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Graphs
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Abstract

Topological cordial labelling of a graph ¢ = (V(G), E(G))
with |V(G)| =n is an injective function f:V(G) - 2%,
where X is any non - empty set such that |[X| < n and
{f(V(G))} forms a topology on X, that induces a function
fE(G) — {0,1} defined by f*(uv) = 1if f(u)n f(v) is
not an empty set and not a singleton set and 0 otherwise
for all uv € E(G) such that |ef(0) — es(1)| < 1, where ef(0)
is the number of edges labelled with 0 and ef(1) is the
number of edges labelled with 1. A graph that admits
topological cordial labelling is called a topological cordial
graph. In this paper, topological cordial labelling of some
special graphs are discussed.

Keywords: Topological cordial graph, coconut tree, cycle, semi -
udukkai graph, graph operations.

INTRODUCTION

In this paper we consider only simple and undirected graphs. The
graph G has a vertex set V = V(G) and the edge set E = E(G). For
notations and terminology, we refer to Bondy and Murthy[1].
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Acharya[2] established another link between graph theory and point
set topology. The topological cordial labelling was introduced by S.
Selestin Lina S, Asha S and they proved vertex switching of cycle C,
[3] and some special graphs are topological cordial graph[4]. In this
paper, we discuss topological cordial labelling for some special
graphs and graph operations.

BASIC DEFINITIONS

Definition 2.1

A topological cordial labelling of a graph G = (V(G),E(G)) with
[V(G)| = nis an injective function f:V(G) - 2¥ where X is a non-
empty set such that |[X| < n and {f(V(G))} forms a topology on X
that induces a function f*: E(G) — {0,1} defined by

fr(uv)
_ { 1 if f(u) N f(v) is not an empty set and not a singleton set
0 otherwise

for all uv e E(G) such that |ef(0) - ef(l)J <1, where e;(0) is the
number of edges labelled with 0 and ef(1) is the number of edges
labelled with 1. Any graph G that admits topological cordial
labelling is called a topological cordial graph.

Definition 2.2

A graph in which any two distinct vertices are adjacent is called a
complete graph. Complete graph with n vertices is denoted by K,,.

Definition 2.3

The corona of two graphs G;and G, is the graph G = G; O G, formed
by taking one copy of G; and |V(G;)| copies of G, and joining
the i*" vertex of G; to every vertex in the i*" copy of G,.

Definition 2.4

A Coconut tree CT(m,n), for all positive integer n and m = 2 is
obtained from the path P, by appending ‘n” new pendant edges at
an end vertex of B,.
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Definition 2.5

An udukkai graph U,,n > 2is a graph constructed by joining two
fan graphs F,,n > 2 with two paths P,,n > 2 that share a common
vertex at the centre.

Definition 2.6

A semi - udukkai graph Uy, ,,m,n > 2 is a graph constructed by
joining two fan graphs F,, m > 2 with two paths P,,n > 2 by sharing
a common vertex at the centre.

MAIN RESULTS

Theorem 3.1

The coconut tree CT (m, n) is a topological cordial graph form =n +
2 and for any n € N.

Proof:
Let G = CT(n + 2,n) be a coconut tree.

Let V(G) = {uq,uy, ..., Upy2, V1, -.., Vp e the vertex set of G, where
Uq, Uy, ..., Upsp are the vertices of the path and v,,..,v, be the
pendant vertices attached with the end vertex of the Path P, ,,.

Then |V(G)| = 2n+ 2

Let E(G) = {wjuj41/1<i<n+1}U{uv;/1<i<n} be the edge
set of G.

Then |[E(G)| =2n+1

LetX = {12, ..., [V(G)] — 1}

Define the function f:V(G) — 2% as follows:

fluy) = ¢, fw)=1{12,..,.n+i—1} for2<i<n+2,
fw)={12,..,i} for1<i<n

Then the induced function is given as follows.

fr(uv)
_ { 1 if f(u) N f(v) is not an empty set and not a singleton set
0 otherwise

for all uv € E(G).
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Here f*(uyuy) =0, f*(u3v;) =0 for1<i<n and f*(u;uij41) =
lfor2<i<n+2.

