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Abstract

Managing multiple products across various locations reduces
total costs through consolidated replenishment. This strategy
reduces ordering costs because fewer transactions result in
better pricing. It also reduces shipping costs by using combined
shipments to minimize the cost of transportation. However,
in practical environments, important parameters of inventory,
such as demand, cost and lead time are often uncertain resulting
in inaccuracies in cost estimation. To represent the uncertainty
involved in the model, hexagonal fuzzy numbers are used. The
fuzzy objective function has computational difficulties due to
its specific structure. The model is solved using the alpha cut
technique combined with the Lagrangian method, while the
fuzzy counterparts of the remaining constraints are available.
An algorithm is developed to determine the optimal order
quantity for each item at every outlet. The proposed approach
simultaneously minimizes the total cost of the entire inventory
system. An evaluation of fuzzy multi-item in a multi-outlet
distribution network inventory system is presented, along with
a comparison with the crisp multi-item in the same system,
using numerical illustrations. Finally, graphical representations
of the proposed system's performance are provided. This fuzzy
inventory framework is effective in optimizing results for multi-
items across various outlets.
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1. Introduction

The two-echelon inventory system, comprising a single seller and multiple
outlets distribution network for multiple items, represents a significant
area of research. This structure is highly applicable to various real-world
scenarios within supply chain coordination. A two-fold inventory system
has been extended to multiple outlets distribution network methodology.
The synchronization technique and organisational formation stream are
important in the analysis of inventory by multiple outlets distribution
network. The model is based on replenishment of the inventory from the
unique seller to several outlets that may have different demand patterns.
It aims at proper stocking and distribution of products through multiple
outlets distribution network, and reducing overall costs. It is ensured that
stock placement in varied outlets is enhanced aiming at making the products
easily accessible for customers, while cutting down on various costs related
to storage and distribution. The proposed framework coordinates inventory
and distribution for diverse product lines across multiple outlets distribution
network, balancing economic objectives with environmental sustainability.

The paper is organised as: In section 2, the literature survey is presented.
Section 3 outlines the mathematical notations and the specific assumptions
required to formulate the inventory system. Section 4 presents the crisp
formulation of the inventory problem, focusing on the simultaneous
optimization of the joint total cost function and the economic order quantities.
Furthermore, alpha cut technique and Extension of Lagrangian process are
utilized to solve the fuzzy system. Toreach the mostefficient outcome, a fuzzy
inventory system is established, supported by an algorithm that streamlines
the optimization of the objective function. Section 5 utilizes numerical
examples and pictorial figures to validate the performance of the proposed
multi-item, multi-outlet distribution network under both deterministic and
fuzzy conditions. Section 6 presents a comparative analysis of the results,
while Section 7 provides concluding remarks and suggests directions for
future research.

2. Literature Survey

Most of the inventory types that determine optimal tactics are designed
at sole item with single outlet. Managing stock for a single item at one
location using a set policy typically leaves the company's inventory costs
and profit margins unchanged. For instance, substitutes to a sole item,
several companies or customers or initiatives are stimulated to stock several
items with multiple outlets distribution network in their industrial unit
for additional beneficial marketable locations. In addition, it attracts the
buyers to procure more than a few items. Multiple consumers, multiple
traders and multiple items stream sequence in which every consumer and
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every wholesaler is limited by storehouse restriction in gathering the items
[18]. Single-seller with multi-retailer was affirmed in [4] which the sector
collection optimization and substantial mechanisms are recognized to
adopt the prototype. An integrated supply system featuring a single source
point and multiple consumer channels across a multi-item inventory [20].
Furthermore, [14] considers complex variables such as random ordering,
multiple objects, and various customer profiles. In practice, there is no
guarantee that manufactured objects will be defect-free. An evaluation of a
two-tier supply model, consisting of one manufacturer and one retailer, to
determine its potential for commercial viability [24].

An inventory system [16] using principal warehouse and multiple
trade outlets, working together during deficiency by moving inventory
between them. The investigation focuses on the circumstance of three
outlets (carrying sites), which encapsulates maximum of the features and
transactions in multi-site organizations with widespread merging. A model
with multi-items in which demands of the items are dependent on time
and cost power [13]. Multi-product, single-level, multi-period inventory
model, which has been demonstrated by an undefined economic situation
[6]. The ultimate results are obtained through the search method. A single
seller with multiple traders” management [10] in extremely forceful and
free advertisements. Multiple items multiple periods inventory model with
identified-deterministic flexible demands under a restricted obtainable
budget [11]. Stochastic demand in real-world supply chain difficulties; they
are infrequently measured in the scrutiny of supply chain arrangements,
particularly the single producer multiple vendors supply chain arrangements
[23]. Due to the dimension hurdle, the fast Fourier transform method is
hosted, which considerably diminishes the computational difficulty of
resolving the supply chain system. A non-rapid category of items using
a novel decision-constructing optimum refill strategy pattern model with
multiitem multi ware houses [5].

This model initiates two separate supply configurations at the start of
the lead period. It balances these against specific facility volume constraints
and integrates transportation efficiencies to reduce overall expenditure
[15]. Optimizes a combined inventory framework by linking ordering cost
reductions to lead-time variables, all while employing trapezoidal fuzzy
logic to manage stochastic fluctuations [21]. By adopting a pentagonal
fuzzy framework, this study analyses a two-stage production environment
characterized by imprecise parameters and decision variables [22]. A multi-
item inventory system is proposed to manage claim-dependent stock levels,
utilizing fuzzy set theory to represent the uncertainty of the variables
involved. Articles are getting worse at a stable rate and are retailed through
various exits as per the system [7]. A combined seller-purchaser supply
sequence type of backorder amount deduction, cost-related demand and
carbon discharge rate [9].
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Multi-item unremitting assessment inventory system and indeterminate
request, eminence enhancement, structure rate drop in addition to disparity
resistorin principal period [8]. Aneco-friendly inventory systemcharacterized
by product degradation and imperfect manufacturing processes. The
framework is designed to optimize stock levels while strictly monitoring
carbon emission constraints [19]. The complexities of decision-making
under uncertainty, this study employs a Lagrangian relaxation technique, a
method widely validated within the field of operations research for solving
constrained optimization problems [17]. In contrast to traditional inventory
frameworks [12], this approach yields a more cost-effective solution while
simultaneously compressing lead times to improve operational efficiency.

The application of fuzzy set theory [25] provides a robust framework
for managing imprecise data clusters within the field of operations research.
Hexagonal fuzzy number is utilised as a respected logic to comfort
imprecision evidence [1]. Arithmetic processes in fuzzy numbers through
the utility code [2]. The manufacture inventory type optimized using
serviceable imperfect goods by fuzzy or crisp manufacture price amount is
assessed by Chen et al. [3].

