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of Graphs
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Abstract
Let G = (V,E) be a graph. Fork is a tree obtained by
subdividing any edge of a star of size three exactly once. In
this paper, we investigate the necessary and sufficient
condition for the fork-decomposition of Cartesian product
of graphs.
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Introduction

We consider simple, finite, and undirected graphs. Let K;, denote the
complete graph on n vertices and K, , denote the complete bipartite
graph with partite sets of sizes m and n. Let P, denote the path of
length k — 1 and S), denote the star of size k — 1. A vertex of degree
1is called a pendant vertex and the vertex adjacent to it is called the
support vertex. Terms not defined here are used in the sense of Bondy
and Murty [4].

Let L ={H,,H,,...H,} be a family of subgraphs of G. An L-
decomposition of G is an edge-disjoint decomposition of G into
positive integers a; copies of H; where i € {1,2, ..., r}. Furthermore, if
each H;(ie{1,2,...,r}) is isomorphic to a graph H, then we say that G
has an H-decomposition.
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The obvious necessary condition for the existence of a {H;, H,,... H,}-
decomposition of G is )i, a;e(H;) = e(G) 1)

We call this equation as necessary sum condition.

The Fork graph was defined by Simone and Sassano in the name of
chair graph in 1993, when they studied the stability number of bull
and chair-free graphs [5]. A tree with degree sequence (1,1,1,2,3) is
unique and is nothing but the fork defined above. Hence the

subgraph Fork is also called a chair {7 or (3,2,1,1,1)-tree.

The decomposition of arbitrary graphs into subgraphs of small size
is assuming importance in literature. There are several studies on the
isomorphic decomposition of graphs into sunlet [1], cycles [2], trees
[3], paths [8, 11], stars [12], etc. In 2013, P. Chithra Devi and J. Paulraj
Joseph studied the P, Decomposition of Product graphs [6]. The
general problem of H-decompositions was proved to be NP-
complete for any H of size greater than 2 by Dor and Tarsi [7]. The
decomposition of complete bipartite graphs, complete graphs, and
corona graphs into Fork was studied in [9]. In this paper, we
investigate the decomposition of the Cartesian product of graphs
into forks.

Definition 1.1. [10] The Cartesian product of two graphs ¢ and H,
denoted by GOH, is the graph whose vertex set is V(G) x V(H); two
vertices (g,h) and (g',h") are adjacent in GOH precisely if g = g
and hh'eE(H), or gg'eE(G) and h = h’. The number of edges in GOH
is [V(OIEH)| + [VIHIIE(G)].

The following results are used in the subsequent section.

Theorem 1.2. [9] The complete bipartite graph K, is fork-
decomposition if and only if mn = 0(mod 4) except K;4i42, (i =
12,...).

Theorem 1.3. [9] The Complete graph K,, can be decomposed into
forks if and only if n = 8k orn = 8k + 1, for all k > 1.

Theorem 1.4. [9] C,, ° K,,, is fork-decomposable if and only if m =1
andn =2k orm = 3.

Theorem 1.5. [9]
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For m > 3,K,, > K, is fork-decomposable if and only if m =
0,7 (mod 8)

For m >3,K,, oK, is fork-decomposable if and only if m=
0,5 (mod 8)

Cartesian product of two Paths

In this section, we give the necessary and sufficient conditions for
the decomposition of Cartesian product of two paths into forks. The
following three lemmas are used in proving the decomposition of
Cartesian product of two paths into forks.

Lemma 2.1. P;0P; and P,OP, are fork-decomposable.

Proof. The fork-decomposition is depicted in Figure 2.1.
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Figure 2.1 Fork-decomposition of P;0P; and P,OP,

Lemma 2.2. Let G; be the graph obtained by joining one of the
vertices of degree 2 of P,,_1 o K; (k = 1) to the alternate vertices of
C4. Then G, is fork-decomposable.

