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Some Existence Theorems for Periodic
Boundary Value Problem of First Order
Delay Differential Equation
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Abstract

In this paper we establish existence results for the
periodic boundary value problem of first order delay
differential equation wusing Leray - Schauder
alternative and Schauder’s fixed point theorem. We
define lower and upper solutions to establish existence
of solution between them. Further we define strict
lower and upper solutions for the problem to establish
existence of solution strictly between the two.
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1. Introduction

The study of boundary value problems (BVPs) for differential
equations with deviating arguments (DEDA) is important
because of their applications in various fields such as production
problems in Eco- nomics, Biological systems, Physical models etc.
Thus, given a DEDA the most natural question that arises is of
existence of its solution.
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The existence theory of ordinary differential equations as well as
de- lay differential equations (DDE) is well developed in ([1, 4,
12]). For the fixed-point theory, which is the main source of
proving many existence results, one may refer to [11]. Existence
results on solution between lower and upper solutions for BVP of
first order ordinary differential equation are discussedin [6],[7],
[8] and [9]. One may refer [2], [3], [5], [10], [13] and [14] for
BVP of First Order DDEs.

Periodic b,oundary value problem (PBVP) for first order DDE of
the type x (t) = f(t, x;), t €I =[0,T], x(0) = ¢(0) = x(¢)(T),

x(8) = ¢(8); 6 € [-1, 0], is studied in [1]. Here ¢ € C [-1, 0],

f:1x R — Ris a continuous function satisfying

0 < f(t, v(t) + Av(0) - f(t, u(t)) - Au(0) < p(v(t) - u(t)) vu,v € C[-r,
0]

such thatu < vand A, pare some constants such that0 < p< A.
In [10], PBVP for first order DDE x'(t) = f(t, x,x), t €[0,2m],

x(0) = x(2m), is investigated using contraction mapping theorem
for

operators whose domain and range are different Banach spaces.
PBVP for a differential equation with piecewise constant
argument (DEPCA) given by x'(t) =f(t, x, x([t - 1])),t € [0, T], x(0)
= x(T) is studied in [14]. Heref: [0,T] x R*> >R is a continuous
function satisfying f (t, ui, v1) = f(t, up, v2) 2 =Mj(u1 - uz) - Ma(v1 -
vp), for t €[0,T],

Mi, M, > 0, ug, u, vi, v2 ER with a(t) < up < u; < B(t) and

a([t = 1]) £ v2 < vi < B([t- 1]), where a and B are lower and
upper solutions of the given PBVP for DEPCA.

In this paper we consider existence of solution to PBVP for a first
Order DDE using Leray - Schauder alternative and Schauder’s
fixed point theorem.

Let T>0, A>0, 1 =[0,T], 0 <r<Tand f: | x R>R be
continuous. We consider the following PBVP for first order DDE:
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y () +Ay() = f(ty(t-1), teL 1)
y() = y(0), t€[-r, 0], 2)
y(0) = y(T). (3)

We use the following notations throughout the paper:

1. B= C[-r, T] nC'[0,T], is the set of all functions defined and
continuous on [-1, T] and are continuously differentiable on [0,
T].

2. X={y€B:y(t)=y(0), Vv t€[-1 0]}
3. Y={y€eB:y(t)=0,Vte[-r 0]}

4.1 xllo=sup |x(®)| + sup |Xx(t),Vx€EB
te[-rT] te[0,T]

5 1. ¢ll = lIylles + 1€], YV(v,€)eY x R.
6. For a linear operator L: X - Y xR, [[L|| = sup |[Lx||.

llxllo=1

Note that (B, || [[s), (X, |l lle), (Y, ll. llo) and (Y X R, || ||..) are Banach
spaces.

We now state Leray - Schauder alternative [6] and Schauder’s fixed
point theorem [11].

