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An accelerating flat universe with an inverse
square variation of the equation of state
parameter with scale factor
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Abstract

The pressure parameter in the equation of state (EoS) of the
cosmic fluid that varies inversely as the square of the scale factor
is a possibility to explain the evolution of our flat universe,
presently expanding with an increasing acceleration under the
negative pressure of a dynamic dark energy. The proposed
model demonstrates the switch over from a state of decelerating
expansion to a state of accelerating expansion of the universe
using a simple equation of state consistent with the cosmological
observations by introducing an effective pressure parameter in
the equation of state for the cosmic fluid which comprises of
radiation, matter and dark energy.
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1. Introduction

The standard model in cosmology is also called big-bang model and the
theoretical framework is formulated based on cosmological principle of
homogeneity and isotropy. Based on this assumption Alexander Friedmann
solved Einstein’s field equations using the spatially symmetric Robertson-
Walker metric and proved that universe expands uniformly but at a
decelerating rate [1, 2]. However, in 1998, observations associated with Type
Ia supernovae suggested that this expansion is speeding up rather than
decelerating [3, 4]. Thereafter, several observations supported the idea of
accelerating cosmic expansion [5-8].

The cause of this acceleration is unknown and is a great problem
faced by cosmologists. The Friedmann equations as solutions to Einstein’s
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field equations describe the dynamics of the universe in terms of a few
cosmological parameters like scale factor, density and pressure of the fluid
as the source term for gravity. This fluid called cosmic fluid is considered
as a perfect non-viscous fluid having many components like matter,
radiation etc. The equation of state p=wpc® relates pressure to the density
of the fluid component. Here, @ is called pressure parameter or omega

parameter. One can show that, if we include a component with negative
pressure in the cosmic fluid, then expansion rate can speed up if w < —%.

Hence, it is believed that there is a hidden form of mysterious energy with
negative pressure called dark energy exists in the universe, which account
for the recent cosmic acceleration observed. Many recent observations
support that, approximately 70% of the energy density of the universe is
in this form with negative pressure to make theory compatible with recent
observations [9-12]. A dark energy with equation of state p = —pc?, with
pressure parameter ® = — 1 is known as the cosmological constant (A), since
the corresponding energy density remains constant even when volume
increases. Such a constant dark energy can produce accelerated expansion of
the universe. However, such models (commonly called ACDM or Lambda
Cold Dark Matter Model) has many theoretical difficulties. The fine-tuning
issue arises from the observation that the measured value of A is about 120
orders of magnitude less than the value anticipated by quantum field theory
for vacuum energy density, requiring theoretical modifications that are
not physically justified [13, 14]. The coincidence problem in cosmology - a
coincidence that lacks a natural explanation within the A Cold Dark Matter
(ACDM) model [15]. Additionally, there is the synchronicity problem, which
asks why cosmic acceleration commenced recently in cosmic history, rather
than at an earlier epoch. These conceptual difficulties drive the exploration
of alternative or dynamic models of dark energy, including those with a
time-varying equation of state parameter o, scalar field models, or modified
gravity theories [16-19].

Also, the growing tensions in Hubble parameter measurements [20-22]
and large-scale structure observations have further motivated the exploration
of dynamical dark energy models [23-26].

In this work, we introduce a phenomenological model for the total
cosmic fluid that incorporates radiation, matter, and dark energy through an
effective equation of state parameter w,5 which evolves dynamically with
the scale factor R(t). This model aims to provide a smooth transition from
early decelerated expansion (radiation-and matter-dominated) to the current
accelerated phase, consistent with constraints from recent observational
data.
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The theoretical foundation is built upon the Einstein field equations [27]:

8nG N
o T M)

Rij — %gikR =-
Where, R, is the Ricci tensor, g, is the metric tensor, R is the Ricci scalar and
T, is the energy momentum tensor of the cosmic fluid, given by T, = (P+pc?)
uu,— Pg,.uis the four-velocity vector. Friedmann assumed the validity of
the cosmological principle to derive the Friedmann equations. So, he used
the Robertson-Walker metric and arrived at two equations called Friedmann
equations [2, 27, 28]
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Here R(t) is the scale factor, which completely describes the evolution
dynamics of the universe. p(t) and P(t) are the energy density and pressure of
the cosmic fluid, and k is the curvature parameter characterizing the spatial
geometry of the four-space. Here the first equation represents the velocity
and the second one describes the acceleration of the expansion. The equation
of state parameter is defined as [2]:

w=— 4)