Proof. The graph G, is given in Figure 2.2

X1 X2 X2k—1 W V-1 V2 Vi

Figure 2.2 The graph G,

Let uqy, Uy, ..., Ugp—q and vy, vy, ..., Vi—1 be the vertices of first and
second copy of Pyy_qin P,,_q o K; respectively. Let x;,y;(1<i <
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2k — 1) be the pendant vertices of u; and v; respectively and let
Wy, Wy, W3, W, be the vertices of C,.

Then a  fork-decomposition of G; is given by
(Ui, ilisg, Wia Xiva, Uira Uiz},

iy, ViVie1, VieaVivn VierYie2d {qu—13_52k—1'u2k—1W1v W1Wa2, Wi Wy},
{vZk_lka_l, VUok—1W3, W3W5,, W3W4} fOI‘ L= 1,3, . ,Zk - 3.

Lemma 2.3. Let G, be the graph obtained by identifying an end copy
of P;0P; of P30P,y, with another end copy of P;0P; of P30OP; 4
and deleting the edges of third copy of P, in each of the graphs
P30P; 4, as shown in Figure 2.3. Then G, is fork-decomposable.

Proof. Let us label the vertices of G, as given in Figure 2.3

Uy 22 241 €] € €
I < O ]
’, b, A e

RS P
» » » O Yol ) €3
By X2 X2 X2k-2 X2k-1 e eg

Figure 2.3 The graph G,

The fork-decomposition of G, is given by
{xiuz,i' U iUq,i U, iU i+1 ul,iul,i+1}r {Yivz,i: V2,iV1,i» V2,iV2,i+1» Ul,ivl,i+1}r
{x2k—1u2,2k—1' Uz 2k-1U1,2k—1 U2,2k-1€4, u1,2k—1€1} ’
{}’Zk—1172,2k—1» V2,2k-1V1,2k-1,V2,2k-1€8, U1,2k—1e9} ’

{ejey,e1e4, €565, 0263} , {eze6, 669, €566, €869}, {€4€7, €508, €768, €5€9}
fori =1to 2k — 2.
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In the following theorem, we give necessary and sufficient
conditions for the fork-decomposition of Cartesian product of paths.

Theorem 2.4. P,0P, is fork-decomposable if and only if m =
n (mod 4) where
n<m.

Proof. If P,0P,, is fork-decomposable, then the total number of edges
in P,0P,,, given as 2Zmn — (m + n) must be a multiple of four. Since
2mn is even, m and n must be both even or both odd. Hence the
difference between m and n must be even. Thus
2mn —m —n = 4k implies m —n = 4k — 2mn + 2m = 4k — 2m(n —
1), where k is a positive integer. Since m and n are both even or both
odd, m(n — 1) must be even. That is, m(n — 1) = 21 where [ is a
positive integer. Then m —n =4k — 4l = 4(k —1). Hence, m =
n (mod 4).

Conversely, assume that m = n (mod 4). We shall prove that P,,0P,,
is fork-decomposable, by considering two cases.

Casei.n=m

If n is even, let n = 2i. The proof is by induction on n. Since P,OP, is
fork-decomposable by Lemma 2.1, the result is true for n = 4.
Assume that the result is true for n = 2i — 2. Since P,;0P,; can be
decomposed into P,;_,0P,;_, and G,, by induction P,;_,0P,;_, is
fork-decomposable and by Lemma 2.3, G, is fork-decomposable.
Hence P,;0P,; is fork-decomposable.

If n is odd, let n =2i + 1. Since P;0P; is fork-decomposable by
Lemma 2.1, the result is true for n =3 . P,;,10P,;4; can be
decomposed into P,;0P,; and G; . Since P,;0P,; is fork-
decomposable and by Lemma 2.2, G; is fork-decomposable,
P;+10P;.q is fork-decomposable. Hence P,0P, is fork-
decomposable.