Thenes(0) =n+1 andef(1) =n
Therefore |ef(0) — ef(l)J <1

Hence f is a topological cordial labelling and G is a topological
cordial graph.

Example 3.2

{1,2,..4} {1,2}
0

{1.2,...5} m

Ur & {1.2,...,11}

Fig 3.2 Topological cordial labeling of CT(7,5)
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Theorem 3.3

For any cycle Cp,, the graph (n — 3)K; ,n > 4 attached to any vertex
of Cyis a topological cordial graph.

Proof:

Let uq, uy, ..., u, be the vertices of C, and let vy, ..., v,,_3 be the new
vertices.

Let u, be the vertex to which (n — 3)K;will be attached and let the
resulting graph be G.

Then V(G) = {uqy,uy, ..., Uy, Vq, ..., Vp_z} and |V(G)| =2n—3

Also, E(G) ={uwjujs1/1<i<n—-1}U{uu}V{uyv;/1<i<n-—
3} and

|E(G)| = 2n — 3.

LetX = {12, ..., [V(G)] — 1}

Define the function f:V(G) — 2% as follows:

f(u) =9, fw)={12,..,n+i—4} for2<i<n,
fw)={12,..,i} for1<i<n-3

Then the induced function is given as follows.

fruv)
_ { 1 if f(u) n f(v) is not an empty set and not a singleton set
0 otherwise

for all uv e E(G).

Here f*(ujujy1) =1for2<i<n-1, f*(yyv;) =0 for1 <i<n-
3, f"(unuy) = 0and f*(usu,) =0

Thenes(0) =n—1 andes(1) =n—2
Therefore |e;(0) — e;(1)] < 1.

Hence f is a topological cordial labelling and G is a topological cordial
graph.
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Example 3.4

{1525---57}

{1525---311}

Fig 3.3 Topological cordial labeling of 5K; attached to Cs

Theorem 3.5

The corona graph P,0OnkKj,foranyn € N is a topological cordial
graph.

Proof:

Let G = P,O nK; and let V(G) = {uy,uy, vy, ..., U2} be the vertex set
of G

Then |[V(G)| =2n+ 2

Let E(G) = {uqup} U {uyv;/ 1 < i <n}U{uyviy,/1<i<n} bethe
edge set of G.

Then |[E(G)|=2n+1
LetX = {1,2, ..., |V(6)| — 1}
Define the function f: V(G) — 2% as follows:
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fuy) = ¢, flu) ={1,2,....2n+ 1}, f(v) ={12,..,i} for1<

i<2n

Then the induced function is given as follows.

fr(uv)
_ { 1 if f(u) N f(v) is not an empty set and not a singleton set
0 otherwise
for all uv € E(G).
Here ffuuy) =0, f*(uv) =0 for1 <i < n, f (UyVipn) =

lfor1<i<n
Thenes(0) =n+1 and ef(1) =n
Therefore |ef(0) - ef(l)J <1

Hence f is a topological cordial labelling and G is a topological
cordial graph.

Example 3.6

{1,2,..,5} {1,2,...4} 1,23} 23 {1}

{1,2,..,6} {1,2,..7} {1,2.....8} {1,2,....9} {1,2,....10}

Fig 3.4 Topological cordial labeling of P,O5K;
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Theorem 3.7

A semi - udukkai graph U,, ,,m,n > 2 is a topological cordial graph
forn = 6 and forany n € N.