Here w =§ for radiation, ® = 0 for matter and @ = —1 for dark energy
in the form of cosmological constant. If the cosmic fluid representing the

. 1. . . . . .
universe has @ > — > then universe will expand with deceleration or with

acceleration when @ < — 3- £ 9 <= 3, then universe expands uniformly
and is called coasting evolution. This evolution dynamics follows from
the combined Friedmann equation, R = —?R(l + 3w)p [2]. If we take the
assumption that, each component in the cosmic fluid is separately conserved,
which is reasonable since during different eras, universe is dominated by a
single component, then by energy conservation law, dU+PdV = 0. So, from
Friedmann equations, we get, density p oc R0 [28]. p &< R* for radiation (®
=1/3), p « R*for pressure-less matter (o = 0), p = constant for dark energy
witho = —1.

In this study, we assume a scale-factor-dependent effective equation of state
parameter w, which is probably due to a dynamic dark energy and hence the
evolution naturally connects between various epochs dominated by different
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components in the fluid. A large number of dynamic dark energy models
are proposed in the literature to explain the recent cosmic observations and
has greater flexibility in analysing the cosmological data compared with
modified field theoretic approaches [29-31].

The present model is motivated by some recent works on, parametrized
dark energy or effective equation of state with an evolving or dynamic omega
parameter [32-37], possible scalar field theories [38-40], interacting and
viscous fluids [41], and modified gravity models of curvature and torsion
[42-45]. In particular, recent works such as those by Odintsov et al. [46]
and Abdalla et al. [47] have emphasized the importance of designing EoS
models that remain compatible with Planck 2018 data and BAO results while
consistent with late-time dynamics of the cosmos. The results of Supernova
Cosmology Project (SCP) established the fact that the expansion rate of the
universe is speeding up and is happening at least 5 billion years ago. Also,
the acceleration of the universe as observed, needs the negative pressure
parameter for dark energy to be at least 0.6 in magnitude [48]. Using the
apparent magnitude-redshift data for the distant Type la supernova, the
Hubble parameter has been tuned [49] to 2.173x10™8/s.

In Section 2, we present the mathematical formulation of our proposed
model with a scale-factor-dependent @. Section 3 discusses the resulting
cosmic dynamics and their compatibility with current observations. Section
4 summarizes our conclusions and outlines possible extensions, such as the
inclusion of perturbation analysis or comparison with future data from DESI
and Euclid missions.

2. New Model and the Method

The universe is approximated as a non-viscous cosmic fluid consists of
radiation, matter and dark energy and p has all these three components in
it. If total energy is conserved, then, we need to use an effective equation of
state parameter w,r . A fluctuating equation-of-state parameter, leading to
stochastic evolution of early universe was also proposed in the literature
[50]. In the present work, we consider a rather late evolution of the universe
and hence cosmic fluid is treated as a two-component fluid - a fluid of only
matter and dark energy (as the effect of radiation can be safely turned off).
So, we propose a simple effective equation of state parameter for the whole
fluid which varies inversely as R% Let,

1 F
werp = =5 (1++5),F = R* = R} )

Since galaxies are moving away from each other in an expanding universe,
the wavelength of light from each galaxy is measured to be shifted towards
the red end of the electromagnetic spectrum. The measurement of redshift
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is direct evidence for the expansion of the universe. Let scale factor R(t)
corresponds to an epoch of redshift z. R is the scale factor of the universe at
the transition redshift. If z; is the redshift corresponding to R, then it can be
related to the present scale factor by [2],

1+z="2 ©)

Where R, is the present scale factor, and

1+z0=’;—’; @)

So, effective pressure parameter is

2, 114z,
S+ ®

Werr (z2)=-
This represents the dynamic evolution of the effective equation of state of
the cosmic fluid comprising of matter and the mysterious dark energy. At

the transition epoch z=z, we get, w,((z,) = — é, which marks the boundary

1
between deceleration and acceleration, as expected. For z <z, w, ff > =

1
= decelerating universe. For z < z, Werf < —3 = accelerating universe.
This is illustrated in Fig. 1, where effective equation of state is plotted as a
function of redshift.
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Figure 1. Evolution of the effective equation-of-state parameter Dpffas a function

of redshift. The parameter transitions from negative values at lowz (accelerated
expansion) to positive values at higher z (decelerated expansion).
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If we subtract Eq. (2) from Eq. (3) and use Eq. (5), we get,

R  8nGp 8mGp R3\ _
2 — 5 )= ©)