3. Notations and Assumptions

The following symbols and mathematical notations are established to
provide a consistent framework for this inventory model.

3.1. Notations

For the s —th outlet and g—th item are employed to construct the system.
G — Number of items,

O — Number of outlets,

Qgs — Order size for g—th item for s—th outlet,

L, — Lead time span for ¢ —th item of s—th outlet,

A, — Ordering cost for ¢ —th item of s —th outlet per order,

m, — Lots size for g—th item, its factory-made properties are provided from
the seller to s—th outlet phase,

D, — Average demand per unit time for g —th item of s—th outlet,
P — Production rate for g— th item of the s—th outlet of the seller P > D ,

5., — Seller’s setup cost per arrangement for g—th item of s —th outlet,
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C,. — Production cost for g—th item of s—th outlet funded through seller
C,>C
vgs bgs’

C, — Purchasing cost for g—th item of s—th outlet backed by the outlet,

r. . — Annually inventory holding price for g—th item for s—th outlet in
& . . . .
which every dollar is exploited in frameworks,

R, — Reorder level for g—th item of the s—th outlet,

VE Cvgs — Seller’s flexible carbon emission cost for g—th item of s—th outlet,
FECUgs — Seller’s stable carbon emission cost for g— th item of s—th outlet,
FTC,, — Seller’s stable transportation cost for g—th item of s —th outlet,
VTC,, — Seller’s flexible transportation price for g— th item of s—th outlet,
ITCMO — Total cost of the entire crisp inventory system,

ITCMO — Total cost of the entire fuzzy inventory system.

3.2. Assumptions

1. The coordination comprises single-seller with multiple outlets
distribution network designed at multiple items inventory system.

2. The modelis developed for G number of items, O number of outlets and
9]

g, items are sold. So, ZIS =74
s=1
3. The demand of the outlets is decided on their own.

4. The purchaser orders for g—th item a lot of size Q _ in s—th outlet and
the seller makings m Q with a limited manufacture ratio P (P > D ).
At a single setup, size dgs is transported to the outlet for m, times. The
seller’s set-up cost is S for every manufacturing run. The consumer
pays an ordering price A _ for every order size Q

5. The mandate of a g—th item for s —th outlet X _throughout lead time L
S . s L 8
tracks a normal distribution through mean x igs and standard deviation

AN

6. The stock is uninterruptedly observed. Upon reaching the reorder point
R, the outlet has to order the items.

7. Thereorder point is equal to the total of expected demand for the time of
safety stock and principal time for g — th item along s —th outlet + safety
stock, R, =D, L, +k,0 JL . where Lgs is the safety factor.

&8s
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8. The lead time Lgs for all items is like and it consists of n_ commonly
self-determining segments. The z—th segment has a normal distribution
bgsz, minimum duration a, and crashing price each unit period Coor For

< cg52< cg53< ..... <c

appropriateness, Coz 18 systematized as Coet

9. The modules of lead time change one at a time, beginning with the
first module. Because the initial module is selected based on the lowest
crashing cost per unit, all subsequent modules are prioritized using the
same cost-efficiency logic.

10. Let L,=) b, and Lgsz be the duration of principal time consuming
segments 1, 2, 3,...., z__ which crash to their lowest time, then Lgsz can
be denoted as 1_=1_,->" (b, -a,.).z=12.3....n,; and the principal period
crashing price per set R(L,) is given as R(L,)=c,.(pey L)+ X)) ¢ (i~ Ly)
Lo €[l Ly y] Lead time duration corresponds directly to the full
length of each transport cycle. Consequently, the costs associated with
accelerating these timelines are incurred during every delivery rotation,
reflecting a persistent connection between lead time and crashing

expenses.

11. The decrease of lead time L__ with condensed ordering price A _and A

is resolutely the concave functionof L ie., A '(L,)>0and Agﬁ'(Lgsz)<§

12. To maintain the model's balance, it is necessary to shift all sustained
seller charges to the outlet following the implementation of a reduced
lead time.

4. Model Formulation

This study establishes an inventory model for a single-seller, multi-outlet
distribution network, accounting for multi-item sets and carbon emission
costs. The framework is analysed under both crisp and fuzzy environments
to evaluate lead time impacts.

4.1. Crisp Multi- item in Multi-outlet Distribution Network Inventory
System

Total price of multi- item in multi-outlet distribution network (ITCMO)

Total price per unit time is derived for multi-item in multi-outlet distribution
network and summated for resulting modules.

Ordering price for g — th item of s — th outlet for each unit time
A A D
__ & &

1
Qgs /D, & Qgs ( )
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Buyer’s holding price for g — th item of s — th outlet for each unit time
Oy
= (Tg + kgsc)'gx ’ /Lgs ]r:gs Cbgs (2)

Lead time crashing price for g—th item of s—th outlet per unit time

=(&JRU@S ),
o ®)
Seller setup cost for g — th item of s — th outlet for each year
e
ke @

Seller’s average inventory price for ¢ — th item of s —th outlet

— Qg _ Q_ _rng—‘zggS2 _ ngz _ DXS
_{mmgg‘[%um I)Dg;J e } [Dgs (U424t (m, 1))}}%ng

0 D 2D
== my | 1-—F -1+ —5 |,
2 P Fes

So, the seller’s holding price for g — th item of s — th outlet for each unit time

o, D, 2D,
=l | 1-=2 -1+ 7.Cr- 5)

£ T T

Seller annual transportation cost for g — th item of s — th outlet
=m, (FIC +VTC,), (6)

Annual carbon emission cost for g — th item of s —th outlet
=m FEC, +Q VEC,. (7)

vgs

Based on the assumptions, the joined entire price per unit time for g — th item
in s — th outlet is a collection of above stated costs specified as

R WA A -

& &

\ ng’sﬂ vgs ( Mg Les W ngrgs ([ ZDgx ]
ITCMO,, (Q,,, L., m,,) = +—= +R(L ) +1 My 4
N {Q [A*‘ ") 8)

Coo+Cog )41,y O [ Ly +OVEC,, +my (FIC,, +VIC,, +FEC,) |

The crisp joined entire price of s —th outlet for entire G items is denoted as
ITCMO,, that is ITCMO = Z ITemo, QL m ) for g=1,2,....,t and the crisp

