Mapana J Sci, 15, 3 (2016), 35-41
ISSN 0975-3303 | https://doi.org/ 10.12723/mjs.38.4

Some Results on Rosa-type Labelings of Graphs

R. Rajarajachozhan*

Abstract

Labelings that are used in graph decompositions are called
Rosa-type labelings. The y-labeling of an almost-bipartite
graph is a natural generalization of an a-labeling of a bi-
partite graph. It is known that if a bipartite graph G with m
edges possesses an a-labeling or an almost-bipartite graph
G with m edges possesses a y-labeling, then the complete
graph K5,,,+1 admits a cyclic G-decomposition. A variation
of an a-labeling is introduced in this paper by allowing ad-
ditional vertex labels and some conditions on edge labels
and show that whenever a bipartite graph G admits such a
labeling, then there exists a supergraph H of G such that H
is almost-bipartite and H has a y-labeling.
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1. Introduction

Let G be a simple connected bipartite graph with bipartition (A, B)
and m edges. Let V(G) and E(G) denote the vertex set of G and the
edge set of G, respectively. Let f : V(G) — {0,1,2,... } be a one-
to-one function. Let f(V(G)) = {f(v) : v € V(G)}. Define a function
f:EG) — {1,2,3,... } by f(e) = |f(u) - f(v)|, where e = uv € E(G).
We call f(v) and f{(e) labels of the vertex v and edge e respectively. Let
E(G) = {f(e): e € E(G)}.

If a and b are integers with a < b, we denote {a,a + 1,a+2,...,b}
by [a, b].

Rosa introduced a hierarchy of labelings including «a-labeling of a
bipartite graph.[3] Blinco et al. introduced the notation of y-labeling
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of an almost-bipartite graph as a natural generalization of an a-labeling
of a bipartite graph.[1]
Joseph Gallian gives a comprehensive and updated dynamic sur-
vey on general graph labeling.[2]
Consider the following conditions.
b f(V(G)) < [0,2m],
b f(V(G)) < [0,m],
t; : E(G) = {x1,x2,...,%y}, where for each i € [1,m] either
x; =iorx; =2m+1-—1i,
ts: EG) = [1,m].
(s : there exists an integer A such that f(a) < Aforalla € A
and f(b) > Aforallb € B.
A labeling satisfying the conditions ¢; and ¢; is called a p-labeling.
A labeling that satisfies ¢,, €4 and ¢5 is called an a-labeling.
A non-bipartite graph G is said to be almost-bipartite if G — e is bipar-
tite for some e € E(G). If G is almost-bipartite with e = bc, then G is
tripartite and V(G) can be partitioned into three sets A, B and {c} such
that b € B and e is the only edge joining an element of B to c.
Let G be an almost-bipartite graph with m edges with vertex tripar-
tition A, B, {c} as above. A labeling & of the vertices of G is called a
v-labeling of G if the following conditions hold.
g1: The function 4 is a p-labeling of G.
g2 Ifavis an edge of G with a € A, then h(a) < h(v).
g3: h(c) — h(b) = m.
It is known that
(i) Let G be a graph with m edges. There exists a cyclic G-decomposition
of Ky,41 if and only if G has a p-labeling.[3]
(ii) Let G be a bipartite graph with m edges that has an a-labeling.
Then, for all positive integers x, G divides Kp+1.[3]
(iii) Let G be an almost-bipartite graph with m edges having a
v-labeling. Then, for all positive integers x, G divides Ky,+1.[1]

2. Results

If f is one-to-one and there exists an integer A such that f(a) < A
foralla € A and f(b) > A for all b € B, then we say that f is an
a(E(G))-labeling of G. When f(V(G)) = [0,m] an E(G) = [1,m], and
a(E(G))-labeling of G is the usual a-labeling of G.

We now prove some results related to a-labeling and A-labeling.

Theorem 2.1. Let f be an a(E(G))-labeling of G with

fV(G) c[0,m+1]
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and
EG) = [1,m+ 1]\ {d},

where d € [2,m]. Suppose
d=m+2-A

Then there exist verticesa € Aand b € B, such that the almost-bipartite
graph G* obtained from G by defining

V(G = V(G) U {v}
and
E(G") = EG) U {av, vb)
has a y-labeling.

Proof. Asd # 1 and d # m + 1, there exist edges ¢/ = x’y’ with x’ € A,
y € B, f(X) = A, f(y/) = A+1, f(¢/) = 1and e” = x"y"’ withx” € A,
y’ € B, f(x") = 0, f()’) = m+1and f(¢’) = m+1. Takea = x” and
b = y.Then, f(a) = 0and f(b) = A+ 1.

Define
g:V(G") - [0,2m + 4]

by

gw) = f(w) for every w € V(G)
and

gv) = A+ m+3.
Then

glav) = Cm+5)-A+m+3)=m+2-1=4d
and
gwb) = A+m+3)—UA+1) = m+2.

Hence,

E(G*) = E(G) U {d,m+2} = [1,m+2].

