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Whole Domination Parameter in Zero-
Divisor Graphs with Applications to 
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Abstract

Domination theory is instrumental in the structural analysis 
of graphs and their applications to real-world systems. In this 
article, we develop and investigate whole domination parameter 
in zero-divisor graphs derived from commutative rings. We 
construct characterization for whole dominating sets, and 
recognize algebraic criteria governing the existence or non-
existence of such sets. Also whole domination number of zero-
divisor graph structures assigned to rings that are product of 

Zn are computed. Furthermore, the 
concept is implemented to a biological framework, where vertices 
represent metabolic biomarkers and edges denote pathological 
interactions. Through this mapping, whole domination 
facilitates a mathematical formulation for identifying minimal sets 
of biomarkers that can monitor or predict metabolic dysfunction. 
The study bridges algebraic graph theory and biomedical 
modelling, offering both a new theoretical perspective and a 
potential diagnostic interpretation.

Keywords: Zero-divisor graph; Whole domination; Whole dominating set; 

: 05C25, 05C69, 92C42.

1. Introduction
The analysis of graph structures derived from commutative rings has 

algebraic models and graph-theoretic concepts. One of the earliest and 
highly impactful contributions in this direction was made by Beck[6] in 1988, 
who proposed the framework for associating a graph to a commutative ring. 
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directed towards graph coloring, thereby laying the conceptual foundation 

divisors of a commutative ring, and adjacency between two distinct vertices 

a clear and elegant correspondence between algebraic annihilation and 
graph adjacency. Since then, zero-divisor graphs have been investigated 
extensively, with researchers [1], [3] exploring their structural properties 
including connectivity, diameter, girth, clique number, chromatic number, 
and planarity, thereby strengthening the bridge between commutative 
algebra and graph theory.

As the theory matured, attention shifted toward domination-related 
parameters in zero-divisor graphs. Domination is among the most 

because of its strong theoretical structure and wide spectrum of applications. 
Several researchers [9] investigated domination numbers and related 
parameters in zero-divisor graphs, revealing how algebraic properties 

the theory of whole domination proposed by A.A. Omran and Ibrahim[8] 
attracted interest due to its stricter domination requirements. A subset D 

V (G) is called a whole dominating set (WDS) if every vertex in V – D is 
adjacent to all vertices in D. The minimum cardinality of a minimal whole 
dominating set (MWDS) is called the whole domination number, denoted by 

wh (G). This parameter provides a more robust and globally comprehensive 
D 

must be simultaneously connected to all vertices in D. Omran and Ibrahim 
established several foundational properties of whole domination, including 
bounds on wh (G), its behavior under graph operations such as union, join, 
Cartesian product, vertex deletion, and edge contraction, and conditions for 
its existence. Inspired by this parameter, the notion of whole domination 

algebraic setting. 

In this research, we investigate the whole domination parameter in zero-
divisor graphs and explore its algebraic and structural implications.

Bounds and characterizations of wh

of commutative rings. Furthermore, the framework is extended towards a 
biomedical interpretation[10], [11], where zero-divisor graphs are used to 
model biomolecular or diagnostic systems. The whole domination number 
corresponds to identifying a minimal biomarker set that completely 
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an interpretation highlights the relevance of algebraic graph parameters 

study thus combines the algebraic richness of zero-divisor graph structures 
with the depth of whole domination theory, leading to both new mathematical 
insights and potential applications in biomedical data analysis.

2. Preliminaries
: Let R be a commutative ring and Z*(R) denote its set of 

R) is a graph with vertex 
set Z*(R) and an edge between x and y if and only if xy=0 in R.

: For a simple connected graph G, a proper subset D V 
is called WDS, if every vertex in set V – D is adjacent to all vertices in set 
D. The set D is called minimal WDS (MWDS) if it has no proper WDS. The 
whole domination number denoted by wh (G) is the minimum cardinality of 
a MWDS. The MWDS that has wh is called wh

1. wh(Sn) = 1, n 

2. wh(Cn) = 1 if n = 3 wh(Cn) = 2 if n = 4, otherwise Cn has no WDS.

3. wh(Pn) = 1 if n = 2, 3, otherwise Pn has no WDS.

4. wh(Km,n) = m, m n.

3. Whole domination in zero-divisor graph
. A zero–divisor graph (R) is said to possess a whole 

dominating set if there exists a nonempty proper subset D Z* (R) such that 
every vertex v  Z* (R)\ D is adjacent to all vertices of D, i.e.,  v R)\ 
D vd = 0 R) contains a spanning complete bipartite 
subgraph K .