&=
joined entire price of the entire system is
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ITCMO = ZITCMO ZZITCMO (0,.L,.m,),

s=1 s=1 g=1

1TCM0=ii_i (A 2R, )J Oy ‘@( ;@HJ QM‘U My Jqﬁqgj

s=1 g=1 o5 3

41,y O Ly +OVEC g, +m (FTC, +VTC + FEC,,) | ©)

With the specific rate of m  and L the joined entire price for g—th 1tem
of s—th outlet is ITCMO (Q » m S) then optimum order size Q
attained, while joined entire prlceITCMO Q. L.m,) is minimum. In
order to get minimization of ITCMO (Q,, L oM, ) tghe partial derivative of
ITCMO (Q L oM, )w1thQ is found and equated to zero. Then,

D S rC (m.D,_ r 2D
—Q—g‘z[Ags +f +R(L§)J—%(%+l]+§[(mgs +Tgs]c‘,gs +Cbg3]+VEC‘gS =0. (10)
85

& & &
For a static m_, and L, the joined entire price for g —th item of s —th outlet
IremMo, QL m, )is ophmlstlc fixedin Q While examining the appropriate
conditions to get least price of ITCMO (Q, L m,) second order partial
derivatives of ITCMO ( Q L Jm ) with respect to Q are used to attain

2
O*ITCMO,, Qs Lysm,,) _ 2D,
anS Qgs

S
[A +—= +R(L ))> 0.
m 5
’ (11)
Therefore, [ TCMO ( Q oM, /) is convex in Qg for a static m, and L As a

result, optimum Values +'decrease so that a local minimum is attained.
Hence, the optimum order size Q,. found by equation (10) is

S,
2D, (A +2 4 R(L, )J
m,

D) . 2D, '
Fys | | Mg I—P— -1+ B C.p T Chg |+2VEC,,,
g & (12)

4.2. Fuzzy Multi-item in Multi-outlet Distribution Network Inventory
System

*

Oy =0, =

The fuzzy-joined entire price for multi-item in multi-outlet distribution
network with a dual-echelon inventory structure framed. This study
introduces animproved algorithm for determining optimum order quantities
under uncertainty. The novelty of this approach is the integration of the
(a) — cut technique with the Lagrangian method, which allows us to convert
complex fuzzy goals into manageable intervals. While previous models
often assume constant demand, costs and system related parameters, our
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model treats these as hexagonal fuzzy parameters. This solves the common
problem of over-ordering or stockouts caused by unpredictable market
changes.

4.2.1. Solution Methodology
4.2.1.1 Hexagonal fuzzy number

A hexagonal fuzzy number 5 :(a’§2=§3=§ 4,g 5,§ 6) is defined by the

membership function as

(y-¢) : <<
é,z_é,l 3 I.fgl—y—é;
O=%) e
o if &, <y
I, ifi,<y<d,
,u,;(y): 3 -
‘g,féi’ e sy,
(&5=») ;
o if &=y =&
0, otherwise

Regarding hexagonal fuzzy number, the membership value is achieved for
a precise range.

4.2.1.2 Hexagonal fuzzy number’s arithmetic processes

Let C = (4’17 4’27 é’3= C4aé’5= é’s) and o= (o, 0,,0,,0,,0;,0;) be two
hexagonal fuzzy numbers. Then

1. Sum of é; and @ indicated in

COo=(¢+®,0,+®,, 5+ 0,0, + 0,05+ w5, (s + @) where

§1,§2,§3,§4,§5,§6 and o, 0,,0,,0,,0;, 0, are any real numbers.

2. Productof { and g indicated in

é:®a~):(é‘la)lﬂé‘za)zv4‘3‘?)37{4@474’50)554’60)6) where é’lﬂgz’é’wé;’gﬂgﬁ
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and o,,®,,0,,0,,0s,0, remain any positive real numbers.

3. If —0 = (—,,—0,,~0,,~0,,—©,,—®,) then the subtraction of @ from

g is El B=(C— 4,05 — O, G5 — Dy, 54— Oy, 55 — O, G s — 1) where

¢.¢,.¢,.6,.¢5.C, and @, @,, @, ®,, @, @) are any real numbers.

(11111
=o'=|—,—,—,—,—,—| where @, 0, 0,0,0,0, are

entirely real positive numbers, then the division of { and @ is

5@5)=(§1 é’z é'z. é’4 é’ﬁ é’sJ

o, o, 0, O, O, O

(861,662,663,664,565).6 20

5. F I numb -
or any real number &, £® ¢ {(555,§§4=§§3’§é’1’§§1)’§< 0.

4.2.1.3. Defuzzification for hexagonal Fuzzy Number

Defuzzification of the hexagonal fuzzy variable a=(a,a,,a,d,,0s,0)
is executed via the alpha (a)—cut technique, resulting in the crisp point
estimate

[ I @+ R @)de
2

P(a) =
(13)

_ g ta+as+ o
4

4.2.1.4 Extension of Lagrangian method

Solving of the nonlinear programming problems [17] with equality
constraints is possible with the help of the Lagrangian Method which can
also be used to find an optimum solution for the inequality constraints. The
core principle of the Lagrangian approach is that when an unconstrained
maximum fails to meet the required criteria, the optimum solution under
constraints will inevitably lie on the boundary of the feasible region.

The problem is

Minimize y=f(x) subject to g (x)>0,5=1,2,3,....... p-
The non-negativity constraints x > 0 (if any) are included in the m constraints.
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2

The Lagrangian function is given by L(x,A) = f (x) — Z)ts&(x)/ where A_are
s=1 :

Lagrange Multipliers given the constraints g (x)=0.

Taking the partial derivatives of L with respect to x and A, we obtain

P
§—L= Vi(x)-> AVeg (x)=0,5=1,23,.p,t=123..q.
X

t s=1

= 0, Fi=l,2,..
oy ;gxx) s P
Then, the technique of Extension of the Lagrangian method consists of the
following steps.

Step 1. Solve the unconstrained problem Minimize y=f(x,). If the resulting
optimum satisfies all the constraints, stop. Otherwise, set /=1 and go to Step
2.

Step 2. Activate any | constraints (i.e., convert them into equality) and
optimize f(x,) subject to [ active constraints by the Lagrangian method. If the
resulting solution is feasible with respect to the remaining constraints, stop.
It is a local optimum. Otherwise, activate another set of I constraints and
repeat the step. If all sets of active constraints that have taken / at a time are
considered without encountering a feasible solution, go to Step 3.

Step 3. If | = s stop. No feasible solution exists. Otherwise, set | =[+1 and go
to Step 2.