To get an order of estimate of relevant cosmological parameters, we start
from a known value of present Hubble parameter H = 2.173x10"*/s. Now,
simplifying Eq. (9), we get acceleration equation in our model as,

;5 _ 4nGFp

k=22 (10)
So, R < 0,F <0andR >0,F > 0.
By energy conservation equation [2], we get

2

d(R%p) -3 [2 - (%) ]pd(R3) =0 (11)
dp , dR 2dR _

7+T+ROR_3_O (12)

Integrating we get
) 2
g2 (2) =t () oge (o0 (355 ~5]) v

R, represents the expansion factor of the universe at the beginning of matter
era, when matter started to dominate over radiation (which is nearly ten
thousand years according to standard cosmological model) compared to the
age of the universe and p, the initial density of the cosmic fluid which is a
solution of matter and dark energy.

_ _Z(p Rk (RE[L_ L
P= 3(2 R2) R exp(z R? Rf]) (18)

3. Results from the New Model

The dynamics and state of the universe is described through
the values of cosmological parameters at various epochs. In the
present model, the cosmological parameters are evaluated with
R=R in Eq. (5) with o,g= 0 gives the scale factor at transition as,

R,= 1414 R, (19)
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1 2

When R = R, Werr = — 3 and as R — oo, Werr = — 3 . Table1represents
values of the effective equation of state at different epochs characterized by
different scale factors.

Table 1: Effective pressure parameter and corresponding scale factor

Oeff R(t)
0 R,
L
3 Ry
2
- o
3
1
It is to be noted that at R = Rg, @, ff = — 3 whichjustifies our postulate of

the equation of state parameter. If the present value of weﬁcis taken as —0.5,

= 1414 (20)

0

Then, present scale factor can be expressed as,
R, =2.0R, (21)

Hubble parameter becomes,

c RS 1 1
= e (3 =) @)
Substituting present H ,
R, =1.342 x 10%
(Comparable with the 10% of the standard model).

Initial state of the universe (After radiation era):
R =0.67 x 10%

H; = —=44776 x 10718/s
R;

_ 3H{ _ -26 -3
i == 3.589 x 107*°kgm
P=0

=0
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State of the universe at the transition shift:

R,=0.949 x 10%

H,=2.928 x 10-%/s

p,=1.535 X 10726 kgm™
P,=-0.333 p,c*=—4.60 X 10°'° Pa
w,=-0.333

Present state of the universe:

R, =1.342 x 10%

H =2.173 x10"/s
p,=0.8455 X 10726 kgnt?
P =-3.805x 10" Pa
w,~=—0.500

Final state of the universe:
Rf= (o)

H = 0

p=0

P.=—0

®,,=—0.666

The model allows all cosmological parameters- scale factor, Hubble
parameter, mass density and pressure to be expressed as a function of ®

off
given by,

R,

R(@err) = e (23)

ik

H(wesyr) = ﬁ(z + 3wesr)+ exp(0.25[2 + 3w s | — 0.5) (24)
2 1

p(weff) = %R()Ri(z + 3werr)? exp(O.S[Z + 3a)eff] = 1.0) (25)

4 1

P(werr) = ool (2 + 3werp)? exp(0.5[2 + 3weys] - 1.0) (26)

Integral of Hubble’s law:

f\/gexp (—28)dR = 2247 x 1075 [ dt 27)

approximating it for R - o, /R, = \/Ry + 1.123 X 1075(t, — t;) .
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4. Generalization

The effective equation of state parameter is the ratio of the total pressure to
total energy density of the cosmic fluid comprising of matter, dark matter,
radiation and dark energy and is proposed to evolve with scale factor or
redshift. A dynamic EoS such as given by Eq. (8) smoothly transitions
from a matter-dominated phase (®=0) at high redshift to an accelerated
expansion (w<—1/3) at low redshift, with z, marking the transition redshift.
The Friedmann equations govern the expansion of the universe through
the Hubble parameter H(z), which relates to the energy density p(z) of the
cosmic fluid for a flat universe via [2]:

H?(2) = % p(2) (28)

The energy conservation equation is [2],
. P
p+3H(p+ ) (29)