Theorem 3.1: The zero-divisor graph (R) has a whole dominating set if and 
only if the set of non-zero zero-divisors Z* (R) can be partitioned into two 
non-empty disjoint subsets Z* (R Y such that xy=0 for all x  and y 
Y X or Y serves as a whole dominating set of (R).

. Consider the whole dominating set D of (R). Then every vertex in Z* 
(R)\ D is adjacent to every vertex in D, implying xy=0 for all x D and y 
(R)\ D. Setting X=D and Y = Z* (R)\ D, we have Z* (R Y with xy=0 for all 

X, y . Conversely, suppose such a partition Z* (R Y with xy=0 for 
all X, y . Then each vertex in Y is adjacent to every vertex in X. Hence, 
Xis a whole dominating set of (R).
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Corollary 3.1. If (R) possesses a whole dominating set, then (R) contains a 
spanning complete bipartite subgraph and consequently has diameter two. 

Corollary 3.2. Let D Z* (R). Then D is a whole dominating set of (R) if and 
only if

Z* (R) \ D  Ann

where Ann r R | rd = 0 }.

Corollary 3.3. If R 1 2 1 2

Z* (R a a 1 b b 2

and every element of one set annihilates every element of the other. Hence,
(R)  and wh 1 2 | - 1}.

Corollary 3.4. If there exist nonzero ideals I and Jof R such that IJ=0 IJ=0 
and Z*(R en  admits a whole dominating set. 
Theorem 3.2. The graph (R)does not admit a whole dominating set if and 
only if for every nonempty proper subset X R  there exist elements
x  and y R) \ X such that xy .

. This is the logical negation of the partition characterization of WDS. 
By the characterization of whole dominating sets,  admits a WDS 
precisely when there exists a partition X Y with xy=0 for all x X,y 

 Y. Hence (R) has no WDS exactly when no such nonempty proper part 
A exists. Equivalently, for every nonempty proper X Z* (R) there must be 
some cross pair (x,y R)\X) with xy . 

Corollary 3.5. Each of the following conditions implies (R) has no whole 
dominating set:

Large diameter: If diam( (R)) > 2, then  cannot have a WDS (since any 
WDS produces a spanning complete bipartite subgraph and forces diam 

Non-existence of annihilating ideal cover: If there do not exist non-zero 
ideals I,J R with IJ = 0 and Z* (R) = (I J , then has no WDS. 

Theorem 3.3. For the zero–divisor graph (R)  the listed statements are 
equivalent: 

2. x Z* (R) (i.e. there is no non-zero element that annihilates all 
non-zero zero–divisors). 

3. (R) contains no spanning complete bipartite subgraph Km,n-m.

. 
provided earlier), D is a WDS of (R) iff every d D vd = 0 for all 
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v R) \ D. Hence the existence of a nonempty WDS is equivalent to the 
existence of a non-zero a  R with ab=0 for every b Z* (R), i.e. b Z* (R) 

The negation of that statement is (2).

According to Remark 2.1(ii) of [5], a graph G admits a WDS iff G 
has a spanning complete bipartite subgraph. Applying that to  gives the 
equivalence between (1) and (3).

Corollary 3.6. If any of the following holds, then  does not have a WDS:

(3) There is no non-zero a  R with ab = 0 for all b Z* (R). 

4. Whole domination in some zero-divisor graphs
In this section, we obtain the values of whole domination parameter for 
zero-divisor graph of rings of integer modulo n and rings that are product 

Theorem 4.1. For any ring R = Fm ×Fn, where Fmand Fn

m and n respectively, wh min m– n – 1}

. The vertex set of the graph v1, 0), (v2, 0), ... , 
(vm-1 ,0), (0, u

1
), (0, u

2
), ..., (0, u

n–1

disjoint subsets v1 v1, 0), (v2, 0), ... , (vm-1 v2 u
1
), (0, u2), ..., 

(0, u
n–1

V1 is connected to every vertex of V2 and 
no edge has endpoints in the same set. Hence  is isomorphic to Km– n – 1. 
Therefore wh  = wh(Km-1,n-1) = min{m- 1,n – 1}.

Corollary 4.1. For any graph pq), where p and q are prime numbers with 
wh pq))= p - 1

Theorem 4.2. For an integral domain R, wh 2 ×R))= 1.
. Clearly 2 ×R) is a star graph if R is an integral domain. Hence wh 

2 ×R))= 1.

Theorem 4.3. Let be a prime. Then wh 2 ×ZP ))= 1.
. Since ZP

zero zero-divisors of Z2 ×ZP are exactly the elements of the form (0,b) with 
b P* and the elements of the form (1, 0). Hence 2 ×ZP ))= {(0,1),...,(0,p 
– 1),(1,0)}. For any (0,b) , we have , so (1,0) is adjacent to 
every (0,b). Therefore is a whole dominating set which makes wh= 1.