4.2.2. Joined entire price for Fuzzy Multi-item in Multi-outlet
Distribution Network Inventory System

Throughout this study, the resulting decision variables and factors are
profitable to lessen the effect of fuzzy quantities. Proceed
D,.4,, Sgs,rgg,ng,C‘gS,C,,gs,VECng and VTC are fuzzy factors. Presently,
fuzzy multi-item in a multi-outlet “distribution network inventory
system brings together fuzzy order size () to be a hexagonal

fuzzy number 0, =(0,,.0,,.0,3.0,4.0,5.0,s)  With  constraint
O < Qgsl S QgsZ g Qgs3 S Qgs4— g QgsS S ngﬁ'

The fuzzy total price of the multi-item in s — th outlet is
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o (Q L.m )=(D @ )GIA @(S Om, YORL, ))]dI(Q @, @C 20, ®D @P ]
Q&7 ell, 828D YR YeC, 67, I6F, 5, % . 01 (14
+m, QFIC, +H~Q)+(n&®]~ﬂ:,+@,®@: )

Fuzzy operations for addition, subtraction, multiplication, and division (B,
O, ®, and Q) are defined here using the function principle.

AssumeD(DDDDDD A_A A

gs1” " gs2/ T gs3 gs4’ gs5” gsé) = (A gs17 © Tgs2/ g53’ g4/ A gs5” gs6) 4

555555856) =P_,P_,P

gs4’ gs5’ 56) ( gs1/ T gs2? T gs3 T gsd’ T gsh gsl/ © gs2/ g3/

-C_,C_,C_/C_,C - =(C,. C, 0 C, o, C

vgsl? Tugs2! Tugsd Tugsd) ugsy vgs6) bgsl” Tbgs2’ bgs3’ bgsd/
VE C

=(VEC,, VEC,,,, VEC,, VEC, v VEC, ), and VTG,
= (VIC VIC, ., VIC, ., VIC, , VIC VTC, ) are posmve hexagonal

bgs1” bgs2’ bgs3” bgs4” bgs5”
fuzzy quantities. Based on equation (14), we determine the optimal quantity

r

(rgsl’ gs2/ gsB’

PPP

g4/ gs5’ gsé) vgs
CbgsS’ Cbg<6) VEC

for every item and outlet in the following manner.

Fuzzy total price for each item of every outlet JTC MOgS (Qgs , Lgs ’ mgs) is
given in equation (14). Then,

Dol 4 Zora|- %s el MeDu ) | Gt | (2D 0
Qgsé mn, I;ﬂ 2 = P 4 &

M0, 0,1, my)=

g2 g g
&6
i Gy nbs oo Le +OuVEC, oy +my, (FIC,,, +VYC§S1+FEC%§)),
gYZ{ gg- w %5 ng i gj g‘s +].] Qgﬂ A (mgSLZD&rZJQgsz'I'CbgAZ
ngs } };ﬂ Pgss
+,, 7,@2 gﬁags\/i+ C 2 tm, FYC +VIC_, +FEC, )),

1gs2

3 Qgs4r4v4mD4 |Q3r3 |2D3
4(Agsﬁiﬂ?(L )} gsz = g;)gj +1J. gszg‘ [mgs. P: Coos TG

Qg’ &3 4
3Gty Oy \[Ly +OusVEC g+, (FTC,, +VIC,y +FEC,,),

D

&t Agjﬁ'ﬁ*-R(L )J Qgﬁgﬂ 53 | s gx3+1] nggm — ngqgs _,'_wa
Qgﬂ gs };4 &3
GO Ly +Qp VB , +m (FTC,, +VIC,,,+FEC,)),

D S, 2D,

—=2 4 +—4R(, )] CooCia | Mol +1w Qg‘s ) (m§+ g”qustr(?bgsJ
0. m, Be ) B
FiasCogs gso—gr\/7 +g&5m(j@ﬁ+m +V1Cgss +FEC, )

- Agss+ﬂ+R(L )] Lo SS( = ] S [m +2D“]Ggm+qm
Qg&l Pgsx

.G s + OV B o+ (FTC, +VIC, o+ FEC,).
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Applying equation (13) allows for the determination of the

ITCMO,,(0,.L,,,m,,) through the Alpha cut technique, expressed as:

Hmﬂ@’%,mgs» |: [ gﬂ(Agﬂ-l—gﬂ+R(L )J szégss 1@6{ & gss J Qgslgt[( m, IZDMJQ@"‘Q&[J

40, 2 | B B

sl 256
Gt Oy +OuVEC g+, (FIG, +VIG,y, +FIC,)

o) 45 o 2 )
-Hésl 352 [ES +2:1 1§2+”§5(F7C +WC92 +IEG ))

DgsS S§5 W Q‘SZ g2 1gv2( g w2 W Qsa]gri .2D§5
R s A ) e

&5

-PT»—

N

- Gty Oor[ Ly +OLVEC, 5y (FIC,, +VIC  +FIC, ))

e

g6

Héfﬁqgsskgﬂo-gS\/L_gs +%6VEC@5 +m§(F7C +WCES(, +FECES))j|. (1 6)

The joined entire price of s —th outlet for all G items is denoted by [fCMOs,
that is 17CMO, Z PITCMO,, (0,,.L,,.m,)) for s = 1,2,....,0 and the fuzzy joined

entire price of the entire system is

ITCMO = ZITCM() ZZP(ITCMO (Qpr Ly ). a7
5 5 2=

with  0<Q,,£0,,<0,,<0,, Exchange the inequality condition
0< Qgsl gQgsz gQgﬁ gQgSG With QgsZ Q 51 —0 Qgss Q 52 —O QgsS Q 55 —0 and Q

equation (16) remain valid and unchanged for this scenario.

The optimization of equation (16) is achieved by applying Lagrangian
multipliers referencing the technique by Taha [17] to determine the values of

@ 5.0.5.0.5 and Q,,, necessary for minimizing the P(/7CM [CM (Qgs, L..m.)).