Caseii.n #m

If n = 2, m = 2 + 4a, for some positive integer a > 1. For a = 1, the
graph P,0P; is fork-decomposable as shown in Figure 2.4.
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Figure 2.4 P,0 P

Consider the graph H; obtained from P,0P, with pendant edge
attached to first copy of P,. The graph H; is fork-decomposable as
shown in the Figure 2.5

&--élilltfoilllfl "Eresesan
Figure 2.5 The graph H,

For a > 1, the graph P,0P,, 4, can be decomposed into one copy of
P,0Ps and a—1 copies of H; and hence P, xP, is fork-
decomposable for m = 2 + 4a.

If n # 2, consider the graph H, obtained by removing PF,0P, from
P,OoP, . Let I=m—n. Clearly, | is a multiple of 4 . Let
{uy,1, U5, .., Ui} be the vertices of P,OP, in H, where i = 1 to L. Let
Up,1, Ug 2, -, Ugn De the pendant vertices attached to u; 1,u; 5, ..., Uy p
respectively.

Then a  fork-decomposition of H, is given Dby

{ui,lui,z' Uj1Ui—1,1, Ui 2Ui—1,2, ui,lui+1,1} ’
{ui+1,2ui+1,1' Uitr1,2Ui2, Uit1,2Ui+2,2, ui+2,2ui+3,2} ’
{ui+2,1ui+2,2' Ui+2,1Ui+1,1 Ui+2,1Ui+3,1) ui+3,1ui+3,2} for L=

1,59,..,m—3and {uj'kuj'k_l,uj,kuj_llk,uj,kujﬂ,k,uj+1,kuj+1,k_1} for
j=13,.,m—1land k =34,..,n

Since P, 0P, can be decomposed into B,0PF, and H, which are fork-
decomposable, B,0P,, is fork-decomposable.

Cartesian Product of path and cycles

In this section, we give the necessary and sufficient conditions for
the decomposition of Cartesian product of path and cycles into forks.
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The following lemma is used in proving the necessary and sufficient
conditions for the fork-decomposition of Cartesian product of paths.

Lemma 3.1. The graph P,0C,, is fork-decomposable if and only if n =
0 (mod 4).

Proof. If P,0C, is fork-decomposable, then |E(P,0C,)| = 3n
0 (mod 4), and hence n = 0 (mod 4).

Conversely, assume that n = 0 (mod 4).

Let V(C,) = {wq,wy, ..., wy} and V(P,) = {xq,x,}.

Then V(P,0C,) =

{Cer, wy), (1, w2), e,y (g, W), (g, W), (X2, W2), .., (32, W)}

Rename the following vertices: (x;1, w;) = u;, (xz, W) = v, 1 <,
k<n

Then a fork-decomposition of P,0C, is given by
{wivy, Wikl 1, Willi— 1, Wi Vi1 }, {VisaWivs, VisaVien, Viea Viez, VieVie2},
{Wit2Vis2, WitaUit s, Uis2Uirs, Vig2Vies) for
i = 2 (mod 4). The subscripts are taken modulo n.

Theorem 3.2. C,,,0P, is fork-decomposable if and only if m = 4k.

Proof. Let G = C,,,0P,. If G is fork-decomposable, then |E(C,,0PF,)| =
0 (mod 4) which implies 2mn-—m =4k. Thus m(2n-—-1)=
4k. Since 2n — 1 is odd, m must be a multiple of 4.

Conversely, assume that m = 4k. Let H = C,,,0P,. Then C,,,0P, can
be decomposed into H and G —H . By Lemma 3.1, H can be
decomposed into forks and G — H can be decomposed into n — 2
copies of Cy,, o K;. Since m is a multiple of 4, by Theorem 1.4, C;,, o K;
can be decomposed into forks and hence G is fork-decomposable.

The following lemma is used in proving the existence of necessary
and sufficient conditions for the fork-decomposition of Cartesian
product of cycles.

Lemma 3.3. Let G be the graph obtained from P,0C, with pendant
vertex attached to the first vertex of each copy of P,. Then G is fork-
decomposable for alln > 3.