Theorem 1.1. Leray - Schauder Alternative:

Let C be a complete convex subset of a locally convex Hausdorff
linear topological space E and U an open subset of C with p € U. In
addition, let A: U — Cbe a continuous and compact map. Then either
A has a fixed point in U or there is U € dUand ©€(0,1) with u = uAu

+ (T-u)p.
Theorem 1.2. Schauder’s Fixed Point Theorem:

Let E be a normed linear space, S: E—-E be a continuous and
compact map such that S(E) is bounded. Then S has a fixed point.

We state the following Lemma without proof.

Lemma 1.3. Let L: X' = ¥ x Ebe an operator defined by
Lly(£)] = (u(t), »(0)), where:
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| 0, —r=t<0
u(t) = ¥(£) —y(0) + Af  y(s)ds, O<t<T

Then
L:X = Y x Ris a continuous linear operator.

L™1:¥ x R — X exists and it is defined by

¥ —r=t=40,
E

P _
L= (u(t)y) = ye—it +j e~ A5y (s)ds, 0=t=<T.
0

L™1:¥ x R — X is continuous linear operator.
We also require the following lemma.

Lemma 1.4. Let f:Ix R — R be continuous and N:X = ¥ x | be
defined by N[v(t)] = (v(t), ¥(T)), where

_ 0, —r=t=0
v(t) = {f;f{:s,}-'{s —r))ds, 0=t=T
Then, N: X = Y x R is continuous and compact.
Proof. Claiml:-= y,, = v uniformly on [—r, T] and y;; = ¥' uniformly
on [0, T].
Since, v,(t)=v,(0),vte[-r,0] and ¥teM , we have
v(t) = v(0),¥t € [-r, 0] as ¥, = ¥ pointwise on [—r, 0].
Let N[y, ()] = (v,,(£),3,,(T)) and N[y(t)] = (v(t), »(T)), where

: 0, —-r=t=0,

va(t) = { [of(s,ya(s—r)ds, 0<t=T.
and

_ 0, —r<t=0
v(t) = {j;ﬂ;s,y(s —r))ds, 0=t=<T
We show that Ny,, = Nyin (¥ xR, [I..1Il,).
Since ¥,, —* ¥ uniformly on [—7, T],%,(T) = ¥(T) in K.
Let =0 Dbe arbitrary and te[-r0] . Then
lv, (t) —v(t)l =0 < &, ¥n € Nand ¥t € [-1,0].
16
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Let 0=t=T . Since Vi, 2 ¥ uniformly on
[-7. Tl v.(s —7) = ¥(5 — r) uniformly on I.

Therefore, fls,y,(s—1)) = f(s,¥(s—r)) uniformly on I, as
f: I R —= Ris continuous.

= dngy € N such that, |f(s, v, (s — 7)) — f(s,v(s —r))l < Ej‘ﬂ’n =n,
and ¥s € [0,T]

Therefore, |v,(t) —v{t)] = [ [: If(s, yn(s — 1)) — f(s,v(s —r))lds

T
= j 1F(5,yu(s =) — F(s,y(s —r))lds
o

<= jr d
Th ©
= €.
= v, (t) —v(t) < g¥n=ngand ¥t £ [0,T].
= 1, = v uniformly on [—r, T].
Since v (t) = f{t, ¥, (t — 7)) and v'(t) = f(t, v(t — 1)), we get

el (&) —v' ()] = | flt, v (t —7)) — Flt, vt —r) < E_."E‘"’.I'l =n, and
vt € [0,T].

= v, — v’ uniformly on [0, T].

= SUPre[—rT] |E’;|z {t} - L"{t}l -0 as n — oo and
suPepor) [ vn(t) — v/ (£} = 0asn = co.

= llv, —vll__ +0asn = eo.

= Ny, — Nyl = (v, y.(T)) — (v, y(THII,.
= llv, —vll_ + |y, (T) —y(T)I.

= |INy,, —Nyl, = 0asn — oo.

= N:X = ¥ x Ris continuous.

Claim 2:- :- N: X — ¥ x R is compact.

