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Some Results on Square Prime Cordial
Graphs
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Abstract

Let G = (p, q) be a graph with p vertices and q edges. A SPC
labeling of a graph G with vertex collection V(G) is a bijection
o:V(G) —{0,1, 2, ..., p-1} to the extent that its induced
binary edge labeling function o* : E(G) — {0, 1} is defined
0 if [((a(u)? («(v))?) + 2d(u,v)] = 0 (mod 2)
by a*(uv) = {1 it [((@@)? @(¥))?) + 2d(u,v)] = 1 (mod 2)*
The difference between the edges designated as 0, denoted by e,
(0) and the edges designated as 1, denoted by e (1) is atmost 1.
A graph which follows SPC labeling is referred to as SPC graph.
This paper elucidates that broom graph B, and K, *K, admits
SPC Labeling and some Results.
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1. Introduction:

Graph labeling is one of the most famous topics in graph theory which is
nothing but assigning integers to the graph’s edges or vertices or both with
certain conditions. A dynamic survey on various graph labeling techniques
can be found in Gallian. J. A. [1]. We followed the basic symbols and
terminologies of graph theory as in F. Harary [2]. The concept of cordial
labeling was coined by Cahit [11]. The definition of prime cordial labeling
was published by Sundaram et al [10], which investigates the coprimality
of the vertex labels. Also, many authors have extended their research in
prime cordial labeling for several graphs. We introduce a new variation
called Square Prime Cordial labeling, which investigates the parity of the
sum of squared GCD and the distance d(u, v) where d(u, v) represents the
distance between u and v. Taking advantage of the fact that in this case d(u,
v) is always 1. This definition connects the number theoretic properties of
integers with graph Theory. The Greatest Common Divisor (GCD) of any
two integers x and y can be denoted by (x, y) instead of GCD (x, y) [13].
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2. Preliminaries

Let G = (p, q) be a graph. A prime cordial labeling of a graph G with vertex
collection V(G) is a bijection f : V(G) — {1, 2, ..., p} to the extent that its
induced binary edge labeling function f * : E(G) — {0, 1} is defined by f *(uv)
_ {0 it (f(w),f(v)) > 1

1 if (f),f(v) =1
e, (0) and the number of edges designated as 1, is denoted by e, (1) which
differ by atmost 1. A graph which follows prime cordial labeling is referred
to as prime cordial graph [14]. K, * K, is the graph obtained from K, by
attaching root of a star K, at each pendant vertex of K . A Broom Graph
B . is a graph with n vertices, consisting of a path P | Wlth m vertices and
(n - m) pendant vertices attached to one end of the path

The number of edges designated as 0, is denoted by

3. Main results

Definition 3.1

Let G = (p, q) be a graph with p vertices and q edges. A SPC labeling of a graph
G with vertex collection V(G) is a bijection a.: V(G) — {0, 1, 2, ..., p - 1} to the
extent that its induced binary edge labzeling fuznction a* : E(G) — {0, 1}
. : " _ (0 if [((a(u))?, (ee(v))?) + 2d(u, v)] = 0 (mod 2)
is defined by a*(uv) {1 it [((a(u)? (@(v))?) + 2d(u,v)] = 1 (mod 2)°
The difference between the edges designated as 0, denoted by e (0) and the
edges designated as 1, denoted by e_ (1) is atmost 1. A graph which follows
SPC labeling is referred to as SPC graph.

Lemma 3.2 (Characterization of edge parity)

Let a be a SPC labeling. Every edge e = uv gets the label 0 iff both a(u) = 0
(mod 2) and o(v) = 0 (mod 2). Consequently, e = uv gets the label 1 iff atleast
one of the a(u) or a(v) is =1 (mod 2).

Proof:

By the definition of SPC, a*(uv) =
{0 if  [((a(u)?, (a(v))?) + 2d(u,v)] = 0 (mod 2)
1 if  [((a(u))?, (a(v))?) + 2d(u,v)] = 1 (mod 2)
By the number theoretical properties, ((a(u))? ((a(v))?) = (a(u), a(v))>?
Case(i)
Let a(u) = 0 (mod 2) and «(v) = 0 (mod 2) & (a(u), (a(v)) =0 (mod 2)
< (a(u), («(v))* = 0 (mod 2) & ((a(w))’, ((«(v))) = 0 (mod 2)
S [((a(u))? ((w(v))?)+2d(u,v)] = 0 (mod 2) & a*(uv) =0
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Case(ii)

Let, atleast a(u) =1 (mod 2) or v(v) =1 (mod 2) & (a(u), (a(v)) =1 (mod 2)
& (a(u), (a(v))*=1 (mod 2) & ((a(w)? ((a(v))?) =1 (mod 2)

& [(((w)? ((w(v))?)+2d(u,v)] =1 (mod 2) & a*(uv) =1

Hence, every edge e = uv gets the label 0 if both a(u) = 0 (mod 2) and a (v) =
0 (mod 2). Consequently, e = uv gets the label 1 iff atleast one of the a(u) or
a(v)is =1 (mod 2).