Step 1. Optimizing the unconstrained system: To determine the minimum of
P(ITCMO,_“ (Q@, ,m,)), the partial derivatives of PUTCMO, . (0, L,..m, ) are found with

respect to O,,,,0,,,.0,.s» and Y, then equate them to zero as follows.
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1 Dgsé 1(:1 mg;Dgsl T 2Dgsl
- —= Ag6+ +R(L) EEE N HE m o+ o1 TG [HVEG, |=0 (18)
& %12 2 Los 21\ " I “ ’
1| D rCo(mD, ) r )
T Agss+ +R(L) e m*;gﬁ +H [+ | m, 4—;‘2] @ﬁC@z}Vmﬁ}o (19)
2 &5 o5
1_ D S, G s[m r 2D |
4 gszz A@z_*_i_’_]«l@s) 3‘523‘5 g}%s + +£24 mgr+ P§5J igs5 +Cf§f5}+mgs5 =0 (20)
5 &2 a2
F g " ]
i——i 12-/4gsl+ﬁl+R(L )j fot (—mf ¢ +1J+’?§[(m§+—;”} i§6+C@6}+VEC% =0 21)
L 6 ol ol |

By solving equations (18) to (21), the optimum order quantities Q , Q ., Q
and Q_ are obtained and given as

s
2Dy, (Angr 56 +R(L, )]
Qgsl = N (22)

D 2D
gsl gsl
Tl | s 1-—— |-1+ Cvgsl + Cbgsl + ZVECvgsl
Pgsﬁ PgsG

S
55
2Dgs5 (Agss + + R(Lgs)]
m

gs
Qg_yz = ; (23)
D 2D
852 252
B M g 1- -1+ Cvgsl + Cbgs2 + ZVEC\rgSZ
PgsS PgsS
N
gs2
2Dg52 (Agxz + + R(I‘gs)]
m
gs
O - , (24)
D 2D
gs5 gas5
T | | Mgs 1-—— -1+ C\'gSS +Cbgs5 +2VEC‘,gS5
Pgs2 Pgsl
S
gsl
ZDgS1 (Agxl‘F +R(LgS)J
m
gs
Qgs6 - (25)

D 2D
256 2s6

Fas | | as 1- -1+ C1=g56+cbg56 +2VECVg36
Pgsl Pgsi

The above results show that Q >Q 2 >Q 55 Qs6 and do not satisfy the
constraint Q QgsS_Qgs2_Q >0 "l&herefore set k=1 and go to Step 2.

Step 2. Convert the inequality constraint Q , — Q ;20 into equality constrain
Q.o — Q,,=0and optimize PlIT CMO ( Q gs)] subject to Q , — Q ;=0

g7 gS’

124



Vithyadevi and Annadurai Optimization of Single-Seller Multi-item in Multiple

through Lagrangian Process.

The Lagrangian function is L( Qgsl’ Qgsz, Qgss, Qgs o ]\gs)=P[1fCMOgS( ng Lg o1, Il
- Ags(QgSZ - Qgsl)'

The partial derivatives of L(Q,,, Q. Qﬁy Q¢ A Jwith respect to Q ., Q.
QgsS, Qgs6 and Ags are engaged to acquire the minimum of L( Qgsl’ Qgsz, Qgss, Qgs v
A

gs

Lflt all the partial derivatives be equal to zero to solve Qgsl’ Qgsz, Qgs5 and Qgsé.
Then,

S

S,
2Dgﬁ6 (’%;6 +£6 +R(L§)}rZDgi5 (A‘gﬁ +£5 +R(Lgy)j

m .

legﬁ—j >
D 2D D 2D
&l gl o2 o2

zy n@(l*]lJr C;gsl +Clg1 +2WC1gs1 7ol | 7 (I]IJr Qgs2+CI@2 +2quy2
fe)  he Bs) s

Sgs'l
2Dg:2 AgS2 + + R(Lgs)
m
e i £ (27)
gs5 = ;
[ D 2D
255 255
Tos | | Mas 1-—— | -1+ CvgsS +Cbg55 + ZVEC‘,gSS
B P
gs2 gs2
S
sl
ZDgSl (Agsl +—+ R(Lgs)}
m
= (28)

ngG - >
D 2D
256 2s6
Yo | | Mgs 1-—— -1+ C‘,g:6 +Cbgr6 +2VEC‘,g56
Pgsl Pgsl

Again, the above results show that Q <Q . and it does not satisfy the

. g5 gs5 .
constraint Qgs62Qg552Q 8522Q851>0. Consequently, the current solution does
not represent a local optimum. This conclusion holds regardless of which
inequality constraint is treated as an equality. By applying this logic to the
remaining constraints, we set k = 2 and proceed to Step 3.

Step 3. To evaluate the conditions, the non-negativity constraints Qgsz—
Qu20,and Q ,—Q =0 are treated as active equality constraints, such that
Qgg_Qgsl:o and Qgss_Qgs2=0, P[IT CMOgS(Qg . Lg Y mgs)] is optimized subject
to Q ,—Q,,=0and Q _,—Q ,=0 by the Lagrangian process.

’I:hen the Lagrangian function is L( Qgsl’ Qgsz, Qgss, Qgsé, Agsl’ Ag52)=P[I F CMOgS(
Qgs’ LgsJ mgs)] - Agsl(QgsZ_' Qgsl)— AgsZ(QgsS-_' Qgsz)'
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To determine the minimum value of the Lagrangian function L(Qgsl’ Qgs2,

QgsS, Qgs6, Agsl, )Lgsz), the partial derivatives of L(Qgsl’ Qgsz, Qgss, Qgsé, }Lgsl, ]\gsz)
are taken with respect to Qgsl’ Qgsz, Qgss, Qgs6, Agsl’ )Lgsz and equating the partial
derivatives to zero allows us to solve the resulting system for the decision

variables Qgsl, QgsZ, Qgs5 and Qgs6, then we get,

S, S S
20@6[,4896 +£6 Jrji{l,gy)}»?_Dg5 (Agﬁ +ﬁ +I{Lg)]+2D§2 (A‘gﬁ +£2 +R(L§)J
Q-0 . k : . ®
D 2D D 2D
Tl | s l—il —I+7gf1 Q§1+Clgsl +QIH"ggl Tl | M l—i2 _1+i2 Qg92+C£gs'2 +2IEC§2
B, 74 P P
6 g6 &5 85
D 2D
Tos| | 7 1@}1+@ C!gserng +ZfﬂC"gys
Ba) e
S X
2D, (Agﬂ ¥ mgl +R(ng)]
= (30)

Qgsﬁ - : .
D 2D
gs6 2s6
[rgxé[{mgs (l » JlJr » }C1g56+cbg;6J+2VECvgs6]
gsl gsl

The above results show that Qgsl>Qgs6 does not satisfy the constraint Qgséz
Q o5 Q 0= Qg51>0. Consequently, the current solution fails to meet the criteria
for a local optimum. This outcome remains consistent even when any two
inequality constraints are treated as equalities. Moving forward, we set k=3
and proceed to Step 4.