Let (¥,,) be a bounded sequence in (X, -1, ).
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Therefore, 3K = 0 such that lly,|l = K,¥n € N.
Let Ny, = (v,,v,(T)), ¥n € N, where
0, —r=t=<0,
va(t) = {J"[:f'[:sJ}-',z{:s —r))ds, 0=t=T.
Since [ly, |l = K,¥n € N, we have
SUP; e[ [V (8)] = K,¥n € N and sup, o [y ()| = K, ¥n € M.
Note that |v,(t)| = 0; vt € [-r,0].
Also, 35 = 0 such that | f(t, y,(t —7r))| = n,¥t € [0,T] and ¥n € H.
Letd =t =T.Then,
lu, ()] < J";|f'[:5,}-',!{:s —r)lds = r}furds =T, vt €[0,T] and
W¥n € M.
= SUPse[—r7] W () S 9T, ¥ E N

Since v}, (t) = f(t, v, (t — 1)), ¥n € M, we have |v}(t)| =n,¥t €[0,T]
and ¥n € M.

= supepor) lvn(t)l = n,vn € N.
=l =9T+n=(n+1)T,vneN.
= (v,) is bounded on (¥, [I-|l.. ).

= (v,) is uniformly bounded on [-r,T] and (v} is uniformly
bounded on [0, T].

Let ty € [—r,T] be arbitrary and € = 0 be arbitrary.
CASE-1: Let ty = —r.

Choose § = min E, E}.Then

lv, (t) — v, (—r)| = 0 < gVt such that —r < t < —r + 3.
= (1,,) is equicontinuous at —r.

CASE-2: Letty; = 0.

Choose & = min {J:, ?—E?} and t be such that |t]| < &.
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If t < tg, then |v,(2) — v, (t)| =0 < e

Lett = ty. Then

122 (8) = v (t0)] = lva(®)] < [ Fls,p(s —))ds
=tp<dn = I}E =€

= |v, (£) — v, (ty)| < € Vit such that |t] < &.

= (1) is equicontinuous at 0 .

CASE-3: Letty =T.

Choose § = min {"E’;-_E;} andletT — &<t =T.Then

| Un {t} — Uy {tl}}l =

T
J‘ f{:s.l ¥n {5 - T] }ds

: £
f_i{_T—t]r}::é‘nf_inE:E.

= |u,(£) — v, (tg)l < e Vtsuchthat T— <t =T.
= (1) is equicontinuous at T.

CASE-4: Let —r << tp < 0.

Choose & = 11*1111{&, + 1, —Tr:.} Then

|, (£) — v, (ty)] = 0 < ¥t such that |t — t;] < &.

= (v,) is equicontinuous at £y, where —r < £y < 0.

CASE-5: Let 0 <ty < T.

t T
j f{:S_.}’;.;{:S - T}}ds - J‘ f{:SJ ¥n {5 - T}}ds
o o

Choose § = min {% @, E} and let t be such that |t — t5| < &. Then

2 L
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t to
lv, () — v, (£ = f fls, v, (s —r)ds — f fs,yu(s —r)ds
1] (1]

= j fls,v.(s —1r))ds

r
= J‘
L,

o

€
£n|t—tﬂ|:‘:é‘r}£r}gze.

f{:S, Va {S - '.l“jl}||'i5|

= v, (t) — v, (to)| < € ¥t such that |t — t,] < 4.
= (1) is equicontinuous at ty, where 0 < t; < T.

Hence, from CASE-1 to CASE-5, we conclude that (v,) is
equicontinuous on [—r, T].

By Arzela-Ascoli theorem, (v,) has a subsequence I[L'-,:,m:,}
converging uniformly to v on [—r, T].
Let '[}’.:;-z,:-,,,;.} be the corresponding subsequence of (y;,).

Since lly, Il , = K,¥n € N, we have ||yl = K,¥m € N.

= (¥(nm) is uniformly bounded on [-r,T] and {}’Emm}J is
uniformly bounded on [0, T]. = (Lﬂ.:,m;.} is uniformly bounded on
[, T]and '[Lﬂ,f:,m}} is uniformly bounded on [0, T].

Since v{,, ) (1) = F(& V() (E—=1)). V2 €[0,T]and as f: I x R = Ris

! }is equicontinuous on [0, T].

continuous, '[ Vimam)

Therefore, by Arzela-Ascoli theorem {L”E,Lm}} has a subsequence

'[L*JE,L,M}:} converging uniformly to u on [0, T].

