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Reserved Domination Number of Line
Graph

Rajasekar G.*, G. Rajasekart

Abstract

The reserved dominating set is special up gradation of
dominating set, such that some of the vertices in the vertex
set have the special privilege (reserved) to appear in the
Dominating set irrespective of their adjacency due to the
necessity of the user. The minimum --cardinality of a
reserved dominating set of G is called the reserved
domination number of G and is denoted by R,)—
y(G)where k is the number of reserved vertices. In this
paper reserved domination number ofL(B,), L(C,), L(S,),
L(Bpn), L(W,) and L(F,,,) are found

Keywords: Dominating set, reserved dominating set, reserved
domination number, line graph.

1. Introduction

The Oystein Ore [1] defined that the dominating set of a graph.
Rajasekar et al., [3,6] defined the reserved dominating set (RDS) of
the graph G to be the subset S of V, whose vertices are reserved in
such a way that they must appear in the dominating set. The
dominating RDS with the minimum cardinality is called reserved
domination number of G and is denoted by Ry — y(G)where k is
the number of reserved vertices. In [4] authors found the location
domination number of line graph. Rajasekar et al. [3,5,6,7] have
found the reserved domination number, 2-reserved domination
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number of graphs and reserved domination number of complement
of a graphs.

Throughout this paper we use the indexing set [initial value; final
value: step value] where initial value is the first value of indexing
set, step value is the incremented value of initial value and the final
value is the maximum value that can be achieved by initial value by

incrementing. Therefore ke[l;nil] implies k=1,2,3,...,n and
{vl;vn :1} implies {Vl,VZ,V3,...,Vn}. Further throughout the paper

Reserved vertex is referred to asRy,, Dominating Set as DS, Reserved
Dominating Set as RDS and Reserved Domination Number asRDN.

2. Preliminaries
Definition 2.1: [3] Reserved Domination.

Let G = (V,E) be a graph. A subset Sof Vis called a Reserved
Dominating Set (RDS)of G if

(i) u be any nonempty proper subset of S.
(i) Every vertex in V — Sis adjacent to a vertex inS.

The dominating set Sis called a minimal reserved dominating set if
no proper subset of Scontaining uis a dominating set. The set u is
called Reserved set. The minimum cardinality of a reserved
dominating set S of Gis called the reserved domination number
ofGand is denoted by R — y(G).

Definition 2.2: [3,6] 2-Reserved Domination.

Let G = (V,E)be a graph. A subset Sof Vis called a k -reserved
dominating set (RDS)of G if

(i) u is any nonempty proper subset of Swith k vertices.
(ii) Every vertex in V — Sis adjacent to a vertex inS.

The dominating set Sis called a minimal k -reserved dominating set
if no proper subset of S containing u is a dominating set. The set p is
called k -reserved set.

The minimum cardinality of a k -reserved dominating set S of Gis
called the k -reserved domination number ofGand is denoted by
Ry — v(G) where k is the number of reserved vertices.
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Definition 2.3: Bistar Graph.

A Bistar graph is the graph obtained by joining the centre (apex)
vertices of two copies of K; ,, by an edge and it is denoted by By, ,,.

Theorem 2.4: [3] For P,,, theRDN,
k-2
Ryy—v(Ppw) =1+ [T] + [

Theorem 2.5: [3] For C,,, the RDN, R(1y — ¥(Cp, 1) = ¥(Cp) = [g] ify =
vi(k € [1;n: 1]).
Remark 2.6: [3] For K, n > 3 the RDN, Ry — y(K,) = 1.

n—(k+1)
3

] ,ifu = v (k € [1;n: 1]).

