Then, f'(uo) = ged(f (uowy), f (Uovo)) = ged ({Fiuz, 1 < i < n}, Fy)=1.
f'(vo) = ged(f (wovy), f (uovo)) = ged ({Fraa4i 1 < i <}, F)=1.
Hence, B, ,, is an FVP graph.

Theorem 2.9. Umbrella graph U(m,n ) is an FVP graph.

Proof: Assume U(m, n) to be the umbrella graph with [V (U(m,n)| =
m+nand |[E(U(m,n)| =2m+n— 2.

The vertex set V(U(m,n)) = {v;}i2; U {u;}i-; and edge set
EWUmn) = {vivip 31571 U (g 1 U {wg w2,

Define f: E(U(m,n)) - {F,, F;, ..., Foy4n—1} as follows.
f(;vi41) = Fpipi, wheneverl <i <m—1,

f(uyv;) = Fpypi—1, Whenever 1 <i <m,

fuju;pq) = Fiy1, whenever1 <i <n-—1,

Let f'(v) = gcd{f(e): eis incident at v,deg (v) = 2}. Then,

Then, f'(v;) = ged(f (vi—1v1), f(Wivi41), f (W v)) =
8cd(Fni2i-2, Fui2i Fpizi-1) = Lfor 2 <i<m-—1).

For f'(vy) = ng(f(u1v1):f(v1vz)) = ged(Fs, Fg) = 1.

fl(vn) = ng(f(vm—lvm):f(ulvm)) = ng(Fn+2m—2an+2m—1) =1L
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f'u) = ng(f(u1Vi) 1<i< m);f(uﬂlz)) = ged (Fpyzi-p 1 S0 <
n),F,) =1.

£/ () = ged(f (wi—quy), f(wiuiy)) = ged ((Fi, Fiyp) = 1. forl <
i <n).

Hence, U(m, n) is an FVP graph.

Conclusion

From the above paper we examined several types of graphs such as
Path, Cycle, Wheel, Gear, Helm, shell, Bistar and Umbrella graphs

are FVP graph.
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