Since (L'-'.:,m;.} is a subsequence of (1,) and (L'-'.:,mm}} is a

subsequence of {E.:,L,,,,;.}J '[ L*.:,L,M;.J is a subsequence of (1, ).

Since Vinm) — v uniformly on [—7,T],¥(nmgq) — v uniformly on
[-7. T]. = Vinm,q) — v uniformly on [0, T].

Since v/

(mmg) — U uniformly on [0, T],u = v" on [0, T].
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'
(mmag)

uniformly on [0, T] as g — . Hence | vy m.q) — I!.’"m —0asg— oo

= Vinmg) —* ¥V uniformly on [-r,T] as g+ and v v
Let {}"i:-mmr}) be the corresponding subsequence of (¥, ).

Now lly,ll_ = K,vn €N,= | J"Ii:'z,:mr]'"m =K, Vg € N.

= |Yinmaq) ()| = K,¥g € N and ¥t € [-1,T].

= |Vnma(T)| = K,¥q €N.

Therefore, by Bolzano-Weierstrass's theorem, '[J""merr}{:n} has a
convergent subsequence (;(T)) converging toy € Ras | — co.

Let (v;) be the corresponding subsequence of {Lﬂ:,hm}} in (¥, Il 11

Since, V(pmq) = vin (¥, ll.ll.;) as g = oo, we have v; = vin (¥, |l l.)

asl — oo,

Therefore, INy; — (v, ¥)lI, = vy, 3:(T)) = (v, )1,
=llv;—vll_ + |y (T)—yl 2 0asl — co.

=Ny, = (v, y)in (¥ xR |l )as I — oo,

Hence, N: X — ¥ x R is a compact operator.

2. Existence theorem using Leray-Schauder alternative

In this section, we establish existence of solution for the PBVP (1)-(3)
using Leray-Schauder alternative.

Theorem 2.1. Let f:IxHE—+R be continuous. If IM =0 ,
independent of u with Il ¥ ll..# M for any solution ¥ of

V() +Av(t) = uf(t vyt —7))t el (4)
y(t) =y(0),t € [-r,0],
y(0) = ¥(T)

for each p € (0,1), then the PBVP (1) - (3) has at least one solution in
X . Proof. Let L:X¥ = ¥ x R be defined by L[v(t)] = (u(t),»(0)),
where
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_ 0, —r=t=<0
U = 1y(e) = 9(0) + Af Jy(s)ds, O<t<T
By Lemma 1.3. L: X = ¥ x R is linear, bijective and continuous. Also,
L™ ¥ x R — X exists and is given by
: —r=t=0,

Y
L—l ult ) = . :
(u(z),y) {},E—Ar + [, e Dy (s)ds, 0=t=<T.

By bounded inverse theorem, L™%: ¥ x R = X is bounded and hence
continuous.
Let N: X = ¥ x R be defined by N[v(%)] = (v(t), ¥(T)), where
_ 0, —r=t=0

VO =S fs,y(s—r)ds, 0=t=T
Then, by Lemma 1.4, N: ¥ = ¥ x R is continuous and compact.
Let S = L™'N:X — X. Then

. y(T), —r<t=<0,
Sb{t}] = o —Ar t A=z Ffe i .

viT)e ™ + fﬂ e NS s, vis—r))ds, 0=t=<T.

Note that a fixed point of 5 is a solution of the PBVP (1) - (3).

Let (v,) be a bounded sequence in (X,l-ll..) . Then since
N:X =¥ xR is a compact operator, {:N}"u} has a convergent
subsequence {N}-‘,!:} asl — co,

Since L™1:¥ x R = X is continuous linear operator, {L"l[N }-‘,,E]} is

convergent in (X, |I-ll..) as I = oo,
Therefore '[5 }-‘,!:} is convergent in (X, . ll.. ) as I = .
= 5: X — X is a compact operator.

Since composition of continuous operators is continuous, 5: X' = X is
a continuous operator.

