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Some Characteristics of the k-Locally Rain-
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Abstract

The k-local chromatic number of the Jahangir graphs and
some characteristics of the k-locally rainbow graphs are
studied in this article.
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1. Introduction

Graphs considered in this paper are undirected connected and simple
graphs on n vertices. For standard notations and terminologies we
follow Harary.[8] A proper vertex colouring of a graph is an assign-
ment of colours to its vertices so that no two adjacent vertices have
the same colour. The chromatic number x(G) is defined as the mini-
mum number of colours used in any colouring of G. A k-colouring of
G uses k colours. The value of a colouring c of G is defined by x(c¢) =
max {c(v) : v € V(G)}. Then x(G) = min{y(c) : c is a colouring of G}.
The generalisations of graph colouring have been introduced and the
variations are developed. The area of research in graph colouring is
branching out in many directions. Chartrand et al. have introduced
the study of local colourings of graphs.[7] The definition of graph
colouring is generalised in the definition of k-local colouring.[1, 2, 5]
For a graph G on n vertices, let § C V(G), and m, be the size of the
induced subgraph (S) of G.
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A k-local colouring of a graph G of ordern > 2and 2 < k < nis a
function ¢ : V — N such that for each subset § C V(G) with 2 < |S| <k,
there exists two distinct vertices u,v € S such that |c(u) — c(v)| > my,
where my is the size of the induced subgraph (S) of G. The value
of a k-local colouring c is the maximum colour it assigns to a vertex
of G and is denoted by lci(c). The k-local chromatic number of G is
the minimum value of any k-local colouring of the graph G and is
denoted by Icx(G). The k-local colouring of G is the generalisation of
the colouring of G, since the condition on colours that can be assigned
to the vertices of G depends on subgraphs of order k, where 2 <k <n
rather than only on subgraphs of order 2.

A 3-local colouring c of a graph G is referred to as local colouring of G.
les(c) is denoted as y;(c). If y;(c) = xi(G), then ¢ is called a minimum
local colouring of G and the value of the minimum local colouring is
called as the local chromatic number of G.

2. Preliminaries

The k-local colouring of a graph G is its colouring if k=2. The k-
local chromatic number of a graph is 1 if and only if it is a totally
disconnected graph. For every integer k with 2 < k < n, it follows
that x(G) < lex(G) and Iy (G) < le(G). A k-local colouring of a graph
with I (G) = r need not use all r colours, but the colours 1 and r must
be assigned at least once. If H is a subgraph of G, then lc;(H) < lci(G).
Chartrand et al. have stated the result for complementary colouring
for 3-local colouring of graphs.[6] We have extended it for k-local
colouring in [3].

3. The k-Local Chromatic Number of Jahangir Graphs

The Jahangir graph J,,, for m > 3, n > 2 is a graph on nm + 1 ver-
tices consisting of a cycle C,,, with one additional vertex at the centre
which is adjacent to m vertices of C,,, at a distance n to each other on
Cum-

Note 3.1. Let J,,, be a Jahangir graph with nm + 1 vertices and nm + m
edges. Let the vertex set be V = {vo, V1.0, V1.1, V125" "+ s Vin-1> V2,05 V2.1s " "
Van—1s" " »Vm0s Viml>*** » Vmn—1} Where v is the vertex at the centre which
is adjacent to the m vertices {vi,v20--- ,Vmo} and the edge set be E =
{Vovi’o,vi,jvi,j_,_]/l <i<m0<j<n-2}U {Vi’n_l,vlq.]’o/l <i<m-1}U
Vm-1,n-1v10}-

Hereafter we will use the above notation.
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Lemma 3.2. The k-local chromatic number of the Jahangir graph J,,,,,
that is, ley(Jym) > k + L";—ZJ where k is any integer such that 2 < k <
V(T m)l-

Proof. Let J,,, be a Jahangir graph. Let S be a subset of V(J,,,) with
k vertices, where 2 < k < nm + 1.