Theorem 3.3

Let H be an arbitrary finite simple graph. For any integer k > 1, the graph G
= 2kH is a SPC graph.

Proof:

Let H be any arbitrary finite simple graph with vertex set V(H) and edge set
E(H) such that, |V(H)| =n, |[EH)| =m

Let G = 2kH be the disjoint union of 2k copies of H with vertex set V(G) and
edge set E(G) such that, | V(G)| =2kn, |E(G)| =2km

To prove that G is a SPC graph

Let G = UZX Hy = {UlS HaioaJ U {UIS Hai}= G U G,

where G = {U  Hyi_1 }and G, = {UK, Hy}

We get, | V(G,)| =kn= |V(G,))|and |E(G))| =km = |E(G,)]|

Define a.: V(G) » L where L={0, 1, ..., 2kn - 1}

L={x€L:x=0(mod2)} U{x € L:x =1 (mod 2)}

L=L UL whereL ={x€L:x=0(mod2)}and L,={x € L:x =1 (mod 2)}
= |L, | =kn=|L,|

Now, label the vertices of the graphs in G, and G, bijectively with the element
in L, and L, respectively.

Define a*: E(G) — e where ¢ = {0, 1}

Consider an edge e = uv such that,
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a*(uv)={0 if  [((a(w)? (a(v))*) +2d(u,v)] = 0 (mod 2)
1 if [((a(u)? (@(v))?) +2d(u,v)] = 1 (mod 2)

By lemma 3.2, the induced edge labels of G, and G, are labeled as 0
and 1 respectively.

|E(G,) | =km = ¢ (0) =km

|E(G,) | =km=¢ (1) =km

le,(0)-¢,(1)] = |[km-km]|=0<1

Hence, For any integer k > 1, the graph G = 2kH is a SPC graph.

Theorem 3.4
Every Broom graph B, isa SPC graph
Proof:

Let G be a Broom graph B where n is the total number of vertices of
G and m is the number of vertices of path.

The vertex set V(G) and edge set E(G) are defined by
VG)={u:1<isn}; E(G)={uu,, :1<ism-1jJu{u u_ . :1<isn-m}
Then, G is of order n and sizen -1

There are two cases where n =0 (mod 2) and n =1 (mod 2)
Case 1: n =0 (mod 2)

The function a: V(G) — {0, 1, 2, ..., n - 1} is defined by

Then, the induced edge labels are defined by

0 if [((a(u))?, (a(v))?) + 2d(u,v)] = 0 (mod 2)

“@)={; i [((au)?, (@(¥))?) + 2d(u,v)] = 1 (mod 2)

There are three subcases where n <2m, n > 2m and n = 2m

Subcase (i): n < 2m

By lemma 3.2, the induced edge labels are ()L*(um u =1:1<if<n-m;

m+i )
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o (Ujliyq) =

We observe that, e_(0) = Rz e, (1)= 2

Thus, |e,(0)-¢e,(1)| <1

Subcase (ii): n >2m

By lemma 3.2, the induced edge labels are a*(w,u,,,) =0:1<ism-1;

n—2m

0 ; L1

a*(umum+i) =
n-2m+2 :
1 3 — <1<n—m

We observe that, e (0) = HT_Z; eq(l) =
Thus, |e, (0)-¢e (1) =1

NN R=]

Subcase (iii): n =2m

By lemma 3.2, the induced edge labels are

o*f(uu,,)=0:1<i<sm-Lo*(u u ,)=1:1<i<n-m

We observe that, e (0) =m -1;e (1) =m

Thus, |e (0)-e (1)] <1

Case2: n =1 (mod 2)

The function o : V(G) — {0, 1, 2, ..., n - 1} is defined by
2i—2 i1

O((ui)={21—n—2 ;o

There are three subcases wheren<2m-1,n>2m-landn=2m-1

Subcase (i): n<2m -1

By lemma 3.2, the induced edge labels are 0*(u_u_,)=1:1<i<n-m;

m+i)

. 0 ; 1<i<

o (Uiui+1)={1 . B e

We observe that, e (0) ===; e (1) = =
|

Thus, |e,(0)-e (1)] <1
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Subcase (ii): n >2m -1

By lemma 3.2, the induced edge labels are o*(uu, ,)=0:1<i<m-1;