Let U= {y € X:]l ¥ o< M}. Then U is open in (X, II. Il .. ).

By Leray-Schauder alternative either § has a fixed point in I or 3 €
(0,1) and v € 8U such that v = uSy.
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Let if possible 5§ have no fixed point in . Then 3y € U and
i €{0,1) such that v = uSv.

Therefore v is a solution of PBVP (4), (2) and (3).
Sincey £ dU, | v .= M.

This is a contradiction to the hypothesis in the statement of the
theorem.

Therefore 5 has fixed point in I. = 3y € U such that y = Sy.
Hence, v is a solution of PBVP (1) - (3).

3. Existence Theorem using Schauder's fixed point theorem
In this section we define lower and upper solution for PBVP of first
order DDE to obtain existence of solution between lower and upper
solution. Further we define strict lower and upper solutions for
PBVP to obtain existence of solution strictly between strict lower and
upper solution. We make use of Schauder's fixed point theorem to
obtain our results.

Firstly we have following definitions.

Definition 3.1. A function & £ B is called a lower solution of PBVP

(DH@3) if
1. a'(t)+Aa(t) = f(t,a(t—r)), t 1.
2. a(t) =a(0), t € [-r,0]
3. all) =a(T).

A function f§ £ B is called an upper solution of PBVP (1)- (3) if the
above inequalities are reversed.

Definition 3.2. A lower solution & € B of PBVP (1)- (3), is called strict
lower solution of the PBVP (1)- (3 if
a'(t) +da(t) < f(t,a(t—r)), t €L

An upper solution § € B of PBVP (1)- (3), is called strict upper
solution of PBVP (1)- (3) if the above inequality is reversed.

We now prove the existence of atleast one solution to the PBVP
between the lower and upper solutions.
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Theorem 3.3. Let f: I x R — R be continuous and f{t,x) = f(t,v),
Wit,x), (t,v)EI xR such that x =y . Let o, f§ € X be lower and
upper solutions of PBVP (1)- (3) such that a(t) = £(t)¥t € [, T].
Then, the PEVP (1)- (3) has atleast one solution y £ X such that

a(t) = y(t) = f(t), vt € [-r,T].
Proof.

Since @, f € X are lower and upper solutions of PBVP (1)-(3), we
have

1. a'(t)=f(talt—1r)), tel
2. B(t)=ftB(t—r)) tEL
3. a(t) =a(0), t €[-r0]
4. B(t) = p(0), t € [-r,0].
5. a{0) = a(T).

6. B(0) = pB(T).
Further, since &, f§ € X, a(t) = a(0),¥t € [-r, 0] and
B(t) = p(0), vt € [-r,0].
Let p: I x R — R be defined by,
p(t,x) = max{a(t), min{x, ()]}, V(. x) E] xR.
Since a(t) = max{a(t), {x, 6(t)}} a(t) = p(t,x),V(t,x) €I x R.
Since a(t) = (t), t €[—r, T a(t) = g(t),t €1.
Also min{x, 8(t)} = f(t),V(t,x) EI x K.
= max{a(t), min{x, £(t)}} = £(t).V(t.x) € I x R
=p(t,x)=f{t),V(t,x) eI xR
= alt) =p(t,x) = (), V(t,x) EI x R
Hence p: I x B — R is continuous and bounded.

Let F*:I x R — R be defined by
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fltalt —7)), y=alt—r),
F*(t,y) =1 f(t,y), a(t —r) =y =p(t—r),
ft, Bt —r)), y=g(t—r)

Then F*:I % R = E is continuous and bounded.
Let L: X — ¥ x R be defined by L[y (%)] = (u(t), »(0)), where

0, —-r=t=10
t

u(t) = v(t)—v(0)+ A j vis)ds, 0=t=T
o

Therefore, by Lemma 1.3. L:X = ¥ x R is linear, bijective and
continuous.

Also, L™%:¥ x R — X exists and is given by
\ —-r=t=10

¥
L—l ‘ult \ = . 5
(u(®),y) {},E-k + [ e My (s)ds, 0=t<T

By bounded inverse theorem, L7L.¥ x R = X is bounded and hence
continuous.