Step 4. Change the inequality constraints Qgsz— QgﬂZO,Qgss— Qgszzo and
Qgs6— Qgs5 ?O into eguality constraints Qgsz—Qgﬂ:O,Qgss—QgSfO and Qgs6—
Q=0 P[IT CMOgS(Qg o Lm, J] is optimized subject to Quo—Qua=0 Qus—
Q,=Vand Q —Q =0 by the Lagrangian Process.

The Lagrangian function is given as L(Qgsl’ Qgsz, Qgss, Qg56, A, A, A )=P[IT

gs1” 7 "gs2/ " 7gs3

CMOgs(Qgs’ Lgs’ mgs)] - Agsl(QgSZ - Qgsl) - AgsZ (QgSS - Qgs2) - Ags3 (Qgs6 - QgsS)

To optimize L(Q_, Qgsz, Qgss, Qgsé, Agsl’ )Lgsz, )Lgs3) for minimum cost, the partial

derivatives of L Qgsl’ Qgsz, Qgss, Q.. o517 Mo Ags3) are taken with respect to

Q. Q.,Q.Q A A, A and we determine the stationary points of the
gs1/ *gsd! Mg Rogse! gsl/ igs2 Pgs: A .

function by equating the partial derivatives with respectto Q_;, Q,,, Q,;and

Q _ to zero.
gs6
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The result is,

) % 1 hon % 1) l+2n %2 1) oD, %1 1,
6 Ags{r;”{ 35") s A35+;+R(8S') -2 AgsZT”(g?) 205 %ﬁ;”(gf)
& & & &
Q-GG -
Da| 2Dg Do | 2Dy
o (”@{1785}“ o ] G [ 2B 1 52 [g(‘?gjlfJ Cga*Gigo [ 280
26 26 25 &5

D, 2D D, 2D,
&5 &5 &6 26
’H[(]H] [ @] H{H]J“’W]M]
& - gl g

The procedure terminates here, as the values for Qgs (Qgsl, Qgs2, QgsS, Qgs6)
satisfy every boundary condition, establishing a local optimum. This result
is identified as the unique feasible solution to the model's objective function.
Consequently, it serves as the global optimum for the fuzzy-parameter
system under the Lagrangian framework. By equating the order quantltles

Qg>g Qgsl Qgs2 Qgﬁ Qgs6 The optimum fuzzy order size is Qgs (Q Q Q
Q) where

S S
2Dy6 Ag§6+ +R(L ) [+ AgS5+ +R(L ) [+2D, os2 AgsZ+ +R.(L ) [+ Aog +—— +R(L )
Q g‘ ngg ngs (32)
s .
D 2D D 2D
ol &2 &2
|:;:$l((mgx [1 . ] 1+ PJ 1gx1+cbgslj+2l/"€ ‘851]'}'|:r ({”Igs (IP}1+PJC,“E2+CJKS2J+2VEC;§2]
&6 26 255 &5
D, 2D, D, 2D,
+ Tos| | s lfij 71+i5 C;gSS +Clgy5 +2VEC1§5 + Tas| | s lfﬁ 71+i6 C\gsGJrCEgsG +2qux6
2 2 I 1

4.2.3. Optimization Algorithm

(31)

g’ g

The succeeding optimization algorithm is considered to obtain the crisp and
fuzzy optimum order size for each item for the specific outlet. Then, the
minimum joined entire price for the entire system is found.

Algorithm 1

Step 1. Use differential calculus optimization method, find Q .then calculate
Q" .. by equation (12).

Step 2. Substitute equation (12) into equation (8) yields the specific solution
set ITCMO, for the g—th item at the s—th outlet within the crisp joined
inventory framework.

Step 3. Calculate ITCMO , ITCMO from equations (8) and (9) consistently.
8
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Step 4. Use (0)—cut and Extension of Lagrangian Process, find 0} then
calculate 0} by equation (32).

Step 5. Substitute equation (32) into equation (16) yields the specific solution
set P(I TCMO ) for the g—th item at the s—th outlet within the fuzzy joined
inventory framework.

Step 6. Compute P(ITCMOgS)IT CMO from equations (16) and (17)
correspondingly.

Step 7. Repeat Steps 1 to 6 for each lead time Lgs=3,4,6,8.

Step 8. Evaluates the performance of the multi-outlet network by comparing
the total system cost against the optimal order size of g—th item of s—th
outlet. If the fuzzy parameters yield higher order quantities and integrated
costs Q” o >0, and ITCMO > P(1 TCMO o), the fuzzy model is designated as
the optimal solution. Conversely, if the crlsp variables result in lower values
Q gs<Qgs and ITCMO, < P(I T CMO,) the crisp model is prioritized for its
precision.

Step 9. Examine the optimal order quantity for g— th item of s— th outlet
specific items across various locations within a multi-item, multi-outlet
framework. We contrast the total cost and the resulting economic savings
derived from both the crisp and fuzzy mathematical models.

5. Numerical examples

Numerical circumstances are quantified to conclude the result procedure
by employing the recommended algorithm. In this regard, the ideal multi-
item in multi-outlet distribution network inventory system is established.
The outcomes attained over MATLAB software. Then projected fuzzy multi-
item in multi-outlet distribution network inventory system can be used in
companies. The proposed integrated multi-item in multi-outlet distribution
network inventory system is an additional operative designed at the supply
chain companies” development of seller-outlet organisation.

Example. 1

Crisp Multi-item in Multi-outlet Distribution Network Inventory
System

The outcomes establish crisp model with primary inputs from [12]. The
residual inputs are allowed to the system.

Presume the seller starts business with showrooms in important places from
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where seller runs two outlets for selling furniture (cot, dining table, sofa, ...)
and electronic items (washing machine, fridge, television, ...). Let us consider
the joined multi-item in multi-outlet distribution network inventory system
for five items and two outlets. From the first outlet, two types of furniture
(wardrobe, dressing table) are retailed and three type of electronic items
(refrigerator, laptop, air conditioner) are retailed from second outlet. That
is items G=5, outlet 0=2. The parameters are FEC, =$0.2/shipment, FTC =
$0.2/shipment in place of whole s=1, 2 also g=1, 2 3 4,5.