Proof. Let V(C,) = {x1, %3, ..., x,} and V(K;) = {y;,y,}.
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Then V(P,0C,) =
{Cr1,v1), (e y1)s s (s 1), (X1, ¥2), (X2, Y2, woes (s ¥2)3-

Rename the vertices (x;,¥1) = u; and (x;,y,) =v; for all 1 <i < n.
Let w; be the pendant vertex attached to each u;.

Then a fork-decomposition of G is given by {u,uy, upwy, Uy Uy, V1 }
and {u;u;4q, Uiw;, U V;, V;V;41} for 1 < i < n— 1. The subscripts are
taken modulo n.

Theorem 3.4. C,,0C,, is fork-decomposable if and only if either m or
n is even.

Proof. If C,0C, is fork-decomposable, then |E(C,0OC,)|=
0 (mod 4), implies 2mn = 4k. Hence either m or n is even.

Conversely, assume that n is even and let G = C,,0C,,. Then G can be
decomposed into g copies of C,,0K, with pendant edge attached to

the first copy of C,, which in turn can be decomposed into forks by
Lemma 3.3. Similarly, we can prove the result for even values of m.

Cartesian Product of centipede and path
In this section, we give necessary and sufficient conditions for the
Cartesian product of centipede and path into forks.

Theorem 4.1. Let G be an m-centipede (P, °K;) and if m =
0(mod 2), then GOP, is fork-decomposable for all n = 0(mod 4).

Proof. Let G be an m-centipede. Let V(B,,) = {x1, x5, ..., X, } and let y;
be the pendant vertex adjacent to x;(1<i<m) . Let
{xi1, Xi2, ..., Xin, (1 < i < m)} be the vertices of a path in n copies of
m-centipede and let {y;1,¥i2, ..., Yin} be the pendant vertices in n
copies of m -centipede attached to x;j(1<i<m and 1<j<n)
respectively.

The set of forks F, and F, can be obtained as
{xijxi(j+1),xijx(l-“)j,xijyij,yijy(iﬂ)j} forl<i<n—land 1<j<
m—1 and  {xiXi(j+1), XijVij, XijXigi-1) Xij-nYii-n ) for =
2,4,..,m—2and i = n.If we remove F; and F,, we get a component
M obtained by adding an edge to the end vertex y,_1)n, of path in
P,OP,_,.
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.M'l .

Figure 4.1 The graphs M, and M,

This component M can be decomposed into component M; which is
obtained by adding an edge to the end vertex of P; in P,0P; and % -
1 copies of M, obtained by adding an edge to the first vertex of the
first copy and end vertex of the second copy of P, in P,0OP,
respectively. The decomposition of M; and M, are shown in the
Figure 4.1.

Cartesian Product of complete graph and path

In the following theorem, we give necessary and sufficient
conditions for the fork-decomposition of Cartesian product of
complete graph and path.

Theorem 5.1. The graph K,,,0P, is fork-decomposable if and only if
it satisfies any one of the following conditions.

1. m =0 (mod 8)

2. n =0 (mod 2) and m = 0 (mod 4)
3. n=2(mod4)and m = 2 (mod 4)
4. n=3(mod4)andm =5 (mod 8)
5. n=1 (mod4) and m = 1 (mod 8)

Proof. If K,,0OP, is fork-decomposable, then total number of edges in

K,oOB, is m(n—1)+n (m("zl_l)) = %(n(m +1) —2) =0 (mod 4).
Then m(n(m+ 1) —2) =8k. Clearly, m =0 (mod 8) which is

condition (1).

Suppose m=1(mod8) , then (Bk+1)(n(Bk+1+1)—-2)=
0 (mod 8), which implies n(8k + 2) — 2 = 0 (inod 8). Then, n(4k +
1) =1 =0 (mod 4) which implies n—1 =0 (mod4). Thus n=
1 (mod 4) which is condition (5).