3. Reserved Domination Number of Line Graph
Proposition 3.1: For P, R(;) — y(L(Pn)) = R(1) = ¥(Pn—1), astL(P,) =
P,_;.
Proposition 3.2: For C,, L(C,) = C,and hence Ry —y(L(Cp)) =
Ry —v(Cp).
Theorem 3.3: For S;, = Kq , R(1) — v (L(Sp), 1) = Ry — v (K, ) =1,
if u=-er(k €[1;n:1)).
Proof: S; = K, = P, and so by Proposition 3.1, Ry —y(L(Sl)) =
Ray—y(L(Py) =Ry —y(P) = 1.
For n > 1,£fL(S,) = K, and so Ry — Y (L(Sp), 1) = Ry — v (K, 1) =
1.
Theorem 3.4: For B, ,, the RDN,
lifu=e
Ry —Y(L(Bmn) 1) = 5 if g = ey, k € [1,m:1] or
AH= ey, k € [1;n:1].
Proof:
Case (i): Whenm =1=1, B;; = P, and by Proposition 3.1, R(;y —
1, ifu=-e
VB =ity = e, ore,,
Case (ii): Either m = 1forn = 1.
Without loss of generality, assume thatm > 1 and n = 1. L(By, 1 )is
isomorphic toL;; 41 1.
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Suppose u = e is Ry. Then e must be in the DS and e dominates all
other vertices. Hence the required RDS is {e}.

Thus R(yy — y(L(ijl), y) = 1whereu =e.

e

i
1

(@) (b)
Fig. 1: (a) By, ; and () L(Bmyl)

Suppose u = ey, (k € [1;m:1]) is the Ry. Then e,, must be in the DS
and e,, dominates the vertices {eul, Cuyrevr Cup_yr Crtpryr o eum} U
{e}. The remaining vertex which is not dominated by e,, is e,,. So
e, must be in the DS.

Hence the required RDS is {euk, ey 1}.
Thus Ry — y(L(Bmll), y) = 2 where u = ¢, (k € [1;m:1]).

Suppose u = e, is the Ry, . Then e, must be in the DS and e,
dominates only the vertex e. The remaining vertices which aren’t
dominated by e,, are {eu ey 1}. To dominate the remaining
vertices, choose any one of the vertex say e, from {eu . 1}.

Hence the requiredRDS is {evl, eul}.
Thus R(y) — y(L(Bmll), y) =2 whereu =e, .

Case (iii): Line graph of B,,,, when m,n > 1 is isomorphic to the
graph obtained due to single vertex fusion ofK;,,; andKj, 1.
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(b)
Fig. 2: @) By and (b) L(By,)

Suppose u = e is Ry. Then e must be in the DS and e dominates all
other vertices. Hence the required RDS set is {e}.

Thus R(yy — Y(L(Bmn) 1) = 1 where pu = e.

Suppose u = ey, (k € [1;m:1]) is the Ry. Then e,, must be in the DS
and e,, dominates the vertices {eul,euz,...,euk_l,eukﬂ,...,eum} V]
{e}. The remaining vertices which are not dominated by e,, are

{e,,l; ey, 1}.
To dominate the remaining vertices, choose any one of the vertices
say e, fromf{e, ey 1}.

Hence the required RDS is {e,,, e,, }.
Thus R(yy — y(L(Bm,n),y) = 2 where u = ¢, (k € [1;m: 1]).

Similarly, one can prove for the Ry = e, where k € [1;n:1].
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Theorem 3.5: For W, Ry — y(L(W,), 1) = nTH] ifu=egore, (k€
[1;n:1]).

Proof: Let V(W) = {v,{v;;v,: 1}} where degv = n and deg v, = 3
for all k € [1;n:1]. Label the edge vvy as e,,, edge v, vy,1 as ey for
k € [1,n —1:1] and vy v, as e, as represented in the Fig. 3.

Figure 3: W,

L(W,) is constructed as shown in Fig. 4.

Figure 4: L(W,,)
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The induced subgraph of the sets {ev1 Jey, 1} and {e;;e,: 1} is K,
and C,, respectively.