Let N: X — Y x R be defined as, N[v(t)] = (v(t), p(T,v(T))), where

. 0, —-r=t=0,
v(t) = [oF*(sy(s—1))ds, 0=t<T.

Therefore, N: ¥ — ¥ x R is compact and continuous.
Let, § = L7IN:X = X. Then,

. p(T,y(T)), —-r=t=0,
SO =1 o oAt + [ o=Alt=8)Fr(c vie — 1

p(T,y(T))e™™ + [ e~ Me=)F*(s,y(s —1))ds, 0=t <T.

Then, a fixed point of 5: X — X is a solution of

y'(£) +Ay(t) = F*(t,y(t —r))t €,

y(&) =y(0),t € [-r,0], ®)

W(0) = p(T,v(T)).
y(0) = p(T,¥(T)) 6)

Since, L™:¥xR—=X is continuous linear operator and
N:X — ¥ » R is compact, therefore 5: X — X is a compact operator.
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Also, 5:X — X to be continuous, as composition of continuous
operators is continuous.

Further, p and F* are bounded = 5(X) is a bounded subset of
(X, 1. Il o). Therefore, by Schauder's fixed point theorem, 5: X — X has
a fixed point y £ X.

Therefore, v is a solution of BVP (5), (2) and (6).

We show that a(t) = v(t) = g(t), vt € [-r,T].

Since a(0) = a(T) = p(T,y(T)) = £(T) = B(0),

we have a(0) = p(T, »(T)) = 5(0).

= a(0) = y(0) = £(0).

= alt) = y(t) = g(t), ¥t € [-r,0].

Therefore, it is enough to show that a(t) < v(t) = g(t), ¥t € (0,T].
Let € = 0 be arbitrary.

Define, e (t) = a(t) —e(t + 2r), ¥t € [-r,T] and

Be(t) = B(t) +e(t + 2r), Vi € [-n,T].

= o (t) < a(t), vVt € [-r,T]and B.(t) = (1), ¥t € [-r.T].

Also, al(t) = a'(t)— e, ¥t €[0,T] and £.(t) = ' (t) + &, ¥t € [0,T].
= al(t) < a'(t),¥t €[0,T] and B.(t) = 8'(t),¥t € [0, T].

Since a(0) = v(0) = B(0) , we have
ae(0) < a(0) = y(0) = (0) < B(0). = a.(0) < y(0) < B(0).

Therefore, we prove that e () < v(t) < B.(t), ¥t € (0,T].
Let, if possible 3t; € (0, T] such that

a (t) < y(t) < B.(t), vt €(0,t,) and v(t,) = B.(t,).
Therefore, y(t,) = g(t,).

Also, y(t; — h) < B.(t; — h) for sufficiently small h > 0.

- Belt ) —Bele,—h) < wlegd—yle,—h)
h h

= BHE) = v ()
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CASE-1: Let0 <ty = 7.

=-—r<tj—r=0.

= alty —r) =yt —r) = gt —r).
Therefore, y'(t,) = F*(t,y(t; — 7)) — Ay(t,)

= f(tj_, }(tl - ']‘}:} - .-’-‘L}(I.'J_}

= f(to. Bty — 1)) — 2B(t)

= f'(ty)

< f1(t,), which is a contradiction.
CASE-2:Letr<t, =T,
S0<t,—r<t,.
= alty—r)<y(t, —r) < B.(t;— 7).
CASE-2.1: Let y{t; — 1) < alt; — 7).
Therefore, y'(t,) = F*(t,y(t, — ) ) — Ay(t,)

= f(tj_, Iﬂ'ﬂ:tl - "J‘}} - A}(tl}

= f(t0 B0t — 1)) — Ay(ty)

< f(tn, Bty — 1)) — 4Bt

= f'(t,)

< BL(t,), which is a contradiction.
CASE-2.2: Letalt, —r) = y(t; —r) < g(t, — ).
Therefore, y'(t,) = F*(t,y(t; — 1)) — Ay(ty)

= f'[tp ylty — ?}:} — Ay(ty)

= f{tlj Bt — "'}} —Ap(t;)

= B'(t)

< BL(t,), which is a contradiction.
CASE-2.3: Let y(t; —r) = gt — 7).
Therefore, y'(t,) = F*(t,,y(t; —r)) — Ay(t)

= f(t. B(t; — 7)) — Ay(ty)

< f(t0, Bty = 1)) = 28(t)

= f'(ty)

< RL(t,), which is a contradiction.