With a dynamic EoS parameter wesr = %,

p = —3Hp(1+ weyr) (30)
Using Eq. (6)
dz _
Z=—1+2)H (31)
So,
dt 1
a4z (+oH (32)
Since, 22 = 22& 4nd substitute from Eq. (30 t

ince, — = —~—and substitute from Eq. (30), we ge

@ _ 3(1+weff(z))

dz (1+2) p(Z) (33)
From thisequation, one can determine p(z), and hence H(z). Thisin turnallows
the computation of the deceleration parameter. The deceleration parameter
q(z) is a fundamental cosmological parameter that measures whether the
expansion of the universe is speeding up or slowing down. Defined as,
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qg=-— ‘;—}: [2, 28], it indicates whether the expansion is accelerating (q < 0) or

decelerating (q > 0). If the universe is dominated by matter (non-relativistic
as well as relativistic), cosmic fluid has positive pressure and hence universe
undergoes decelerated expansion (q > 0). If the universe is dominated by
dark energy with negative pressure, it undergoes an accelerated expansion
(q > 0). Thus, the evolution of the deceleration parameter as a function of
redshift describes the evolution history and dynamics of the universe. The
transition from deceleration to acceleration is characterized by a zero value
of the deceleration parameter. One can express q in terms of H. From the
formula of deceleration parameter and Hubble parameter given above, one
can express q as,

B

g=-2z (34)
Also,
. _k_R?
H = E - F (35)
Substitute for g from Eq. (35) into Eq. (34),
H
a=-1-4% (36)
In terms of redshift, using Eq. (31), we get,
7 —dHdz _ _ a4
T dzdt (1+2)H dz (37)
So,
H 1dH dinH
. dinH dl
Using, WT;Z) =(1+2) szH’ Eq. (36) becomes
_ dinH(z)
q(z) =-1+ din(1+z) (39)

In a flat universe (H? = % p), the deceleration parameter in terms of the effective EoS
3 P

is derived from the Raychaudhuri equation [2]: é =— % p(1+ 3wesp),

B
RH?

q(2) = — =5 = 3 (14 3w,71(2)) (40)
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Together, H(z) and q(z) provide insights into the universe’s expansion history and

acceleration behaviour. Using Egs. (28) and (33), we get for the present model,

HG) = Ho (1 + DexpGirs) @)
And,
4@ =3 G- D) (42)

The evolution of Hubble parameter and deceleration parameter as a function
of redshift is illustrated in Fig. 2 and Fig. 3 respectively.
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Figure 2. Redshift evolution of the Hubble parameter H (z). The monotonic increase
reflects the higher expansion rate of the Universe at earlier epochs.
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Figure 3. Evolution of the deceleration parameter g(z). The transition from positive
to negative values indicates a shift from cosmic deceleration at high redshift to
acceleration at lower redshift. The transition occurs around z~0.5 as supported by
recent observations.
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5. Conclusions and future scope

Our model is a bigger-two component fluid whose size changes as a
parabola, with the simple equation of state Eq. (5) that was, at the end of
the radiation era in a state of zero pressure and size 0.67 x 10% with 3.589 x
10-2*Kg of mass per unit volume and was expanding with a speed of 4.4776
x 10~ /s; dark energy which must be thought to be closely connected to
the density of matter and also the intrinsic topological properties of space
time gradually made tensor forces in the fabric of space-time strong enough
to suddenly make the deceleration change to acceleration at the effective

pressure parameter —§ when universe was 0.949 x 10%in size. Presently
the mass density of the universe is 0.8455 x 10-%, speed 2.173 x 10~ /s
and pressure 3.805 x 10~"°Pa. Dark energy density along with the density of
matter is gradually coming down to zero but is going to be in the universe

. . 2
till the end of time when the pressure parameter tends to — =

The new equation of state is a simple one that cleverly demonstrates
the phase-shift of the universe from deceleration to acceleration within the
frame of the current understanding about our universe and the concept of
effective pressure parameter successfully describes the evolution dynamics
of the universe. The dynamic effective equation of state parameter proposed
here, for the mixture of matter and dark energy that has not been addressed
seriously in literature can be a powerful alternative to the pressure parameter
of the standard model to represent the true nature of the late-time evolution
of the cosmos.

The present model with an evolving effective pressure parameter can
successfully explain the late-time cosmic evolution. It favours a dynamic
dark energy parametrization. It is a simple, phenomenological model aimed
at explaining the switch over from decelerated to accelerated expansion
of the universe which occurred at about five billion years ago. However, a
more detailed analysis of the model with observational data is essential to
constrain the model parameters effectively. Second, the physical origin and
theoretical interpretation of the evolving dark energy component deserve
further investigation-possibly through scalar field models or modified
gravity models through the concepts of torsion or modified Ricci scalar
for curvature or combined. This can provide a better understanding of the
dynamics of the universe and the nature of the source of energy responsible
for the observed late cosmic acceleration.
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