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Application of Ruscheweyh Derivative
Operator on Meromorphic Functions
in the Unit Disk
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Abstract
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In this paper we infroduce a cerlain convolution operator pa+r-1 on
meromorphic funciions of the form

f(z)=+,+ Ta,z" in 0<|g<1
z

and deal with the application of the above operaior to certain differential
inequalities involving D71 ¢ |

Introduction

in o recent paper' Lin Jinlin has introduced o dlfferenhol opercn‘or defined by
Convolution on functions of the form

) ‘
f=2" +a, 2" + (p o positive integer)
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analyticin | 2z ] <1 and, studied and obiained differential inequalities. In this paper

we infroduce a similar operator on functions f € M(P) where M (p) . p o positive

infeger denotes the class of meromorphic functions f of the form

1 by b =
f(Z)_'z—p'i'z—-“l- 4+ !;1 zanz"

4]

which are analytic in the punctured disc E, = {z :0< o] <1}. We denote f*g¢ the
convolution (or Hademard product of £, ge M(p)) defined as follows. Let

b by =
fo=ssybr
P2 LY 4 z 0

1 (4 C,
g =t T2 TP Gy

z? P gt %
then
1 &b, @
() =—+ 52 o +za

..1Z

Using the above convolufion, we define the operator p@*7-1 on f by

+p-1 - 1
D%tp f(Z)—W*f(Z)

where f(z)e M(p) and « is any real number > -p.

For o =-(p-1), we get

Df(z)=——— ( )*f(z) = f(2)

so that p® acts as the idenﬁfy operaioron f .
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We can easily prove thot

1 (za+2p—|f(z))(a+p-l)
@ (@+p-D)

D(I‘i'p—lf(z) =

If o is an integer not less than —p +1.
Therefore

DU =k £(2)

2P (1—-7)%*?

z._L (za+2p-|f(z))(a+p—l)
z? (@+p-D!

We propose to study the application of this Convolution operator to certain differential
inequalities.

Now we need the following.

Definition [1]

Let H(c) be the set of complex valued functions; h{rs,1); hist); €2 = ¢ (Cis
the complex plane) such that

i) h(r, s, t) is continuous in a domain D < C*;

i) LLheD and L LD |< (T >D;

i) o oo Qrmt@tpe® L
o+ p+l o+p+2

>J

Aot met @ pye + m—mz-{r(a+p)m.fe"" +L
1+m+(a+ p)Je®

whenever
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Jet? (1+m) +(t + p)Je’® 1
' a+p+l o+ pt2

24 m+(a+ p)le® + m-m®+@+pmie’ +L| |
1+m+{o+ p)Je?

with Re<m (m-1) for real 8 and for real mz-:% .
Main Result
First we state the following lemma due to Miller and Mocanu?, which we use in the

sequel.

Lemma | |

Let W(z) =a+W,z" +... be regularin the unit disc E with W(z) =g and k21,

If 79 = e (O<ry <) and ]W(zo)l = max| W()}| , then
lzlsry

i) OW (20) _ 1 and

W(Zo
W(zy)
ii Re} zp— zm-1
) [ ‘w (zu)]

where m is real and

me IW(ZO)Z"'“‘ZZZkiw(l’_o)'-"al R
(W(zo) P =lalf ~ 1W(zo)|+ial

Applying the above lemma D7 f ‘where f & M{(p) we prove the following.

18




Theorem
Let W(r.s,0)€ H(0) and let f(z)E M(P)

D(x-i—pf(z) Da+p+lf(z) Da+p+2f(z) ) 3
{Da‘i'p—'lf(z)’ Da+pf(z) ? Da+p+lf(z) eD CC Gﬂd

<J

i)

h DOH'pf(z) Dﬂ+p+lf(£) Da+p+2f(z)
D&y’ D¥*Pf(z) DM F(2)

for some ¢ ond J such that ¢z -p+1, J>1 forall ze Ey.
Then we have

D**? f(2)

() <J, z€E,

Proof

We define the function @(z) in 'Eo by

D**? f(z)
m =(D(Z) (aZ-—p+l)

satisfy

for f(2)€ M(p), Then it follows that ©(2) is either dnolyﬁc or meromorphic in

Ey and 0(0) = 1 and @X(2) =1, With the oid of the following easily proved

identfity | .
2D () (et p) D £(2) ~(o+2p)D P (2)
We compute
peri ey 1 w'(z)
D 1) “—#—_(a+p+1) {1+(a+p)a)(z)+z o) and
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Da+p+2f(z) _ 1
D () (@+p+2)

[2+ (o + po(z)+z ((z))

+{e+ Pz’ (2) +[z0'(2)/ w(2) ]+

20’ (2)/ 0(2) - (20(2) 0(2))?
1+(0+ pyw(z) + z0'(2)  w(2)
Suppose, if possible, that 2o = rye’® (0<r, <1) Ond

|0(2) |=max |02 =T -
|zl<r

Letting @(z,) = Je™ and using the lemma with ¢ =1 and % =1 we get

ot prl
D_”_f(_z_o_l = ——~l—[1+m+(a+ pymie® |
DP f(z4) {c+p+D) -
Da+p+2f(zo) — 1 «
D f(20) (@+p+2)

_ 2 9
x| 24+ m+ (o + p)mte’® + 1712 +(a+p)m"e_8+l'
1+m+(x+ p)Je'

Where L= zy0"(z)/ @(zy) and m>(J DI +1).
Further, an application of (i} in the lemma gives Re L 2 m(m— 1).
Since p(r, s, £)e H(a) - wehave

A Da+pf(z) Da+p+if( ) Da+p+2f(z)
D¥F 7 f(ze)” D™ f(zg) D f(zy)

=J

Q+m+(@+ p)le’® +m-m® + o+ P)mJe'® + L
(@ +p+2)(A+m+(c+ p)le®
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Which contradicts hypothesis {ii) of the theorem,
Therefore we conclude that

D f(z)

for all
D) <J Z€ E

w{z)=

This proves the theorem.
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