Case 1: Letvg € S. If § = {vo, vi0, Vi1, Vi2, = 5 Via—1, V2,0, Vo1, 5 Vijh
where i = [“2|+1 and (k—2) = j mod n. Except v, the remaining k— 1
vertices form a path P;_;. Here the i vertices v; o, v20,- - ,Vio are adja-

cent to vy and hence there are i edges. The path P,_; has (k—2) edges.
Therefore, m; =i+ (k—2) = |£2] + 1 + k- 2. Hence m, = |2 + k- 1.
Case 2: Let Vo ¢Ss. Suppose S = {Vl,(), VL V1,2, 0 5 VIin=-1-V2,0, V2,1, " " V,',j}
where i = |£1J+ 1,1 <i<mand (k- 1) = j mod n. The induced
subgraph (S') of G is a path. Hence m; = k— 1. Hence in both the cases
my <[22+ k- 1.

Similarly we can prove that, for any other k-subset S of V(J,,,,,), m; <

|£2] + k - 1. Hence | £2] + k — 1 is the maximum value of m, for all
k-subset S of V(J,,,n). Therefore, lcy(J,,n) = ms+ 1 = Lk;—zj + k. Hence
lex(um) > L22] + k. O

Lemma 3.3. For the Jahangir graph J,, ,, lci(Jym) < Lk;—zj + k, where k
is any integer such that 2 < k < |V(J,,,»)| and n is even.

Proof. Let J,,, be a Jahangir graph. By Lemma 3.2, the maximum
value of m; for any k-subset S of V(J,,») is, L";—ZJ +k—1.Letr=my+1 =
L"n;zj + k Define ¢ : V — N as follows: When = is even, c(vy) = 1, for
I<i<mand1<j<n

1, if j= 1 (mod 2)
c(vij) = )

r, if j= 0 (mod 2)
Suppose S contains the vertex vy and the vertex v; ; coloured with r
then |c(vo) — c(vij))l = |1 —r] = r =1 > m,. Suppose S contains the
vertex vy and all the other vertices of S are coloured as 1, then m, =0
as the induced subgraph (S) of G, with the vertex v, and the vertices
coloured by 1 is totally disconnected and |c(vy) — c(vij)l = 0 = m;.
Suppose vy ¢ S and v; ,v; .1 € S for some i, then [c(v; ;) — c(vij+1)| =
r— 1> m,. Suppose vy ¢ S and no such vertices that are adjacent like
Vij»Vij+1 exist in § then m; = 0. Then for any two vertices v; j, vi; €
S, le(iy) — c(vij)l = 0 = m,. Hence the k-local colour condition is
satisfied for any subset S C V(J,,,,) where |S| = k. Hence c is a k-local
colouring. Therefore, lci(J,,.,,) < r when n is even. O

By Lemma 3.2 and Lemma 3.3, we have

Theorem 3.4. The k-local chromatic number of the Jahangir graph
Jom 18 k + Lk;—zj when n is even and k is any integer such that 2 < k <
\V(Jym)l = nm + 1.
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Lemma 3.5. For the Jahangir graph J,, ,, lei(Jym) < Lk;—zj + k, where k
is any odd integer such that 3 < k < |V(J,,,»)| and n is odd.

Proof. Let J,,, be a Jahangir graph. By Lemma 3.2, the maximum
value of m; for any k-subset S of V(J,,,) is, L%J +k—1.Let r =
mg+ 1= L%J + k. Let n and k be odd. Define ¢ : V — N as follows:
cvo)=1,forl<i<mand1<j<n

1, if j= 1 (mod 2)

c(vij)=qr, if j= 0 (mod2)and j #n—1

[L1if j=n—1
As discussed in Lemma 3.3, when the k-subset S contains the vertices
coloured as 1 and r, the k-local colour condition is satisfied whether
vo €S orvy ¢ S. Suppose S contains either the vertices coloured as 1
and [5] only, or the vertices coloured as r and [5] only, then in both
the cases my < L%J = % as k is odd. We discuss the following cases.
Case 1: When § contains the vertices coloured as 1 and [5] only.
Let v;; and v, € S be the two vertices with the colours as 1 and [5]
respectively. Then |c(vy,) — c(vi)l = [[51-1] = r%%]'l —1>my
Case 2: When S contains the vertices coloured as r and [5] only.
Let v;; and vy, € S be the two vertices with the colours r and [5]
respectively. |c(vi;) — c(ve)l = |r =T[5 > ms = ’%1 Hence when k is
odd the k-local colour condition is satisfied.
Hence the k-local colour condition is satisfied for any k-subset § C
V(Jum), when k is odd. Hence c is a k-local colouring when £ is odd
and n is odd. Therefore, Icx(J,,,) < r when k and n are odd where
r=k+[%£2]. O

By Lemma 3.2 and Lemma 3.5 we have

Theorem 3.6. The k-local chromatic number of the Jahangir graph J,,
is k + L";—ZJ when n is odd and k is any odd integer such that 3 < k <
\V(Jym)l = nm + 1.