Hence, from the above discussed cases we conclude that
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oe(t) < y(t) < Be(t), vt €[0, T] and Ve > 0.

Therefore by taking € = 0 we get, a(t) < y(t) < B(t), vt €[0, T].

= a(t) < y(t) < Bt), vt €[-r, T].

Therefore, F*(t, y(t-r)) = f(t,y(t-r)), vt €[0, T]and p(T,y(T)) = y(T).
Hence, y € Xiis a solution of (1) - (3) such that

at) < y(t) < B(t), vt e[-r, T]. O
Theorem 3.4. Let f: I x R —» R be continuous and f(t, x) <f(t,y),

V(t, x),(t,y) €1 x R such thatx <y. Let a, B € X be strict lower and
upper solutions of (1) - (3) such that a(t) <B(t), Vt € [-r, T]. Then,
PBVP (1) - (3) has atleast one solution y € Xsuch that a(t) < y(t) < B(t),
Vt€[-r 0] and a(t) < y(t) < B(t), vVt € (0, T].

Proof.
Since a, $ € X are strict lower and upper solutions of (1) - (3), we
have

L oo'(t) <f(ta(t-1)), tEL
(

2. B'(t) > f(t, B(t- r)), tel
3. a(t) s a(0), te

4. B(t) =2 B(0), tE[ i O]

5. at) < B(t), t €1, T,

6. a(0) < o(T)

7. B(0) 2 B(T)-

Asa, BeX, a(t) = a(0), Vt €[-1, 0] and B(t) = B(0), Vt €[-r, 0]. Let
p,F*,L,N and S be as defined in Theorem 3.3.

Therefore, by Schauder’s fixed point theorem, S: X — X has a fixed
pointy € X.

This will imply that y is a solution of (5), (2) and (6).

) < o(T) < p(T, y(T)) < B(T) < B(0), therefore a(0) < p(T,
y(T)) < B(0).
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Next, we show that a(t) < y(t) < B(t), Vt € (0, T]. Let, if possible 3 t;
€ (0, T] such that

a(t) < y(t) < B(t), vt € (0,tr) and y(t1) = B(tr).

= y(t1 - h) < B(t1 - h) for sufficiently small h > 0.

B(t1)—-B(t1—h) < y(t) —y(t1—-h)
h h

= B'(t) < y'(t).

CASE-1:LetO< t; <.

> -r<t;-r=<0.
= a(tl—r) Sy(tl—l‘) < B(tl—l‘).

Therefore, y (t;) = F*(t1, y(t; - 1)) - Ay(t)

= f(t, y(ti - 1)) - Ay(tr)

<f(t, B(t: - 1)) - AB(tr)

< B’(tl), which is a contradiction. CASE-2: Letr < t; < T.
=>0<t;-r<t.

> ati -1) <yti-1) < B(t1 - 1).

Therefore, y (t;) = F*(t1, y(t; - 1)) - Ay(ty)
= f(t, y(t1 - 1)) - Ay(tr)
<f(t, Bt - 1)) - AB(t)

< B'(t;), which is a contradiction.

Hence, from CASE-1 & CASE-2 we have, a(t) < y(t) < p(t), vVt € (0,
T]. Therefore, Fx (t, y(t—1)) =f (t, y(t— 1)), Vt€ [0, T ] and p(T, y(T))
=y(T ). Hence, y € X is a solution of PBVP for FODDE (1) - (3) such
that

a(t) < y(t) < B(t), v t € [-r, 0] and a(t) < y(t) < B(t), ¥ t € (0, T]. .
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