Case (i): Suppose . = e,, (k € [1;n:1]) is Ry. Then e,, must be in the
DS and e, dominates the Vertices{evl,e,,z,...,e,,k_l,evk+1,...,e,,n} U
{ex-1, ex}. The remaining vertices which are not dominated by e,
are {e1,€5,...,€k—2,Cxt1r+++,En}-

Now it is enough to find the DS for the
vertices {eq,€5,...,€k—2,€k4+1,---, €} . The L(W)[V;] with V; =
{ell €2, ) Ck—2,Ck41s-1) en} is Pn—Z-

Hence R(l) - V(L(Wn)v .u) = |{evk}| + V(Pn—z) =1+ [nT—Z] = [nT-I-l]
whereu = e, (k € [1;n:1]).

Case (ii): Suppose u = ey (k € [1;n:1]) is Ry. Then e, must be in the

DS and e, dominates the vertices {ey_1,€x4+1} VU {evk, e,,kH} . The
remaining vertices which are not dominated by e, are
{ell €2,:.1, ek—ZI ek+2; LN en} U {evll evzﬂ RN evk_ll evk+2; ey evn}-

To dominate the remaining vertices from the set
{evl,eVZ,...,e,,k_l,evk+2,...,e,,n}, choose the vertex e, ., or e, ..
Consider the vertex e, ., which dominates e;.,, and ej 3.

Now it is enough to find the DS for the vertices
{ei,es ..., €k—2 €44, €6} . The L(W)[V,] with V,=
{e1, €0, ..., €k—2 €xtar- - En} 1S Py_s.

Hence  Rey— (LW, i) = Hedl + [{en,}| + ¥ (Pacs) = 1+ 1+
n-5

[T = [nTH] where y = e, (k € [1;n: 1]).

Theorem 3.6: For the fan graph F ,,, the reserved domination number
for the different values of n is summarized as follows:

i. Forn = 0(mod 3)

Ry = ¥(L(Fin) 1)
([n+1l ifM:{evk(k=1,3,4,6,...,11—5,n—3,n—2,n) or
31 ep(k=1369,...,.n—9,n—6,n—3,n—1)
= [E] if“:{evk(k=2,5,8,11,...,71—10,11—7,11—4,11—1)01'
3l ex(k=2457,...n—7,n—5n—4,n-2)

ii. Forn = 1(mod 3)
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nl . v, (k € [1;n:1])
Ry = ¥(L(Fin). 1) = [5] if = {Zk(k € [[1;nn— i: 1o]r)

iii.  Forn = 2(mod 3)
Ry = Y(L(Fyn) 1) =

22| if = ey (k =3,69,12,...,n—11,n—8,n— 51— 2)

nl . e,,k(k=1,2,4,5,...,n—4,n—3,n—1,n)or
[—],1fu ={
3 ex(ke[L,n—-1:1])

Proof: F; 1 and F , are isomorphic to P, and C; respectively.

Therefore R(yy — ¥ (L(Fm)) =1land Ry —vy (L(F1,2)) =1.

For n> 2, let V(Fl'n) = {v, {vi; vy 1}} where degv =n, degv; =
degv, =2 and degv, =3 for all 2<k <n—1. Label the edge
Vi Vk+1 as e, and vvy as e, as shown in Fig. 5.

v

Figure 5: F; ,,
In the graph F; ,,, edge adjacency is given as follows:
i. e isadjacenttoe, , e, and e,.
ii. ep_isadjacenttoe, e, ande,_,.

iii. Forl<k<n-—1,eisadjacenttoe,, e, ex_1and eyq.

iv. ey, isadjacenttoe,,ey,..., e, €, ande;.

v. e, isadjacenttoe, ,ey,...,e, ,, €,  ande, ;.

vi.  For 1<k<n , €y, is adjacent to
€€y s €y 1€y e €y €y, g and ey.
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Since adjacency matrix of line graph is nothing but the incidence
matrix of the given graph, the graph L(F, ,) is obtained from edge
adjacency of F; , as shown in Fig. 6.

Figure 6: L(Fy )

The induced subgraph of {e,;e, :1} is a complete graph with n
vertices and the induced subgraph of {e;; e,,_;: 1} is a path of length
n—1.

Case (i): For n = 0(mod 3).