Lemma 3.7. For the Jahangir graph J,,,,, when n is odd, lc,(J,m) <7 =
|2 |+ k, where k is any even integer such that 2 < k < [V(J,,,)| with the

conditions either (i) m < r —1 or (ii) when m > r — 1, L%J > 1.

Proof. Let J,,, be a Jahangir graph. By Lemma 3.2, the maximum
value of m; for any k-subset S of V(J,,,) is, Lkn;zj +k—1 Letr =
mg+1 = L%J + k. Let n be odd and k be even. Define the k-local
colouring ¢ as in Lemma 3.5 to the Jahangir graph J,,,,. As discussed
in Lemma 3.3, when the k-subset S contains the vertices coloured as
1 and r, the k-local colour condition is satisfied whether vo € S or
Vo € S.

Case 1: Let ’5‘ < m < r — 1. Redefine the colouring of the vertices
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as follows: c(v;j) =i+ 11if j = n-1,1 <i < m and the colouring
of the other vertices be the same. If m > %, then we can choose the
subset S that contains k vertices that are coloured as either 1 and i + 1
only, or the vertices coloured as r and i + 1 only then in both the cases
my < L’E‘J = ’5‘ as k is even. We discuss the following cases.

Sub case i:

When S contains the vertices coloured as 1 and i+1 only. Here m, < %
There exists an i > £, such that v;,,-; € S. Let v;,; and v,, € S be
the two vertices with the colours as i + 1 and 1 respectively. |c(vy,) —
CWin-Dl= =G+ =i> § = m,. Hence the k-local colour condition
is satisfied.

Sub case ii: When S contains the vertices coloured as r and i + 1
only. There exists an i < % -1, such that v;,.; € S. Let v;,-; and
vss € S be the two vertices with the colours i + 1 and r respectively.
le@ip-)—ce)l = li+1-rl = r—i-1 = k+[E2|-i-1> L+1+|E2]-1>
%‘ > myg.

Case 2: Let m > r— 1 and L%J > 1. If m > r — 1, then we can choose
the subset S that contains k vertices that are coloured as either 1 and

[51 only, or the vertices coloured as r and [5] only then in both the
cases m; < L%J = ’5‘ as k is even. We discuss the following sub cases.
Sub case i: When S contains the vertices coloured as 1 and [5] only.

Here mg = ’5‘ Let v;j and v,, € S be the two vertices with the colours

as 1 and [£] respectively. [c(vy,) — c(vi)l = 151 - 1] = (S22~ 1 > m,,

as I_%J > 1. Hence the k-local colour condition is satisfied.
Sub case ii: When S contains the vertices coloured as r and [51 only.

Let v;; and vy, € S be the two vertices with the colours r and [5]

. _ k+| k=2
respectively. [c(v)) — c(vy )l = Ir =51 = k+ 2] - (253 > £ = .

Case 3: When m < £.The two cases discussed in Case 1 and Case
2 do not arise here. The k-local colour condition is satisfied for any
k-subset of S.

Hence when k is even and m < r — 1 the k-local colour condition is
satisfied. When k is even, m > r — 1 and L%J > 1, the k-local colour
condition is satisfied.

Hence the k-local colour condition is satisfied for any k-subset § C
V(J..m), when k is even with the conditions either (i) m < r — 1 or (ii)
when m > r -1, L%J > 1. Hence c is a k-local colouring when k is
even and » is odd with the conditions either (i) m < r — 1 or (ii) when
m > r—1,£2] > 1. Therefore, lcy(J,.n) < r when n is odd and k is
even with the conditions either (i) m<r — 1 or (ii) when m > r — 1,
1=2] > 1. O

By Lemma 3.2 and Lemma 3.7, we have

Theorem 3.8. The k-local chromatic number of the Jahangir graph J,,,
is k+ L";—ZJ when n is odd and k is even with the conditions (i) m < r — 1
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and (ii) whenm > r -1, Lkn;zj > 1.

Remark 3.9. The k-local chromatic number of the Jahangir graph is to
be obtained when n is odd, k is even, m > r — 1 and L%J = 0. When

1£2] =0, m >k, as r = k+|*=2]. Hence the k-local chromatic number of

the Jahangir graph to be determined when n is odd, k is even, L%J =0
and m > k.