Table 1: Common outlet crisp input for all items

Outlet\ltem| -, |« 1 c |, |s |vic |vEc | A, |o.| &
s g 8 vgs g5 g8 8 ugs ugs 8 8 8
1 | 3200 | 200 | 250 | 0.2 [400| 05 0.1 21.87 | 7| 233
! 2 | 4000 | 250 |312.5|0.25 500 0.625 | 0.125 | 27.3375 | 8 | 2.097
1 | 4800 | 300 | 375 | 0.3 [600| 0.75 | 0.15 | 32.805 | 9 | 1.864
2 2 | 5600 | 350 |437.5|0.35|700| 0.875 | 0.175 | 38.2725 | 10 | 1.631
3 | 6400 | 400 | 500 | 04 [800| 1.0 0.2 43.74 |11 | 1.398
Table 2: Demand for the items in outlets
D, Outlet -1 Outlet - 2
Iterons 1000 1250 1500 1750 2000
Table 3: Common items data for all outlets
L. R(L) . m
3 53.2 3
Outlets 4 18.2 4
6 14 5
8 0 5
Table 4: Crisp output of Example 1
Q. Q, Q,, Q,, Q, | ITCMO, | ITCMO, | ITCMO+ITCMO,
59.6 | 58.0 | 57.0 | 56.2 | 55.6 | 21352.0 74395.0 95747.0
440 | 434 | 43.0 | 427 | 425 | 20471.0 72604.0 93075.0
346 | 34.6 | 345 | 345 | 345 | 20508.0 73732.0 94240.0
344 | 344 | 344 | 344 | 344 | 212220 76346.0 97568.0

In Table 1, certain data are specified and it is identical for entire outlets. Table
2 comprises demand of every item for all outlets and Table 3 comprises the
lead time input for all outlets. Using algorithm 1, the crisp system’s optimum
outcomes are organised in Table 4.
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Example. 2

Fuzzy Multi-item in Multi-outlet Distribution Network Inventory
System

The inputs are same as in Example 1, except the fuzzy inputs that are given
in Tables 5 and 6.

Table 5: Common outlet fuzzy input for all items

Fuzzy parameters Fuzzy data

4 P,, = (2400, 3000), P, = (2720, 3400), P, , = (3040, 3800), P
(If s=1 then g=1,2) |~ (3360, 4200), P__, =(3680, 4600), P_, = (4000, 5000).

% = (3600, 4200, 4800), P__, = (4080, 4760, 5440),

s 4f560 5320, 6080), P §04o 5880, 6720), P, (§520
(If s=2 then g=1, 2, 3) | 6440, 7360), P, (6600 7000 8000).

s 5 = (150, 18 5 =(170, 212.5), c1553=(190, 237.5),C,
(1 5=1 then g=1,2) | =210 2629), €, =(50, 287 5), C,.s =(250, 312.5).

o C,... = (225,262.5,300), C, , = (255, 2975 340), C. = (285,

“vgs 332.5, 380), C (315 36$75 420), C, , = (345, 402.5, 460),
(If =2 then g=1,2,3) [C.__ (375, 437.5, 500).

vgs
7 C,..=(187.5,234375), C, =(212.5, 265.63), C, ~(237.5,
“bes 296.88) C,.,~(262.5,328.13), C, .=(287.5, 35938),

(If s=1 then g=1, 2) 312.5, 390.625).

28125, 328.125, 375), C, ,=(318.75, 371.88, 425),
356.25, 415.63, 475), C, ,=(393.75, 459.38, 525),
=(431.25,503.13, 575), C, =(468.75, 546.875, 625).

bgs

(If s=2 then g=1, 2, 3)

/\f\/\ —

Cres
c ggs
C

7 o =(0.15,0.1875),r,,=(0.17, 0.2125), r . =(0.19, 0.2375),
(If s=1 then g=1,2) |7=(021,0.2625),r =(0.23, 0.2875),, =(0.25, 0.3125).

gs5

. r,,=(0.225,02625,03), r _,=(0.255,0.2975,0.34), r. =(0.285,

gs1

" 0.3325, 038) ,=(0.315, 03675, 0.42), r =(0.345, 0.4025,
(If s=2 then g=1,2, 3) | 0.46), r .=(0. 375, 0.4375, 0. 5).

S, (2000, 375), 5 =(340, 425), 5 =(380, 475), 5, =(420,
g9
(If s=1 then g=1, 2) 555) 5. ~(460, 575), S =(500, 635).
S, S.,=(450, 525, 600), S SZ=(510, 595, 680), S_,=(570, 665, 760),

8 8 8
(If =2 then g=1, 2, 3) | S.=(630, 735, 840), S _=(690, 805, 920), S _=(750, 875, 1000).

= VTC, ,=(0.375, 0.46875), VTC
VICy, vre,,

(If s=1 then g=1, 2) VTC

=(0.425, 0.5313),
(0.475, 0.5938), VTC, gi(o 525, 0.6563),
~(0.575,0.7188), VTC, =(0.625,0.78125).
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Fuzzy parameters Fuzzy data
. VTC, ,=(0.5625,0.65625,0.75), VTC  ,=(0.6375, 0.7438,
VT Cvgs 0.85), VTC% =(0.7125, 0.8313, 0.95), f/TC5§ ,=(0.7875,
_ _ 0.9188, 1.05), VTC, ,=(0.8625,1.0063, 1.15), VTC =(0.9375,
(If s=2 then g=1, 2, 3) 1.09375, 1.25). 5 3
VEC VEC,,,=(0.075,0.09375), VEC, ,=(0.085, 0.1063),
k. VEC, ,=(0.095,0.1188), VEC, ,=(0.105, 0.1313),
(If s=1 then g=1, 2) VEC ~=(0.115, 0.1438), VEC,,,=(0.125, 0.15625).
. VEC, ,=(0.1125, 0.13125, 0. 15) VEC, ,=(0.1275, 0.1488,
VEC,, 0. 17) VEC 5=(0.1425, 0.1663, 0.19), f/ECU ,=(0.1575,
_ _ 0.1838, 0.21), VEC,,,=(0.1725, 0. 2013 0.23), VECU =(0.1875,
(If s=2 then g=1, 2, 3) 021875, 0.25). 8
. A, ,=(16.4025,20.5031), A ( 59,23.237), A = (20.777,
# 25.971), A, ,=(22.964, 28.7 ), ,=(25.151, 31.438),
(If s=1 then g=1, 2) A =27 3§75 34.17188).
- Ag =(24.6038, 28.7044, 32.805), A, ,=(27.884, 32.532, 37.179),
A, o= (31.165, 36.359, 41.553), A ,=(34.445, 40.186, 45.927),
(If =2 then g=1, 2, 3) A b (3)7 726, 44.013, 50.301), A_=(41.00625, 47.84063,
Table 6: Demand for g-th item in s-th outlet
Outlet s Demand D L,
If s=1 then |D ,=(750,937.5), D ,=(850,1062.5), D ,=(950, 1187.5), D ,=(1050,
g=1,2. 1312.5), D ,=(1150, 1437, 5), D 1256 1562 5).
£ 522 th —(1125 1312.5, 1500), D —(1275 1487.5,1700), D._,=(1425, 1662.5,
i ) gn 15 = (1575, 1837.5, 2100), D,,=(1725,2012.5, 2300), D, =(1875,
874 49 2187 5, 2500)
Table 7: Fuzzy output of example 2
Qn Qu Qn sz st ITCMO, | ITCMO, | ITCMO,+ITCMO,
60.0 | 58,5 | 57.5 | 56.8 | 56.2 | 21120.0 | 73709.0 94829.0
448 | 443 | 439 | 43.6 | 434 | 20236.0 | 71815.0 92051.0
35.6 | 35.6 | 355 | 35,5 | 35.5 | 20301.0 | 72960.0 93261.0
354 | 354 | 354 | 354 | 354 | 21057.0 | 75711.0 96768.0
Table 8: Summary of Crisp and Fuzzy outlet solutions
. Crisp System Fuzzy System Savings %
ITCMO, | ITCMO, | ITCMO, | ITCMO, | Outletl | Outlet2
3 21352 74395 21120 73709 1.1 0.9
4 20471 72604 20236 71815 1.1 1.1
6 20508 73732 20301 72960 1.0 1.0
8 21222 76346 21057 75711 0.8 0.8
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Using algorithm 1, the fuzzy system’s results are depicted in Table 7. Table
8 shows saving percentage for each outlet’s joined entire price of fuzzy
system. The comparative analysis between the crisp system and the fuzzy
system demonstrates a clear economic advantage for the fuzzy-logic-based
approach. As detailed in Table 8, the fuzzy model consistently yields lower
joined entire prices for multi-outlets I7CMO across all tested operational
levels L .