1

0 ; 1<zt

O‘*(umum-ﬁ) =
n-2m+3 _ .
1 ; — <i<n—m

We observe that, e (0) = e (1) =—
o 2 o

Thus, |e (0)-e (1)] <1

Subcase (iii)): n=2m -1

By lemma 3.2, the induced edge labels are

o*(uu, ) =0:1<ism-TLo*(u u_,)=11<i<n-m

We observe that, e (0)=m-1;¢e (1) =m -1

Thus, |e (0)-e (1)] <1

In both cases, Broom graph B, admits square prime cordial labeling

Hence, Broom graph B is a square prime cordial graph

Example 3.5 (When n =1 (mod 2) and n > 2m - 1)

u, 0 u, 0
w TS
0 2
Figure 3.1: (B, )
Theorem 3.6

The graph K| *K, isaSquare Prime Cordial graph

Proof:
LetGbeaK, *K graph
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The vertex set V(G) and edge set E(G) are defined by

V(G) = {W}U{uizlsiSm}U{uij :1<i<m,1<j<n};

EG) ={uw:1 SiSm}U{uiuij :1<i<m,1<j<n}

Then, G is of order mn + m + 1 and size m(n + 1)

There are two cases where m = 0 (mod 2) and m =1 (mod 2)
Case (i): m =0 (mod 2)

The function a: V(G) — {0, 1, 2, ..., m(n + 1)} is defined by

a(w)=mn+1)a(w)=i-1:1<i<m;o(u)=jm-1+i:1<i<m,
1<j<n

Then, the induced edge labels are defined by

. (0 if [((a(u)? (a(v))*) + 2d(u,v)] = 0 (mod 2)
o (uv) = { 1 if [((a(u)?, (@(v))?) + 2d(u,v)] = 1 (mod 2)

By lemma 3.2, the induced edge labels are given by

1 if 1= 0(mod?2)

“(“iw)z{o if {=1(mod2) SIS

1 if i = 0(mod?2) ] _
* - e — - < <
O((Lllllu) {0 if i= 1(m0d2)1$1£m’1_]_n
We observe that, e, (0) = M; e (1) = m(n+1)

2 2

Case (ii): m =1 (mod 2)

There are three subcases, where n =2, n =0 (mod 2) & (n > 2) and n
=1 (mod 2)

Subcase (i): n =2

The function o : V(G) — {0, 1, 2, ..., 3m} is defined by
ow)=3m-TLou)=i-1:1<sism;a(u_)=m;
a(u)=jm-(-1)+i:1<ism-1,j=1,2 a(u,) =3m
1 if i
0 if i

0 (mod 2)_
1 (mod 2)

nm

By lemma 3.2, the induced edge labels are o*(uw) = {

1<is<m;
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" 1 if i 0 (mod 2)
O‘(“iuil')={0 if i '

1 (mod 2)’

1<i<m,j=1,2

We observe that, e, (0) = 3"‘7—1; e (1) = 3mz+1

Subcase (ii): n =0 (mod 2) and (n > 2)
The function a : V(G) — {0, 1, 2, ..., m(n + 1)} is defined by

aw)=mn+1)-Law)=i-1:1<i<m;o(u, ) =m;a(u_)=mn+1);

a(w) =jm-(-1)+i:I1sism-11<jsno(u)=mn+1)(m-1)+j:2<]
<n-1

By lemma 3.2, the induced edge labels are given by

5 (1 if i = 0(mod2) i .
O‘(uiw)‘{o if 1= 1(mod2y  SiSm
1 if i = 0(mod2) . :
(0 = 1<i<m- <i<n:
(04 (ululj) {0 if i = l(modz)-l_l_m 1,1_J_n,
. _(1 if j = 1(mod?2) i . B
o (umumj)—{o if | = 0(mod 2).1S]Sn—1,a (UpUyp) =1

We observe that, e, (0) = m(n?)_l; e, (1) = w

Subcase (iii): n =1 (mod 2)

The function a : V(G) — {0, 1, 2, ..., m(n + 1)} is defined by
ow)=mn+1);aw)=i-1:1sism;a(u, ) =m;
afu)=jm-(G-1)+i:1<ism-1,1<jsna(u, )=n+1)m-1)+j:2<j<n

By lemma 3.2, the induced edge labels are given by

. _(1 if i = 0(mod2) ) _
a(uiw)_{o if - 1(m0d2)1513m,
. _(1 if j = 1(mod2) )
“(“m“mi)‘{o if j=0(mod2)y I=IST
1 if i = 0(mod?2) . :
() = 1<i<m-11<i<n:
o () {o if i=1(mod2)  Sism-L1sjsn;

We observe that, e, (0) = m(I;+1); ey (1) = m(r;n)

In both cases, e, (0) -e, (1)|<1
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K, . * K,  admits Square Prime Cordial labeling

Hence, K, +K| isaSquare Prime Cordial graph

Example 3.7

Conclusion

In this paper, SPC labeling for the broom graph and ¥im *Kin and
square prime cordiality of disjoint union of 2k copies of any graph
have been discussed. This study can be further extended to the
disjoint union of 2k + 1 copies and some other results. Some cycle
related graphs are not SPC as they do not meet the cardinality condition. This
can be investigated in further studies.
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