Lemma 3.10. The k-local chromatic number of the Jahangir graph J,,,
is less than or equal to k+1 when n is odd, k is even, k < m and L";—ZJ =0.

Proof. Let n be odd and k be even. Let J,,, be a Jahangir graph with
k<mand|22]=0. Letr = k+ 1 + |22 = k + 1. Define the colouring
of the Jahangir graph as in Lemma 3.5 with the above value r = k + 1.
As discussed in Lemma 3.3, when the k-subset S contains the vertices
coloured as 1 and r, the k-local colour condition is satisfied whether
voES OrvgésS.

Case 1: When S contains the vertices coloured as 1 and [5] only. Here
my < ’5‘ Let v;; and v,; € S be the two vertices with the colours as 1
and [£] respectively. |c(vy,) —c(vi)l = 51— 1 =T81-1=482 -1,
(as k is even) = % > my.

Case 2: When S contains the vertices coloured as r and [5] only.
my < ’5‘ Let v;; and v, € S be the two vertices with the colours
r and [5] respectively. |c(vij) —c(vs)l = [r=T51 = k+ 1~ [%] =
k+1-%2 = ’g > my. Hence the k-local colour condition is satisfied
for any k-subset S < V(J,,,), when n is odd, k is even, k < m and
Lkn;zj = 0. Hence c is a k-local colouring when » is odd, k is even,

k < m and Lk;—zj = 0. Therefore, lcy(J,m) < k+ 1 when n is odd, k is
even, k <mand 2] = 0. O

By Lemma 3.2 and Lemma 3.10, we have

Theorem 3.11. The k-local chromatic number of the Jahangir graph
Jum 18 k < lep(Jym) < k+ 1 when nis odd, k is even, k < m and L%J =0.

4. Some Characteristics of k-Locally rainbow Graphs

In this section we consider the k-locally rainbow graphs. Local rain-
bow colouring and locally rainbow graphs are defined by Chartrand
et al.[7] The k-local rainbow colouring, k-locally rainbow graphs and
k-locally nearly rainbow graphs that are defined in [4] are given be-
low.

Definition A: A k-local colouring ¢ of G is defined as a k-local rainbow
colouring if for each integer i with 1 < i < r = lci(G) there is a vertex
v of G for which c(v) = i, that is, ¢ uses all of the colours 1,2,--- , r.
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Definition B: A graph G is defined as k-locally rainbow if every mini-
mum k-local colouring ¢ of G is a k-local rainbow colouring.
Definition C: A graph G with Ic,(G) = p is called a k-locally nearly
rainbow if there exists a minimal k-local colouring ¢ of G such that for
each i with 1 <i < p, there is a vertex v of G for which c(v) = i.

That is, A graph G is called a k-locally nearly rainbow if there exists a
minimal k-local colouring of G which is a k-local rainbow colouring.
Some important observations are stated below.

Observation 4.1. Any odd cycle of order > 3 is a locally rainbow graph.

Observation 4.2. There exists k-locally rainbow graphs G such that
x(G) = lci(G). When k = 3, y(G) = lci(G) = xi(G), where G is an odd
cycle of order > 3.

Observation 4.3. Any path P, has a k-local rainbow colouring. The
paths need not be k-locally rainbow graphs, hence they are nearly k-
locally rainbow graphs.

Observation 4.4. C, is not a locally rainbow graph, and it is not at all
a nearly locally rainbow graph.

Observation 4.5. Any complete graph K, is neither locally rainbow nor
nearly locally rainbow graphs.

Observation 4.6. Let G be a k-locally rainbow graph on n vertices and
let Icy(G) = r. Then V(G) = Vi UV, U--- UV, where V; is the set of all
vertices coloured by i where 1 < i < r. we have,

1. Since G is a k-locally rainbow graph each V; is a nonempty set and
they are independent in G.

2. It is obvious that r < n.

3. u € V; can be adjacent to only one vertex v € V;,|. Otherwise, sup-
pose the vertex u € V; is adjacent to two vertices v,w € V;,,, then
the set S = {u, v, w} does not satisfy the k-local colour condition.

4. uy € Vi,up € V,--+ ,u, € V, cannot form a cycle C, as again they
are not satisfying the k-local colour condition when k = r.