¢

For outlet 1, the fuzzy system achieved its maximum efficiency gain of
1.1% at L =3 and L_=4, reducing costs from $21352 to $21120 and $20471
to $20236, respectlvely Similarly, outlet 2 saw a peak saving of 1.1% at L_
=4, with costs dropping from $72604 to $71815. Across both outlets and all
levels, the savings remained consistent within a range of 0.8% to 1.1%.

5.1. Graphical Representation

Each outlet’s joined entire price for disparate values of lead time and
demand interrelated in the crisp and fuzzy organisations, as exposed in the
graphical depiction of Figure 1. Each outlet’s joined entire price ITCMO_ and
ITCMO, varies while the lead time rises. The bar graph further validates
these findings by illustrating the cost optimizations.

x104

8 1=3 L=4 L=6 L8

-
T

I crisp
(= Fuzzy

Le2]
T

w
T

w
T

Integrated total cost for each outlet
N S
T T

A

Outlet-1 Outlet-2
Multi-outlet

Figure 1: Integrated total cost for multi-item in multi-outlet versus lead time.

In every grouped bar for both outlet-1 and outlet-2, the fuzzy system
are visibly shorter than the crisp system, providing immediate visual
confirmation of the fuzzy system's superiority. While outlet-2 operates at
a much higher cost $76346 compared to outlet-1 $21352, the fuzzy model
adapts effectively to both scales, maintaining consistent percentage-based
savings. The data suggests that by integrating fuzzy logic into the supply
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chain distribution network, the system can better account for variables that
a crisp model treats as fixed. This results in a more optimized allocation of
funds and a reliable reduction in total integrated costs. It is perceived that
each outlet’s joined entire price is professionally enriched in fuzzy system
related to crisp system. The joined entire price for each outlet stays positively
decreased in the fuzzy system with respect to crisp system.

6. Comparative study

Table 8 displays savings percentage of multi-item’s optimum order size
and each outlet’s joined entire price for fuzzy system. In Table 9, the
numerical results are presented. The optimum value of crisp multi-item in
multi-outlet distribution network system’s minimized joined entire price is
$380630. The optimum value of fuzzy multi-item in multi-outlet distribution
network system’s minimized joined entire price is $376927. The comparative
dissimilarities for crisp and fuzzy models in joined entire price of the
systems can be grasped in Table 9. By comparing crisp and fuzzy multi-item
in multi-outlet distribution network inventory model as well as joined entire
price, the savings percentage is 0.97%.

Fuzzy system supports the trades to achieve uncertain inventory cost
restrictions. Uncertain cost constraints of inventory administration systems
are established to be hopeful and marginally weighty. In this regard, admins
are proficient to find optimum result in a favourable manner.

Table 9: Summary of the comparisons

Joined entire price for multi-
Lgs R( Lgs) o Comparison item in multi-outlet distribution
network system

3 53.0 3 | Crisp multi-item in multi-

] outlet distribution network 380630
4 18.2 4 inventory system
6 14 5 | Fuzzy multi-item in multi-

outlet distribution network 376927
8 0 5 inventory system
Savings (%) 0.97

7. Conclusion

Multi-item in multi-outlet distribution network integrated supply chain
system along lead time with carbon discharge price is considered for
fuzzy and crisp circumstances. In the uncertain circumstances, entirely
interconnected inventory factors and decision variables are assumed to be
hexagonal fuzzy quantities. Among defuzzification, the alpha cut technique
is employed for the evaluation of minimum joined entire price for the multi-
item in multi-outlet distribution network system. The addition of Lagrangian
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process is employed to achieve each item’s optimum order size for each
outlet. A computational algorithm is made use for the investigation of special
results for fuzzy inputs on minimum joined entire price of whole system,
multi-item in multi-outlet distribution network. Each item’s optimum order
size for each outlet is constructed on recommended inventory system.
Computational efficiency is maximized by automating the calculation of total
network inventory costs, which effectively bridges the gap between crisp
operational data and projected fuzzy variables through iterative refinement.
This structured approach ensures that complex multi-outlet variables are
synchronized within the MATLAB environment for optimum accuracy.
Graphical representation demonstrates that as fuzziness increases, our
model maintains a lower total cost than the crisp model. An exclusive size of
funds in a multi-item in multi-outlet distribution network integrated supply
chain system is found. Consequently, by relating crisp and fuzzy systems,
it is perceived that the multi-item in multi-outlet distribution network of
the fuzzy system is enhanced than the crisp system. A comparative analysis
reveals that the fuzzy logic framework demonstrates better performance
and precision over the traditional crisp model. The evaluation shows 0.97%
cost saving under the multi-item in multi-outlet distribution network of the
fuzzy uncertainty scenarios.

Future research may extend this framework by incorporating practical
limitations such as warehouse capacity, fixed setup expenditures, and
procurement ceilings. Additionally, the logic can be adapted to evaluate
various multi-tier supply chain configurations across crisp, fuzzy, or hybrid
environments.
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