Suppose m=2(mod8) , then (Bk+2)(n(Bk+2+1)—-2)=
0 (mod 8), which implies 2n(8k + 3) — 4 = 0 (mod 8). Then n(8k +
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3) — 2 = 0 (mod 4) which implies 3n—2 =0 (mod 4). Thus n
2 (mod 4) which is condition (3).

Suppose m=3(mod8) , then (Bk+3)(n(Bk+3+1)-2)=
0 (mod 8) , which implies 3n(8k+4)—6 =0 (mod8) . Then
12n(2k + 1) = 6 (inod 8) which implies 6 n(2k + 1) = 3 (mod 4) .
Here n is not a positive integer. Hence this condition does not hold.

Suppose m=4(mod8) , then (Bk+4)(n(Bk+4+1)-2)=
0 (mod 8) , which implies 4n(8k +5) —8 =0 (mod8) . Then
4n(5) = 0 (mod 8) which implies
5n = 0 (mod 2). Thus n = 0 (mod 2) which is condition (2).

Suppose m=5(mod8) , then (Bk+5)(n(Bk+5+1)—-2)=
0 (mod 8) , which implies 5n(8k +6) —10 = 0 (mod 8) . Then
40nk + 30n — 10 = 0 (mod 8) which implies 20nk + 15n—5=
0 (mod4) . Then 15n—5=0(mod4) which implies n—1=
0 (mod 4). Thus n = 3 (mod 4) which is condition (5).

Suppose m=6(mod8) , then (Bk+6)(n(Bk+6+1)—2)=
0 (mod 8), which implies 6n(8k + 7) — 12 = 0 (mod 8). Then 42n —
12 = 0 (mod 8) which implies 21 n =6 (mod4) . Then 21 n=
2 (mod 4) which implies n = 2 (mod 4) which is condition (2).
Suppose m=7(mod8) , then (Bk+7)(n(Bk+7+1)—2)=
0 (mod 8), which implies 7n(8k + 8) — 14 = 0 (mod 8) which is not
possible. Hence this condition does not hold.

Now let us prove the converse part in 5 cases.

Case 1.m = 0 (mod 8)

(n-1)m
8
copies of Kg o K; and n (% 2 ) copies of Kg g. By Theorem 1.3, 1.5 and

The graph K,,0P, can be decomposed into % copies of Kg,

1.2, Kg, Kg° K; and Kgg are fork-decomposable. Hence K,,0P, is
fork-decomposable.

Case 2.n = 0 (mod 2) and m = 0 (inod 4)

First let us prove the result for K,0OP,. If n = 2, let the vertices of first
and second copy of K, be {xi,x3,x3,x,} and {y1,¥., V3, Ya}
respectively. Then a fork-decomposition of K, X P, is given by
{x1%4, %13, %125, X33} ’ {x2%4, X2%3, %22, Y2Y3} ,
12, Y13, ¥1%1, Y3y} and {yay2, Y41, VaXs, Xax3}.
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Figure 5.1 The graph A

If n > 4, the graph K, 0P, can be decomposed into one copy of K,OP,
and % — 1 copies of the graph 4 given in Figure 5.1. Since the graph

A is fork decomposable as shown in the Figure 5.1, K,0OP, is fork-
decomposable.

The graph K0P, can be decomposed into % copies of K,0P, and

n (% 2 ) copies of K, 4. By Theorem 1.2, K, 4 is fork-decomposable.

Hence K,,,0P, is fork-decomposable.
Case 3. n = 2 (mod 4) and m = 2 (mmod 4).

Firstly, let us prove the result for m = 6. The graph K¢OP, can be
decomposed into K,OP,, P,0P, and n copies of K, ,. By Case (2),
K,0P, is fork-decomposable. By Theorem 1.2, K,, is fork-
decomposable and by Theorem 2.4, P,0P, is fork-decomposable.
Hence K¢OP, is fork-decomposable.

For m > 6, the graph K,,0P, can be decomposed into KsOPF,,
Kim_60PB, and K ,_¢. By Case (2), K,—¢0OP, is fork-decomposable
and by Theorem 1.2, K, ,,,_¢ is fork-decomposable. Hence K,,,0P, is
fork-decomposable.