Sub case (i): Suppose e,, is the Ry,. Then e, must be in the DS and
e,, dominates the vertices {eUZ J ey, 1} U {e1}. The remaining vertices
which are not dominated by e, are {e,; e,_1:1}. Now it is enough to
find the DS for the vertices {e,; e,_1: 1}.

The L(Fl,n)[vl] with V; = {ey;e,_1:1}is P(n—l)—l =Py
Hence R(l) - V(L(Fl,n)'evl) = |{€U1}| + )’(Pn—z) =1+ [nT_Zl - [

Similarly, the same result is obtained for the R, e, wherek =
3,46,...n—5n—-—3,n—2,n.

n+1]
z |

Sub case (ii): Suppose e,, is theRy. Then e, must be in the DS and
ey, dominates the vertices {evl, CyyrevrCp ) evn} U{ey, e} . The
remaining vertices which are not dominated by e,,, are {e3; e,_;:1}.
Now it is enough to find the DS for the vertices {es; e,,_1:1}.

The L(Fl,n)[VZ] Wlth VZ = {63; €n—1- 1} is P(n_l)_z = PTL—3'

Hence Rayy = ¥(L(Fun) es,) = [{en,}| +v(Pas) = 1+ |52 = [5]:
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The same result holds for R, ey, where k =58,11,...,n—10,n —
7,n—4,n—1.

Sub case (iii): Suppose e; is Ry. Then e; must be in the DS and e,
dominates the vertices e,, e, ande,,. The remaining vertices which
are not dominated by e, are {ev3; ey, : 1} U {e;; e,_1:1}. To dominate
the remaining vertices from the set{e, ;e, :1}, choose the vertex
ey, which also dominated e; and e,.

Now it is enough to find the DS for the vertices {es; e,,_1: 1}.
The L(F, ,,)[Vs] with V3 = {es; €,_1:1} is P(n_1)—4 = Py_s.

n—>5
Hence R(y)— Y(L(Fl,n):el) = [{e1}] + |{ev4}| +y(Pp_s) =2+ [T
— [n_”
=5
Similarly, we get same result for the R, e, where k = 3,6,9,...,n —
9n—6n—3,n—1.
Sub case (iv): Suppose e; is Ry. Then e, has to be in the DS and e,
dominates the vertices ey, es, e,, and e,, . The remaining vertices
which are not dominated by e, are {evl, €yyrer €y ) evn} U
{es;en_1:1}. To dominate the remaining vertices from the set
{e,,l, €pyrer €y ) e,,n}, choose the vertex e, which also dominates e,
and es.

Now it is enough to find the DS for the vertices {eg; e,_1: 1}.
The graph L(F, ,)[V,] with V, = {eg; €,-1: 1} is P(n_1)—5 = Py_s.

HenceR(q) — y(L(FLn), ez) = |{e,}] + |{ev5}| +¥(Prg) =2+ [nT_G] =
5

The same result holds for R, e, where k = 4,5,7,...,n—7,n—5n—
4.n—2.

Hence
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Ry = V(L(Fin) 1)
n+1 e,,k(k=1,3,4,6,...,n—5,n—3,n—2,n)or
[ ] whereyz{
3 ex(k=1369,....n—9n—-6n—-3,n—1)
e,,k(k =25811,...,.n—10,n—7,n—4,n—1) or
ex(k=2457,...n—7,n—-5n—4n-2)

Case (ii): For n = 1(mod 3).

E] where y = {

n ey, (k € [1;n:1]) or
Ry —v(L(Fin) 1) = |5| wh = { vk
@ ~V(L(Fin)w) = [3] where e (k € [1;n — 1:1])
Case (iii): For n = 2(mod 3).
Ry = ¥(L(Fin) 1)
([? +2
] whereu =e, (k=3,69,12,...,n—11,n—8,n—5mn—2)

3
_i[n] h {e,,k(k=1,2,4,5,...,n—4,n—3,n—1,n) or
— r —
3l W E = e (ke [1;n— 1:1])
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