Proof:
Let G =Upg ,m,=2
Let u, be the common centre vertex of G

Let V(G) = {ug, uy, ..., Usms1, V1, ---» V1o 30 the vertices of G, then
[V(G)| =2m+ 11

And EG)={wu;/2<i<2m+1}U{uyuj,/2<i<m,m+2<
1<2mpU{vv41/1<i<4,6<i<9}U{uyv} U {uyvg}

Then |[E(G)| = 4m + 8

LetX = {1,2, ..., |[V(G)| — 2}

Define the function f: V(G) — 2% as follows:
fw) =¢, f(v) ={1}, fv2) =1{2},

Fuw)={12,..8+i} for2<i<2m+1 , f)={12 .., i-
1} for3<i<10

Then the induced function is given as follows.

fr(uv)
_ { 1 if f(u) N f(v) is not an empty set and not a singleton set
0 otherwise

forall uv e E(G).
Here f*(wqu;) =0 for2 <i<2m+1, f*(wyvy) =0,f*"(vyv,) =0,
[ (wav3) =0, f*(uqv6)

=0,/ (wui) =1for2<is<m,f (wuy,) =1
form+2<i<2m,f*(viviy1) =1 for 3<i<4and6<i<09.
Thenes(0) =2m+4 and ef(1) = 2m + 4
Therefore |ef(0) — ef(1)] < 1.

Hence f is a topological cordial labelling and G is a topological cordial
graph.
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Example 3.8

{1.2,...,14}{1.2,...,13}{1,2,...,12}{1,2,...,11} {1,2,...,10}

Uz

23 {1,2} {1,2,3} {1,234}

1,2,0.,19} {1,2,...,18}{1,2,...,17}{1.2,...,16} {1,2,...,15}

Fig 3.5 Topological cordial labeling of Us ¢

Theorem 3.9

Let G be a topological cordial graph with atleast three vertices. Then
the graph obtained by attaching mK; for any m € N to two vertices of
G in which one of the vertex label is an empty set or a singleton set
and the other vertex label is a non-empty set and a singleton set is a
topological cordial graph.

Proof:
Let G be a topological cordial graph

Then there exists a non-empty set X; = {1,2,...,n1} such that n; <
V(G|

Also there exists the function f;:V(G) - 2%t and from the induced
function

fiE(G) - {0,1}, we have |ef1(0) - ef1(1)| <1

Let G* be the graph obtained by attaching mK;to two vertex
of G namely, the vertex whose label is ¢ or a singleton set, say u and
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the with the vertex whose label is other than ¢ and a singleton set
say w.

Let V(G*) =V(G) U {vq, ..., v3;n} be the vertex set of G*,then
V(G| = V(G| +2m

Also E(G") =E(G)VU{ur;/1<i<m}U{wy;/ m+1<i<2m}and
|E(G)| = |EG)| +2m

Here, take X =X;U{n; +1,n; +2,..,n; +2m} then |X|=n;+
2m < V(G|

Define f:V(G*) - 2% as f(V(G)) = f1(V(G)) and
fw)={12,...,ny+i} for1<i<2m
Then the induced function is given as follows.

fr(uv)
_ { 1 if f(u) N f(v) is not an empty set and not a singleton set
0 otherwise

foralluve E(G").
Here f*(uv) = fi"(uv) for all uv € E(G).
ffuv;) =0 for1 <i<m and f*"(wy;)) =1 form+1<i<2m.
Now |e(0) — ef(1)| = |ef, (0) + m — (e, (1) + m)|
= |ef, (0) — e, (1)
<1

Hence f is a topological cordial labelling and G*is a topological
cordial graph.

148



Prijith et al. Topological Cordial Labelling of Some Graphs

Example 3.10

{1,2,..,13} {1.2,...,14} {1,2,...,15}

wyp

{L,2,....7}

{14200y5}

Fig 3.5 Topological cordial labelling of the graph obtained by attaching 3K; to the vertex v;and u; of
example 3.4

CONCLUSION

Topological cordial labelling for some special graphs and graph
operations are discussed. Since all the graphs do not admit
topological cordial labelling, it is very interesting to find the graphs
that admit topological cordial labelling.
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