Case 4.n = 3 (mod 4) and m = 5 (mod 8).

Firstly, we shall prove that K5OP, is fork-decomposable. If n = 3, let
the vertices of first, second and third copy of K5 be u;, v;, w;(1 <i <
5) respectively. Then a fork-decomposition of KsOP; is given by

{uguy, ugusz, ugug, ugus), {upus, upuy, upus, usuy ),
{usuy, usus, U3z, v3ws}, {Vo01, VU5, VoWy, VsUs),
{v3vy, V301, V3Us, V1Ug ), {UaV3, UaVs, Uslly, VoUs ),
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{v1vs5, V104, V1Wy, aWs}, {wyws, wiwy, wiws, waw,},
{wowy, wows, wowy, waws}, {(Wswy, Wsws, WsUs, Us v, ).

If n > 3, Ks0P, can be decomposed into [%] copies of KsOP; and
[%] —1 copies of KsoK, . By Theorem 15, KoK, is fork-
decomposable and hence KsOP, is fork-decomposable.

Now we shall prove the result for m. The graph K,,,0P, can be
decomposed into K,,_s0OP,, KsOP, and m copies of Ks,,_5. Since
m = 5 (mod 8), K;,,_s0OP, is fork-decomposable by Case (1) and by
Theorem 1.2, K5 ,,,_s is fork-decomposable. Hence K,,0OP, is fork-
decomposable.

Case 5.n = 1 (mod 4) and m = 1 (mmod 8).

Firstly, we shall prove that KqOP, is fork-decomposable. The graph
KoOP, can be decomposed into K,OP,_1, KsOK, and a graph H
obtained by attaching pendant edges to four consecutive vertices of
Ky . By Case (2) and (4), K,OP,_; and KsOP,_, are fork-
decomposable respectively. By Theorem 1.5, KsoK, is fork-
decomposable.

Now we have to prove that the graph H is fork-decomposable. Let
{x1, x5, ..., X9} be the vertices of Kq and let {y;,y,,¥3,v4} be the
pendant vertices attached to x;(i = 1 to 4) respectively. Then a fork-
decomposition of H is given by

{x1x5, %1 X6, X1%9, XoXg}, {X2%X4, X2Xs5, X2 %7, X5 X},

{x2x6, X228, X2 X9, X6 X5}, {X2X3, X2Y2, X221, X1 Y1},

{x3x6, X325, X3X09, XgX1}, {X42g, X4 Y4, X421, X1 X3},

{xa%x3, X4%0, X4 %6, X6 X5}, {524, X5X3, X5X0, X9X7},

{x7xg, X725, X7 X6, X6 X0}, {X7%X4, X7X3, X7 X1, X3Y3}-

Hence Ky X B, is fork-decomposable.

Now we shall prove that the result for m. The graph K,,,0P, can be
decomposed into KqOP,, K;,,—9OP, and n copies of Ky ,_q. Since m =
1 (mod 8), by Case (1), K;,—o0OP, is fork-decomposable and by
Theorem1.2, Ky,,_o is fork-decomposable. Hence K,,0P, is fork-
decomposable.
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Cartesian product of complete graph and cycle

In the following theorem, we give necessary and sufficient
conditions for the fork-decomposition of Cartesian product of
complete graph and cycle.

Theorem 6.1 The graph K,,,0C, is fork-decomposable if and only if it
satisfies any one of the following conditions.

1. nisevenand m = 0(mod 4) or m = —1(mod 4)

2. nisodd and m = 0(mod 8) or m = —1(mod 8)

3. n=0(mod4)
Proof: If the graph K,,0C, is fork-decomposable, then the total
) n (21 < (1)
0(mod 4). That is n(m(m + 1)) = 0(mod 8).