Theorem 4.7. Let G be a graph with local chromatic number 3(y)(G) =
3), then G is a triangle free graph.

Proof. Let G be a graph on n vertices with local chromatic number 3.
Suppose G has a triangle. Let H be the subgraph which is a triangle
formed by the vertices u,v,w € G. The local chromatic number of the
triangle H is 4. As H is a subgraph of G, y;(H) < x/(G), but y,(H) = 4
where as y;(G) = 3. Hence G cannot have a triangle. Therefore, if
xi(G) = 3, then G is a triangle free graph. i
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The converse of the above theorem is not true. We have the fol-
lowing example.

Example 4.8. Grotzsch graph is a triangle free graph, but the local
chromatic number of it is 4.[6] It is a locally rainbow graph.

Suppose G is a k-locally rainbow colourable graph of order n, the
following result gives a strategy to find an independent set of size n
inG xK,.

Theorem 4.9. Let G be a graph on n vertices and is k-locally rainbow
colourable with lci(G) = r, then the cartesian product G X K, has an
independent set of size n.

Proof. Let lcy(G) = r where G is k-locally rainbow colourable. Let ¢; :
V — {1,2,3,---,r} be the k-local coloring ,then V(G) = V,uV,U---UV,
where V; is the set of all vertices coloured by i, 1 < i < r. Consider
the complete graph K,, on r vertices vi,vy,--- ,v,, Let ¢2 : V(K,) —
{1,2,---,r} be the colouring defined by, c;(v;) = i, v; € V(K,) for
1 < i < r. Consider the caretisian product G x K,. Let S be a sub-
set of V(G x K,) and define S as {(u,v) € V(G X K,)/ci1(u) = c2(v)}. As
each vertex of G has a colour from the set {1,2,3,---,r},and S has n
pair of vertices (u, v) we have, |S| = n.

Claim: S is an independent set. Suppose (u;, v1), (42, 2) € S and there
is an edge (u1,v)(u2,v2) in V(G x K,) then by the definition of the
cartesian product, there are two possibilities.

(1) u; = up and vyv; is an edge in K,. But u; = u, implies ¢ (1) = ¢1(uy).
As (uy,vy), (u2,v2) € S and by the definition of S, ¢i(u1) = c2(vy) =
c1(un) = c2(vy), which is a contradiction, as c,(v;) and c¢,(v,) are not

equal in K,.
(2) ujuy is an edge in G and v = v,. As uju, is an edge in G they
will have different colours (say) i,j € {1,2,---,r}. respectively. As

(u1,v1), (u2,v2) € S and by the definition of S, c2(vy) = ¢1(uy) = i,¢c1(up) =
J = c2(p), which is a contradiction, as v; = v,. Therefore, there cannot
be an edge between any two vertices in § and hence S is an indepen-
dent set. m|

5. Conclusion

In this article the k-local chromatic number of the Jahangir graph J,,
is determined. Some characteristics of k-locally rainbow graphs and
rainbow graphs are studied.

32



Esther and Srinivasan k-Local Colouring

References

[1]
(2]
[3]
(4]
(5]
[6]
(7]

[8]

B. Omoomi and A. Pourmiri, “Local Coloring of Kneser graphs,” Discrete Math.
vol. 308, pp. 5922-5927, 2008. doi:10.1016/j.disc.2007.11.002

B. Omoomi and A. Pourmiri, “On the local colorings of graphs,” Ars Combina-
toria, vol. 86, pp. 147-159, 2008.

E. Daniel and P. Srinivasan, “A Note on k-Local Colouring of Some Special
Graphs,” Int. J. Math. Trends and Technol. vol. 33 part 1, pp. 42-48, May 2016.
E. Daniel and P. Srinivasan, “k-Local Colouring of Friendship Graphs,” J. Graph
Labeling, vol. 2, no. 2, pp. 136-141, 2016.

G. Chartrand and P. Zhang, Chromatic Graph Theory. Chapman and Hall, CRC
Press, 2009.

G. Chartrand et al., “Local Colourings of Graphs,” Utilitas Mathematica, vol. 67,
pp. 107-120, 2005.

G. Chartrand et al., “On Local colorings of graphs,” Congressus Numerantium,
vol. 163, pp. 207-221, 2003.

F. Harary, Graph Theory. New Delhi: Narosa, 2001.

33