Theorem 4.4. For any graph P2  where p is any prime number, wh ( P
2))= 

1.
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. The vertex set of the graph P2) V = {p,2p,...,p(p - 1)}.  
Since any two vertices in V are adjacent, P2) is a complete graph and is 
isomorphic to KP–1. Hence wh P2))= 1.

Theorem 4.5. For any graph Pn), where n > 1 and p is any odd prime 
number, wh Pn))= 1.

. For the vertex set , 2 , 3 n-1 n-1–1)} of Pn), the vertex 
n-1 is adjacent to all other vertices in V n-1} forms wh set. Hence wh 

Pn))= 1.

Corollary 4.2. For any graph 2n), where , wh ( Z2n)) = 1.

. Consider the vertex set V n-1 n-1–1)}. Since the vertex 2n-1 
is adjacent to all other vertices in V 2n-1} forms wh set. Hence wh Z2n))= 1.

Theorem 4.6. If R) is a tree, then it possesses a whole dominating set if and 
only if it is a star graph. Consequently, wh

. Since R) is a tree, the result follows directly from Proposition 2.6 of 
[8].

In clinical diagnosis, complex biological or clinical systems can be represented 
as networks of interacting parameters. Each vertex of the graph may represent 
a physiological parameter, biochemical marker, or clinical symptom, while 
an edge depicts an interaction or dependency between two such parameters. 
When two parameters together lead to a failure or neutralization of normal 
function, this can be viewed as a zero-divisor interaction. Hence, the zero-
divisor graph provides a concise representation of the interplay among 
clinical factors. A whole dominating set in this context aligns with a minimal 

parameters in the diagnostic network. Thus, whole domination number 
represents the smallest number of parameters that need to be monitored to 
ensure complete diagnostic coverage.

5.1. Illustration: Z12

Consider the ring Z12, whose vertex set is Z* (Z12

divisor graph (Z12  whenever 
. For instance, in a metabolic disorder model, the mapping can 

be conceptualized as:

2: Glucose metabolism

3: Insulin sensitivity
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4 : Liver enzyme function

6 : Cholesterol synthesis

8 : Oxidative stress marker

The following table gives the reasoning behind the edges in the metabolic 
disorder model based on (Z12).

Edge (a, b) Biological reasoning

(2,6)
Glucose metabolism and Cholesterol synthesis are strongly coupled 
in hepatic regulation. Excess glucose enchances lipid and cholesterol 
synthesis via insulin-dependent pathways, leading to dyslipidaemia.

(3, 6)
Reduced Insulin sensitivity increases hepatic lipid output, resulting in 
elevated cholesterol and promoting metabolic syndrome

(4, 6) dysfunction disrupts enzymatic lipid control, causing abnormal 
cholesterol accumulation.

(8, 6)
Oxidative stress oxidises LDL cholesterol, disturbing lipid balance and 
accelerating atherosclerotic changes.

(9, 2)
inducing insulin resistance, resulting in hyperglycaemia

(9, 3)
mechanism in Type 2 diabetes.

(9, 4)

(9, 10)
tissue damage

(6, 9)
stimulates cholesterol accumulation in macrophages.

Table 1: Interpretation of edges in (Z12)

mod 12), can thus be interpreted as 
representing the interaction between glucose metabolism and cholesterol 
synthesis, whose joint dysfunction indicates a metabolic shutdown stage 

clinically critical state or a medical unstable condition.
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Figure 1: Zero-divisor graph (Z12

A possible whole dominating set is D = , implying that every other vertex 
in the graph is adjacent to both 6 and 9. The vertices 6and 9 can be perceived 

comprehensive system status. Since every other parameter is connected to 

together provide an extensive overview of the disease state. Therefore, wh 
Z12n)= 2 can be interpreted as the minimum diagnostic coverage number.

5.2. Applications in Medical Diagnosis
The concept of whole domination in zero-divisor graphs can be used to:

(1) 

(2) Reduce duplication in large-scale clinical testing.

(3) 
physiological parameters.

(4) Facilitate drug target discovery by locating minimal sets of biological 

Hence, the mathematical notion of whole domination in ) provides a 

effective diagnostic indicators.

6. Conclusion
In this study, an exhaustive analysis of the whole domination number of 
zero-divisor graphs linked to diverse classes of commutative rings were 
provided. The results established a clear correlation between the diameter of 
the zero-divisor graph and its whole dominating capacity. By examining the 
parameter across different algebraic contexts, we have demonstrated how 
the internal multiplicative structure of a ring dictates its domination capacity. 
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Furthermore, the practical utility of this parameter was showcased through 
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