If nis odd, then m(m + 1) = 0(mod 8). Hence m = 0(mod 8) or m
—1(mod 8) which is condition 2.

number of edges is n

Obviously m(m + 1) is even and if n is even, then either n =
0(mod 4) which is condition 3 or m(m + 1) must be a multiple of 4.
That is, m = 0(mod 4) or
m = —1(mod 4) , which is condition 1.

Now we shall prove the converse part in 3 cases.

Case 1(a). n = 0(mod 2) and m = 0(mod 4).

When m = 4, the graph K,0C,, can be decomposed into K;0C, and
Cp © K3. By Theorem 3.4, the graph K3;0C,, is fork-decomposable and
by Theorem 1.4, Cp ° K3 is fork-decomposable. Hence the graph
K,0C, is fork-decompozible. The graph K,,0C, can be decomposed

4

into % copies of K,OC, and n (7) copies of K, 4. By Theorem 1.2,
K, 4 is fork-decomposable. Hence K, 0P, is fork-decomposable.
Case 1(b). n = 0(mod 2) and m = —1(mod 4).

When m = 3, the graph K30C, is fork-decomposable by Theorem 3.4.
Consider the graph K,,0C,. The graph K,,,0C, can be decomposed
into K30C, , Ky,_30C, and n copies of K3,,_3. By Theorem 1.2,
K3 m-3 is fork-decomposable and by Case 1(a), K;,,—30C, is fork-
decomposable. Hence K,,,0C,, is fork-decomposable.
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Case 2(a). n = 1(mod 2) and m = 0(mod 8).

When m = 8, the graph KgoC, can be decomposed into n copies of
Kg ° K;. By Theorem 1.5, Kg o K; is fork-decomposable. Hence the
graph KgnoC, is fork-decomposable. The graph K,,0C, can be

m

decomposed into % copies of KgoC, and n (%) copies of Kgg. By

Theorem 1.2, Kgg is fork-decomposable. Hence K,,0C, is fork-
decomposable.
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Case 2(b). n = 1(mod 2) and m = —1(mod 8).

When m = 7, the graph K,0C,, can be decomposed into n copies of
K; o K;. By Theorem 1.5, K; o K; is fork-decomposable. Hence the
graph K,0C, is fork-decomposable. The graph K,,0C, can be
decomposed into K,0C,, K;,_,0C, and n copies of K;,,_;. By
Theorem 1.2, K;,,_; is fork-decomposable and by Case 2(a),
Ky, —,0C, is fork-decomposable. Hence K,,,0C,, is fork-decomposable.

Case 3. n = 0(mod 4).

It is enough to prove the result for m = 1(mod 4) and m = 2(mod 4).
Suppose m = 1(mod 4). When m =5, the graph KsOC, can be
decomposed into KsOP,_; and K5 o K,. By Theorem 5.1, the graph
KsOP,,_; is fork-decomposable and by Theorem 1.5, K5 ° K, is fork-

decomposable. Hence the graph Ks0OC,, is fork-decomposable. The
graph K,,0C, can be decomposed into KsOC, , K,,—s0C, and n
copies of Ks5,,_5. By Theorem 1.2, K5 ,,_5 is fork-decomposable.
Hence K,,,0C,, is fork-decomposable for m = 1(mod 4).

Suppose m = 2(mod 4). When m = 2, the graph K,0C, is fork-
decomposable by Lemma 3.1. The graph K,,,0C,, can be decomposed
into K,0C, , K;,—,0C, and n copies of K;,,—, . By Theorem 1.2,
K3 m—2 is fork-decomposable. Hence K,,,0C,, is fork-decomposable
for m = 2(mod 4).

Also, by using the case (1), K,,,0C, is fork-decomposable for all n =
0(mod 4).

Conclusion

In this paper we have investigated the existence of fork-
decomposition of Cartesian product of graphs. Also, we have
investigated the necessary and sufficient conditions for the
decomposition of Cartesian product of graphs into forks. A study on
the fork-decomposition of other product graphs and total graphs is
finalized and will appear as a separate paper in a reputed journal.
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