Clearly, g is one-to-one and hence g is a y-labeling of G*.

Theorem 2.2. Let f be an a(E(G))-labeling of G with
SV(G) c[0,m+ 1]
and
EG) = [1,m+ 1]\ {d}.

Suppose
d=m+2-21
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and there exists an i in [0, A] such that both i and A+ 1+i are in f(V(G)).
Then there exist verticesa € Aand b € B, such that the almost-bipartite
graph G* obtained from G by defining

V(G") = V(G) U {v}
and
E(G") = E(G) U {av,vb}
has a y-labeling.

Proof. Take a and b so that f(a) = iand f(b) = A+ 1 +1i.
Define
g:V(G") - [0,2m + 4]

by

gw) = f(w) for every w € V(G)
and

gv) = A+m+3+1.
Then

glav) = Cm+5+)—-A+m+3+i) =m+2-A1=4d
and
gwb) = A+m+3+i)—A+14+10) =m+2.
Hence,
E(G") = E(G) U {d,m+2} = [1,m+2].

Clearly, g is one-to-one and hence g is a y-labeling of G*. m]

Remark 2.3. Theorem 2.2 is a generalization of Theorem 2.1. To see
this, take i = 0 in Theorem 2.2.

Theorem 2.4. Let f be an a(E(G))-labeling of G with
FV(G)) C [0,m+ 3]\ {m+ 2}

and
E(G) =[1,m+2]\{d,m+4—-d}

for some d € [2,m + 2]. Then, the almost-bipartite graph G + K3, the
disjoint union of G and K3, has a y-labeling.

Proof. Let
V(G + K3) = V(G) U {u,v,w}
and
EG + K3) = EG) U {uv,vw, wu}.
Define

¢: V(G +K3) > [0,2m + 6]
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by

g(x) = f(x)+d+ 1 for every x € V(G),

gu) =0,

gv) = d,
and

gw) = m+d+3.
Then,

guv) = d,
glw) = m+d+3)—-d = m+3,
and
gwu) = Cm+T7)—-(m+d+3) =m+4—-d.
Hence,
EG+K3) = EG)U {dm+4—-d,m+3} = [1,m+3].

Clearly, g is one-to-one and hence g is a y-labeling of G + Kj. m|

Theorem 2.5. Let f be an a(E(G))-labeling of G with
fV(@G) € [0,m+3]\{m+ 1}

and
E(G) =[1,m+2]\{d,m+4-d}

for some d € [2,m + 1]. Then, the almost-bipartite graph G + K3, the
disjoint union of G and K3, has a y-labeling.

Proof. In the proof of previous theorem, take g(x) = f(x) +d + 2 for
every x € V(G).
For integers r > s > 2, let T, ; be the double star with

V(TI‘,S) = {x’y7-x1’-x2’--'$-xr’y1’y27"'7ys}

and
E(T)s) = {xy, XX1,XX2, . .., XXpy YY1, YV2, -« - » Ys )

Then,m = r+s+ 1.
We now see two illustrations associated with the above theorems.

Ilustration 1 Define

f:VT,.s) — [0,m+1]

by
fx) =0,
fOi) = iforeveryi e [1,s],
fO) = s+1,
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and

{Fx), f(x2), s f(x)} = [s+ 2,7+ 5+ 2]\ {r + 3}
Sod=sandd =m+2-2A=@U+s+1)+2—-5 =r+3.

Then f satisfies the hypothesis of Theorem 2.1. Hence, by the
proof of Theorem 2.1, the almost-bipartite graph T obtained from
T, by defining

V(T;,) = V(Trs) U {v}

and
E(T;,) = E(T.y) U {xv,vy}

has a y-labeling. Consequently, for all positive integers x, T, divides
the complete graph Kj(-+s+3)x+1-

We apply Theorem 2.2 with i = 1.

Asr > s, s+2 # r+3, and hence f(x;) = s+ 2. So, f satisfies
the hypothesis of Theorem 2.2. By the proof of Theorem 2.2, the
almost-bipartite graph 7} obtained from 7', by defining

V(TS = V(T U ()

and
E(T) = E(T.5) U {y1v,vxi}

has a y-labeling. Consequently, for all positive integers x, 7} divides
the complete graph Kj(+s+3)x+1-

Ilustration 2 Define

f:V(T,) — [0,m+ 3]

by
fx) =0,
{Ff O, fO2)s-- s fODL = [Lis+ 1]\ {s — 1},
fO) = s+2,

and

{f(x1), f(x2), ..., f(xp), = [s+3,r+s+4]\ {r+s+2}.
Then f satisfies the hypothesis of Theorem 2.3 with d = 3. Hence,
by Theorem 2.3, the almost-bipartite graph 7, ; + K3 has a y-labeling.
Consequently, for all positive integers x, T, + K3 divides the complete

graph Ko(r4s+4)x+1- m|

The results obtained may be helpful to enlarge the known class of
v-labelable graphs.
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